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Room acoustics simulation using 3-D compact
explicit FDTD schemes

Konrad Kowalczyk* and Maarten van Walstijn

Abstract—This paper presents methods for simulating room
acoustics using the finite-difference time-domain (FDTD) éch-
nique, focusing on boundary and medium modeling. A family of
nonstaggered 3-D compact explicit FDTD schemes is analyzéd
terms of stability, accuracy, and computational efficiencyand the
most accurate and isotropic schemes based on a rectilinearid
are identified. A frequency-dependent boundary model that §
consistent with locally reacting surface theory is also preented,
in which the wall impedance is represented with a digital filer.
For boundaries, accuracy in numerical reflection is analyzé
and a stability proof is provided. The results indicate that
the proposed 3-D interpolated wideband and isotropic schees
outperform directly related techniques based on Yee’s stagered
grid and standard digital waveguide mesh, and that the boundry
formulations generally have properties that are similar to that
of the basic scheme used.

Index Terms—Acoustic propagation, acoustic reflection, acous-
tic signal processing, architectural acoustics, finite-dference
time-domain (FDTD) methods, numerical analysis.

I. INTRODUCTION

Among wave-based methods, finite-differences are usually
applied in the form of Yee's staggered scheme [11], oridgynal
employed in the room acoustics domain by Botteldooren in
[4],[12]. Obtaining accurate predictions with Yee's scheem
requires heavy oversampling to reduce the numerical disper
sion error, which leads to enormous computational coste. Th
efficiency can in principle be improved using implicit schesm
to reduce the dispersion error, thereby allowing the use of a
much lower sample rate [13], [14], but the implementatiod an
boundary formulations for irregular room geometries pnése
major difficulties for such schemes. Improving accuracy is
also possible using higher-order spatial schemes (known as
‘large star’ systems), but then the treatment of boundaries
becomes unwieldy. For this reason, this paper considess onl
compact explicit FDTD schemes, aiming to identify those
schemes within that family that are the most efficient for
modeling of acoustic systems in a specified audio bandwidth.
In addition, considerations are constrained here to ngnsta
gered 3-D compact schemes on a rectilinear stencil, allpwin

VER the past two decades, various computer modemagstraightforward fit of the grid to enclosures with mainly

techniques have been developed for auralization aRarallel walls, which are predominant in real architecture
room acoustic purposes, with the main applications beingOur formulation of the family of compact explicit schemes
spatialization of sound or speech, computer games, and @ptures many schemes proposed in previous studies, includ

chitectural design tools [1], [2], [3], [4]. The level of agacy

ing the standard leapfrog (SLF) scheme [15], the octahedral

to which the sound environment is modeled depends stronggheme [16], [17], [18], and the 3-D interpolated digital

on the application and availability of computational reses

waveguide mesh (IDWM) [19]. Note that in general the digital

for audio signal processing. In room acoustics modeling, tvaveguide mesh (DWM) can be considered as a subclass of
distinct approaches dominate, namely geometrical and waf@TD methods, hence the FDTD schemes and waveguides
based methods. In generaL geometrica| techniques (@e' @_ased on the same stencil are mathematically equivale]]t [20
[5], [6], [7], [3], [8]) are more efficient but the underlying€.9., the 3-D SLF scheme [15] is equivalent to the 3-D reetili
assumption of approximating sound waves with sound rays&8r DWM [21], and the tetrahedral scheme is equivalent to the

justified for high frequencies only [9]. In contrast, wavaskd

tetrahedral DWM. In comparison to previous studies thaehav

methods, that inherently model all wave-related phenomeridvestigated schemes on 3-D grid topologies ([16],[1B}|1
are typically accurate at lower frequencies. Accurate roo@tr approach differs mainly in the way that numerical disper

acoustics prediction and auralization thus requires usiig

sion is viewed not as a function of wavenumbers, but directly

wave-based method at high sample rates or hybrid modags a function of frequency and propagation direction (such

that apply the two different approaches for different frexgcy
bands [10].
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as in [22], [23]). This new way of looking at schemes leads
to different conclusions, including the identification afvel
schemes such as the interpolated isotropic schemes and the
interpolated wideband scheme.

Many boundary terminations used in DWM simulations em-
ploy a reflection coefficient or reflection filter directly athed
to a single system port (see, e.g., [24], [25], [26], [27]nheT
same one-dimensional solution to what is fundamentally a
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for modeling frequency-dependent boundaries in Yee's FDTD
scheme. As explained in [29], [30], [23], this simplificatio
is unphysical, and it has been shown in [29], [30] that large
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reflection errors and instabilities may result for this aygmh.  with the coefficients

In this paper, a general approach to formulating the digital 2 2
impedance filter (DIF) boundary model (originally proposed dl_)‘Q(l —da+4b), da =2 2(a B 22)’ )
in [30] for the 2-D SLF scheme) for all discussed 3-D FDTD ~ d3=A"b, and ds =2(1 —3A" +6X%a —4bA%). (9)

schemes is presented, and the analysis of reflection magnityyq free parameters andb determine the specific character-
for various cases is provided. istics of the scheme. A list of schemes with their respective

The paper is organized as follows. In Section Il the genergl e mentation coefficient values and further properties i
formulation of the 3-D compact explicit scheme is presemeﬂresented in Table 1.

and a detailed analysis of the numerical stability, dispars
error, isotropy and accuracy of special cases is provided. A " i
general formulation of the 3-D compact explicit DIF modef*: Stability Analysis

(including numerical reflection analysis and stability @ias Investigating the numerical stability of FDTD schemes
presented in Section I, followed by general conclusioms @mounts to ensuring that no growing solutions of the numer-
Section IV. ical system exist [15], [31]. For analysis of linear systems

single-frequency plane-wave solutions may be assumedyas f
example in von Neumann analysis [31]). Consider such a plane
wave traveling in positiver-direction of a 3-D coordinate

In room acoustics, the medium through which sound wavegstemz-y-z, and cutting the Cartesiam-axis at a pair of
travel is air. Considering a 3-D Cartesian coordinate systeangles(6, ¢), whered and¢ denote the azimuth and elevation

II. MEDIUM MODELING

x-y-z, sound wave propagation in air is governed by angles, respectively
p _ 2 %p + ’p + o : 1) p(x,y, 2,t) = po e* e IR uvem Ik, (10)
ot? or2  0y? 022

wherep, denotes the amplitude, = o + jw denotes com-
wherep is the acoustic pressure variable anis the sound plex frequency,k is the continuous-time wavenumber, and
wave velocity. Any compact explicit scheme approximating, = kcosfcos¢, k, = ksinfcos¢, andk, = ksing. In
the continuous 3-D wave equation (1) can be described bythe discrete space-time domain, the plane wave takes ttre for

6t2p?,m,i:)‘2 [(63 + 55 + 53) pZm,i = po esnTe—jklee—jkmee—jkziX, (11)
+a (036 + 0,62 + 0262) where the directional numerical wavenumbers are related to

+b 620267] P i (2) the wavenumber in a propagation direction by = k2 +

o k2 + k2, and are respectively given ds = kcos6 cos ¢,

wherea andb denote two free numerical parametess,, ; IS g — Esinfcos ¢, and k., = ksin ¢. For solutions of this

the update variable, anidm, andi denote spatial indexes inyinqg the centered finite-difference operators defined i7)(4
-, y-, and z-direction, respectivelyd = ¢T'/X denotes the .5n pe written as

Courant number, wher¥ is the grid spacing an@ = 1/ f is

the time step. Applying the second-order derivative ceuter 5t2p§fm,i:(z -2+ Zil)p?,m,i,
finite-difference operatoré?, 62, 6, and4?, defined as =—4sin®(wT/2) P}, o (12)
2. n 201 n
pezt) @) bl =4’ (8 X/2) b a3
52])” 4Epn+1- _ 2pn . —|7—pn_1., ’ (4) 5ypl,m,i*74 S (]fyX/Q) pl,m,iv (14)
b O2p] =4 sin® (ko X/2) P 1 (15)
6IpZm,iEp?+1,m,i - 2p?m,z +p?71,m,i ’ (5) o T

6) where z = e*T represents the classic relationship in DSP

§2pr  =pn . —2p7 1 . . . L .
yPLm i=Plmt 1 = “Plm,i T Plm—1,i > literature between- and z-domains. Substituting (12-15) into

2 — . . . .
XDl i =Plm,it1 — 2Plmi T Plimi1 - (") (2), the following amplification equation results
to (2) yields the generalized difference equation for cochpa 2+ 2B(8y,8y,8.) +2 1 =0, (16)
explicit schemes:
where
pﬁfz =d; (p?+1,m,i + P11 mi T Plm1i T Plm—1. B(5g,8y,52) = 2X*F(s4,5,,5.) — 1, (17)
+ Pl it +p2m,i71) +da (p?+1,m+1,i + P4 1m-1: and
Dl it TPl tmio1 + Plmaticn T Plmatie
+pil+1vmﬂ+1 +pil+1amﬂ 1 +P17;m+1,1+1 +pl7’lm+1ﬂ ! F(sz,8y,8:)=(8z + 8y + 82) — 4a(sz8y + 825 + 5y85)
Piym—1,i+1 T Plym—1,i—1 T Pi—1,m+1,i T Pi—1,m—1; +16bs,5,5-, (18)

D11 mit1 +p?—1,m,i—1) +ds (p?+1,m+1,i+1 _ ) )
) R o ygn 4 where the new variables are respectively definedsas=
Di+1,m—1,i41 T Pi41,m41,i—1 T Pl4+1,m—1,i-1 sin(kp X/2), s, = sin(k,X/2), and s, = sin®(k.X/2).

P01t i1 TP m—t1,i41 T DIt m1,im1 From the z-transform shift theorem the update variable can

D me1io1) Fda Pl — DI (8) be written asp}','! = zpy',,, and thus the necessary stability



TRANSACTIONS ON AUDIO, SPEECH AND LANGUAGE PROCESSING, VOIL, NO. 1, OCTOBER 2009 3

. . Cubic Close-Packed (CCP,
condition for a FDTD scheme yields| < 1. Consequently, g L e
the moduli of the solutions to the amplification polynomial . ]‘-
(16) have to be smaller than or equal to unity for any combing=.m-1.i+1 (Hm-1141) ®
tion (sz, Sy, 52). Con3|der|ng real-valued wavenumbers only in o e ¢ —®
the range—7/X < ks, k:y, k, < /X, the stability condition 1m0 (Hm-1.) 9~ »
|z| <1 leads to the following bound on the Courant number el (H1m+1-1) I (e me1 1)
(I+1,m,i-1) (I+1,m,i-1)
2 1 9 (-1,m-1,i-1 (m-1,i)  (H1,m-1,i-1) (-1,m-1,i-1 (m-1i-) (+1,m-1,i1)
—_ 1
A= F(S:m Sy Sz) ( ) Octahedral (OCTA) Interpo!ated (INT)
; [ 8-point stencil ] [26-point stencil ]
which has to hold for all possible values 8f,s,,s.. The ?]‘-
nature of the functiorf” is such that its maximum valugy,.,c ~ (-1m1in (Fm-1i+1) ®
always occurs at one of the extrema in the domsairs,, s, € o o
[0, 1], from which it can be deduced that (1) (1,m-1,) @~ »
(+1,m+1,i-1) o° (H1m+1i1)
Frax = max (1,2 — 4a,3 — 12a + 16b) , (20) (141,m,i-1) : bl (+1,mji-1)
(-1,m-1,i-1 Am-1i)  (H1,m-1,i1) (-1,m-1,i-1 (m-1i-1)  (H1,m-1,-1)

hence the stability condition for the 3-D compact explicit

FDTD schemes is Fig. 1. Compact FDTD stencils for the standard leapfrogaletiral, cubic

A2 < min 1, 1 , 1 (21) close-packed, and interpolated schemes.
2—4a’ 3 —12a + 16b
SinceA” can only be positive, the domain of the free paramyiven direction into (23), solving fok, and finally noting that
eters is ultimately reduced to the function f(z) = arcsin(z) becomes complex-valued for
1 1 x > 1, the cutoff frequency for a given direction is obtained.

a<g, b21:(12a-3). (22)  For axial, side-diagonal, and diagonal directions theseftu
Thus stable a 3-D compact explicit schemes results for any §&duencies are respectively given as
of parametersa, b) that satisfy (22), and the resulting stability arcsin(\)
condition on the Courant number follows from (21). faT= T

T arcsin(Av/2 — 4a)
B. Numerical Dispersion foaT= T ’
An unwanted side effect of the FDTD technique is that 17— arcsin(Av3 — 12a + 16b) (25)

numerical dispersion error is introduced, resulting inhhig ™ ’

frequency waves traveling at a lower speed thanlt is
common to express this error in terms of the relative phaBe Special Cases of 3-D Compact Explicit Schemes

velocity that is defined as the ratio of the effective nun@ric The most important 3-D compact explicit schemes based
wave speed: = w/k over the real wave speed [16]. on a rectilinear grid are presented in Table |, which proside
As shown in previous work [22] the dispersion relation ofzformation about the number of neighbouring points used
the numerical simulation can be derived dil‘eCtly from thﬁ] an update formu|a, the values of free parameters (a,b),
amplification equation (16), and takes the form the stability bound on the Courant number, the values of
sinQ(wT/Q) — )2 (2, 54, 52) (23) coefficients used in implementation;( d, ds, andd,), and
the cutoff frequencies in axiaf, T, side-diagonalfs47", and
Again following [22], frequency can be written explicithsa  diagonalf,;T directions. Note that setting the Courant number
function of the wavenumbers, from which the relative phasg its maximum value is in general the best choice as it yields
velocity can be deduced. In the 3D case, this proceduresjietle smallest dispersion error and the widest bandwidth. [29]
9 arcsin ()\ m) Th_e standard_ Ieapfrog scheme (S_LF) _has_a stencil that
v(/!%I l?:y k ) = g »owE gonsst?j 0f6F nelfhzorrl]ng nodels in ?xr:algwecnons ork1)ly, as
T TE ke - - - ’ epicted in Fig. 1. At the top value of the Courant number, the
)‘\/(kIX>2 +(ky X)% + (kZX)2(24) SLF scheme has the same numerical dispersion and stability
properties as the 3-D Yee's scheme based on a staggered grid
(applied, e.g., in [4]) and the rectilinear digital wavedgii
C. Cutoff frequency mesh (DWM) [32]. Furthermore, the reader is reminded that
As shown in [16], [22]), the largest numerical error alwaythe 3-D rectilinear DWM implementation using Kirchhoff
occurs in one of extreme directions, which in a 3-D case avariables is identical to the implementation of the SLF scae
defined as the axiab(= 0°, ¢ = 0°), the side-diagonald(= with A\ = \/1/_3 The scheme that utilizesneighboring nodes
45°, ¢ = 0°), and the diagonab(= 45°, ¢ = 35°) directions. in diagonal directions only (see Fig. 1) is referred to in EDT
Thus we refer to the side-diagonal direction when conamderiand DWM literature as the octahedral (OCTA) scheme [16],
the diagonal of the side of a cube, and to the diagonal dinecti[17], [18], [19]. The cubic close-packed (CCP) scheme [17],
when considering the diagonal of a cube. Inserting (18) for[&8], [19] uses12 spatial grid points in an update formula,

o~
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TABLE |
3D COMPACT EXPLICIT SCHEMESWHERE fo T, fs¢1 AND f4T DENOTE THE CUTOFF FREQUENCIES IN AXIAL SIDE-DIAGONAL AND DIAGONAL
DIRECTIONS, RESPECTIVELY.

Standard | Octa- Cubic Interp. Interp. Isotropic Interp.
Leapfrog | hedral | Close-Packed DWM Isotropic 2 Wideband
(SLF) | (OCTA) (CCP) (IDWM) | (IISO) (11S02) (IWB)
nr grid points 6 8 12 26 18 26 26
a 0 1 : 0.2034 1 1 :
b 0 3 0 0.0438 0 = =
. P : VI VI
d1 1 0 0 0.1205 1 2 3
da 0 0 1 0.0386 1 = :
d3 0 1 0 0.0146 0 &= s
da 0 0 -1 0.6970 -1 -1 -3
faT 0.196 0.5 0.5 0.196 0.333 0.333 0.5
fsaT 0.304 0.25 0.5 0.216 0.5 0.5 0.5
faT 0.5 0.25 0.333 0.225 0.377 0.5 0.5
bandwidth 0.196 0.25 0.333 0.196 0.333 0.333 0.5
accuracy 2%) 0.075 0.093 0.175 0.069 0.175 0.175 0.186
isotropy %) 0.075 0.093 0.175 0.191 0.269 0.269 0.186

as illustrated in Fig. 1. The remaining schemes are referrdihgonal directions only are illustrated in Fig. 2, and Fg.
to as ‘interpolated schemes’ [16], and they can be viewed ilastrates the absolute value of the difference between th
a linear superposition of three stencils, namely the stahdaelative phase velocity for two extreme directions (havihg
leapfrog, octahedral, and cubic close-packed schemes. Fovest and the highest dispersion error respectively).
most cases its implementation uses2alinearest neighboring In interpreting these results, let us first investigate the
grid points surrounding the updated point, as depicted ¢n Firequency range in which the simulation is considered valid
1. A nearly direction-independent dispersion error is ioled which is determined by the lowest cutoff frequency (of all di
for the following pairs of coefficients:a( = 1/6, b = 0), rections). As can be seen from Table I), and Fig. 2, the SLF and
= 1/6, b = 1/48), and ¢ = 1/6, b = —1/16). These the IDWM! have the lowest cutoff in axial directions which
schemes are thus referred to as 3-D interpolated isotropigluces their valid frequency range @al96 f,. The OCTA
schemes with the respective abbreviations given as IIS&heme has the lowest cutoff frequencies in side-diagarhl a
[1ISO2, and 1ISO3. Note that for 11SO2 and 11ISO3 not albliagonal directions, which limits its valid frequency rantp
surrounding grid points are used in an update. These thge5f,. The CCP and all three interpolated isotropic schemes
schemes have similar characteristics, and hence thesdsult produce valid results for up t6.33f,. The only scheme that
the 11ISO3 are omitted here for brevity. In [19], the coeffit®e uses the whole available bandwidth (i.e., up0tdf,) is the
of the 3-D interpolated digital waveguide mesh (IDWM) havéNB scheme.
been calculated using an optimization method u.&b f,. In terms of accuracy within the model bandwidth, Fig. 2
The coefficients presented in [19] are equivalent to settiR@iows that the 3-D SLF scheme (and thus the 3-D rectilinear
a = 0.2034, b = 0.0438 and A = 0.5773 in (8). In contrast DWM and 3-D Yee’s staggered scheme) displays no numerical
to the 2-D case [23], these coefficients are not close to thgpersion in diagonal directions, but suffers from a large
coefficients of the 3-D isotropic schemes. As can be seen freiors for axial propagation directions. On the other hand,
Table 1, the only scheme that provides the whole availabige IWB, CCP, and OCTA schemes display no error in axial
bandwidth (i.e., up to the Nyquist frequency) in all propém@ directions, but the latter two are generally showing a large
directions is the 3-D interpolated wideband scheme (IWB).error in the other two propagation directions than the IWB.
In order to capture these effects in a single quantity, let us
E. Accuracy and Isotropy Analysis define the accuracy criterion as a frequency band in which

The most informative way of inspecting the dispersion error

is to plot the relative phase velocity for those directions | 1The reader is reminded that the spectrum is enlarged to ar wall
guency range after the warping technique is appliedatt, the presented

which the IargeSt and the smallest dlsperS|on ConS|Sten£§éff|C|ents of the IDWM have been optimized for the afterpieg cutoff
occurs [22]. The results for the axial, side-diagonal, aritkquency of0.25f [19].
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Fig. 2. Relative phase velocity of compact 3D schemes foalaftop),
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the maximum relative numerical error does not excééd
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Fig. 3. The absolute value of the difference between thetivelgphase
velocity in two extreme directions of 3D compact schemesteNbat 1ISO,
11ISO2, and CCP overlap.

further than the IWDM. Finally, the IWB scheme is accurate
for up t00.186 f5, which is also its isotropy range.

F. Spectral Analysis of the Room Impulse Response

The impact of the dispersion error present in the numeyicall
measured room impulse response (RIR) on theoretical room
modes is investigated using the eigenmode model for rigid
boundaries [9]. A cubic room of a constant size is modeled
using 7xX7x7, 9x9x9, and 12x12x12 nodes for schemes re-
spectively having the stability bound at = 1/v/3,/3/4,
and 1, where excitation and pickup points are located near
opposite corners and the boundary nodes are kept(ae.,
fixed boundaries) in order to make sure that no additionakerr
is introduced by the boundary.

As Illustrated in Fig. 4, as a general tendency at low
frequencies, modes are systematically shifted down, aizd th
artefact becomes larger with increasing frequency. The RIR
for the SLF model exhibits a significantly reduced number
of room modes, while the RIRs for the OCTA and the CCP
room models are characterized by an increased modal density
around their lowest cutoff frequencies (i..25fs and0.33 f,
respectively). Furthermore, the SLF and OCTA spectra are
symmetric about their lowest cutoff frequeney25 f;), which
re-inforces the notion that the system response is invalida
the lowest numerical cut-off. The IDWM model displays a
strongly compressed spectrum, much more so than 1ISO and

A similar criterion can be applied to isotropy, where thgso2. The most accurate match at low frequencies results

admissible isotropy error between the two extreme propagat

for the IWB model. Although its lowest cutoff falls &t5 f,,

directions is limited ta2%. As depicted in Figs. 2 an,d 3, thethe spectrum does display a gradual increase of modal den-
SLF scheme (and thus also the DWM and the Yee's schengﬁi,y effectively ‘pulling in’” modes from above the Nyquist

is considered accurate under this definition for u.@v5 f.
The OCTA scheme is accurate for up ®093f;, and for

frequency.

the same frequency range it is also considered isotropie. Th

CCP scheme has a wider frequency range of accuracy wh
spreads up t0.175f,, which also coincides with the isotropy

fan Computational Cost
In simulations of room acoustics one typically requires a

range. The accuracy bandwidth of the IDWM scheme (befopeedefined accuracy (e.®%) within a specified bandwidth.

warping) is reduced t®.069fs. Applying the 2% criterion,
the IDWM is considered isotropic up 10.191f,. The 11ISO
and the 11SO2 schemes have their accuracy frequency ran

Thus a suitable metric for computational costs is the amount
of computation required in order to obtain a specified acgura
ges

that extend t). 175 fs, the same as for the CCP scheme. TheZHowever, it has to be remembered here that the main advatfage

range of frequencies for which the 1ISO and the IISO2 ag,

considered isotropic reaches as far(a®9f,, considerably

IDWM is that it is nearly completely directionally-indepgent up t00.18f,
abling a highly precise recovery of any components withis bandwidth
via frequency warping.
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9 e TABLE I
53 40+ | i 3111 i 1113111111111 HIHEHHHHHHW RELATIVE COMPUTATIONAL EFFICIENCY FOR SPECIAL CASES 0BD
g8 0 COMPACT EXPLICIT SCHEMES
SLF g2 OFf
(—Sl§720—
EE 405 SLF | OCTA | CCP | IDWM | 1ISO(2) | IWB
%-@ 40+ A 1 1 1 1 3 1
g8 2| 3 3 1
25 L
ot g2 o c2%) | 1 | 044 |563] o7 8.67 | 7.01
ac
EE 405 c(4%) | 1 044 | 465 | 0.73 714 | 7.07
b sof c8%) | 1 044 | 346 | 08 531 | 6.99
g 20¢
ccp g2 200'
39-20 . .
EE —a0) bbb Courant numbers and the following values of the relative
Normalized frequency critical errore. = 2%, 4%, 8% are presented in Table Il. Note
28 aof T i that all presented schemes require storing two pressunewal
Qo 20| L O R R R R R R R R RRR IR . .
own 520! R R per orid point. | |
$ 50l DT LI i This computation does not take into account the differences
ag T P SRR : . . :
EE0 g 62 03 in the amount of arithmetic operations per nodal update.
. e However, note that difference equation coefficients for the
a0 R R R R R R AR R
§§ 2l IRINI ! SLF, the OCTA, the CCP, the 1ISO, and the IWB schemes
I il . . .. . .
150 g2 of makes them particularly attractive for efficient fixed-pgoin
| A N G S R implementations since multiplications can be computeditas b
0 o Nomalized frequency % shift operations. This is not the case for the IDWM and the
28 w0} T ISO2 scheme (see Table ).
gg 0 H AR AR T Results presented in Table Il indicate that the IWB and both
IS0z o2 0 N\ A 1 el ; ; ; i
2520 R e isotropic schemes (i.e., 11SO and 11SO2) are in general the
E‘E -40; R L S most efficient among compact explicit schemes, and both have
o Normalized frequency a significantly higher efficiency than the remaining schemes
2o L . . . .
g8 o1 In particular, 11ISO and 11SO2 are the most efficient for a tigh
W8 gé of accuracy criterion (up ta%), the IWB scheme has the lowest
gg:ig b i computational cost when low accuracy is sufficient (above

o

0.1 0.2 03 04 0.5
Normalized frequency

4%). On the other hand, the worst efficiency results for the

OCTA scheme.
Fig. 4. Magnitude of the impulse response of the room with fixed
boundaries as calculated with each of the presented schéasised
lines denote the ideal mode frequencies of the room. Ill. B OUNDARY MODELING
In simulations of room acoustics, the boundary is typically
assumed to be locally reacting, i.e., no waves propagate
over a certain bandwidth. Analogous to [22], we can define the boundary itself along its surface. This simplificatio
the computational density as the number of nodal updates peids only for boundaries for which the particle velocity
cubic meter per second as,, = fs/X?3, wheref, is the sam- depends solely on the sound pressure in front of the wall,
pling frequency required to guarantee accurate simuldtien and not on the pressure of neighboring wall elements [9]. The
in which the relative dispersion error does not exceeith any continuous-time boundary condition suitable for applmato
propagation direction), an& denotes the grid spacing calcunhonstaggered FDTD schemes (i.e., in terms of pressure only)
lated from the Courant number a8 = ¢/(fsA). The required has been derived in [29], which for the right boundary of a
sample rate is calculated & = w./ min(w,T,wsT,wsT") 3-D coordinate system-y-z yields
for the minimum normalized frequency in axial, side-diagipn P )
. . . . . ; p p
and diagonal propagation directions for which the accuiacy o ¢ §w s (27)
ensured.w,. can be set arbitrarily and it has to be applied _ . .
consistently for calculating the computational dengity, of Wheré&w = Zu/pc is the specific wall impedance, and

all compared schemes. Finally, the relative efficiency finge 2Nd Z. are the air density and the boundary impedance,
as respectively. When both the boundary condition and the wave

P (0,0, e, we) equation simultaneously apply at a boundary [29], the ptana
e(a,b,ec) = W (26)  wave reflection coefficient [9] may be defined as

so thate(a, b, e.) is independent of the choice af. and the Ro.4(2) = §u(2) cosfcos ¢ — 1.
resulting value is normalized by the computational density §uw(2) cosfcos g+ 1
the SLF scheme. The results of such a computational analyisiorder to ensure that the designed impedance filter isipesit

for all cases of 3-D compact explicit schemes at their taeal, it has been proposed in [30] to first design a digital

(28)
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i iy where p;_1,m.; and p;y1.m,; are the pressure values at two
interpolated nodes lying on the sphere that goes through all
P S 6 9 i) & 3 3 eight side-diagonal ghost points. An analogous interjmolat
d (1me 1) 2 wmaiy - Of diagonal inner and outer grid nodes yields
e - (I+1,m,i-1) . L (1 mi-1) 1
(-1,m-1,i-1 (I(,:;,H) (I4+1,m-1,i-1) (I-1,m-1,i-1) (I(,E—)W,H) (I4+1,m-1,i-1) ﬁ?_l,mﬂ' —_ Z(p?_l,m+17i+1 +p?_1,m_1,i+1
O S 059 +p?—1,m+1,i—1 + p?—l,m—l,i—l)a (32)

(F.m-1,i+1) © -0 :

‘ o © Pl1,mi = Z(p?+1,m+1,i+1 + Pt m—1,it1

0l mttie1 TP m—1i-1)s  (33)

i U - where ﬁl_1,m,i_ and p; F1mis respectively, are the pressure
© values at two interpolated diagonal nodes lying on the spher
that goes through all eight diagonal grid points, as ilksd

Fia 5. The internolated h at: (a.b) & right boundary @ (ight- in Fig. 5(b). These interpolated nodes are equally distamb f

9. o. e Interpolated mesh at: (a, arg oundary rignt-top - "

corner. Room interior nodes are indicated with black-adocircles, ghost the _boundary nOd@l,mJ_ t_hus the Stap'“W .condltlon for_a

points are indicated with white-colored circles, and iptéated nodes are family of compact explicit schemes is still obeyed. Since

indicated with grey-colored circles. these interpolated values are located across the bouribary,
discrete boundary condition in the direction normal to thadl w

can be applied, similarly to the procedure presented in.[23]

reflection filter Ry (z) that matches reflection data for arhus these three subconditions can be expressed as
normal angle of incidence, and next to obtain the digital

SO (L mEL)
SO (141,m/i-1)

impedance filter (DIFY,,(z) from inverted (28) as Pt = Dt + %o (prt —prtly 9o (34)
,m,t —1,m, )\bO KX M, bO 9
1 + Ro ()(Z) n
w = 7—, 29 ~n _~n ao n— n 9s
fwl?) =12 Ro0(2) (29) Pivrmi = Piotmi T 33 (Pl = Piti) + _bod’ (35)
thus an impedance is always given as an IIR filter. This _, ag

5N ) 0o n—1 n+tl ﬁ
approach is well adapted to typically available reflection — ¥i+1mi =Pi-imat Abo (Pl = Plams) + bo’ (36)

coefficient data for a normal incidence (conveniently cote@ \yhere is an intermediate value in the filter updates for the

in each octave band from the measured absorption coef@cie,rgspective subcondition, subscriptssd, andd denote axial,

a averaged across all reflection directions|BY = v/'1 — ),  side-diagonal and diagonal directions, respectively, tve
and additionally it guarantees that for a passive refledtiter  poundary impedance filter is defined as

a positive real impedance filter results [30]. ) ZN _—
+ D i biz™
§w(2) = . .

N 71/ )
A. 3-D Compact Explicit Boundary Model ao + 3=y GiZ
In this section, a method for constructing the boundaubstituting (30-33) into (34-36), and next applying alleth
formulations for the general family of 3-D nonstaggereBoundary subconditions to eliminate for nine ghost points i
compact explicit FDTD schemes is proposed. In general, suéi¢ discrete wave equation (8), the overall boundary canit
a digital impedance filter (DIF) model is derived by combininfor the right boundary becomes
the boundary condition in the direction normal to the bougda, ,+1 [d n n n n
—=|d (2 . , . ,
surface with the respective wave approximation. Considesi * " 1Pt mi + Plingri + Plm—1i Pl
right boundary of a room modeled with a general 3-D scheme ~ +P0'm i—1) + 2d2(P/ 1 imt1,i T Plot,m—1,i T Plot,m it1
given by (8), there_are_ nine grio_i points lying outside the D1 1 mi1) F 2Pl i iv1 + Plma i
modeled space, which in FDTD literature are often referred
to as ‘ghost points’ [33]. These points should be eliminated " n n
from the wave equation using a general boundary condition, +pl—1vm—1vi+12+ Pltmition + Pt mo1i-1)
which for a general case (see Fig. 5(a-b)) is subdivided into ;. A" o Ado aa] ()L Ado
three elimination steps: 1) for an axial ghost point, 2) for P bog + bo )pl’m”} / ( * bo )’
four side-diagonal ghost points, and 3) for four diagonaisih (38)
points. We first apply a linear interpolation on side-dia@lon,, hare the impedance filter input, filter outputy, and the

grid points lying inside and outside of the modeled space (ﬁﬁermediate valug at time stepn are respectively given by
depicted in Fig. 5(a)), which can be expressed as

(37)

0 n—t1it1 F Plm—1im1) + 2d3(P1 1 i1

ao +1 n—1 g"
- == (P i ~ Plmi) — (39)
Pltmi= Z(Z’?A,mﬂ,i + Pt 1 )ibo e ot bo
01 it 1+ Pl myim1)s (30) y"za—o (bO z" + gn)v (40)
~ 1
Ply1m,i = Z(p?+1,m+1,i + Dl 1m—1,i g"—iv: (b- i g yn_i) 41)
— ’ i )

D1 mi1 Pl 1mi—1) (31) i1
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In the derivation above, the superposition property ofdinecorner requires updating three impedance filters (39-4he- o
systems was applied to group the intermediate teymgsq, for each direction. Similarly, the formula for the outer edg
andgy into one overall intermediate valyg as shown in [23] can be derived by applying two boundary conditions (42) and
for the 2-D case. The DIF model requires updating (38-41) ane coherence condition (43), which for they outer edge
the order of presentation. yields

+1
p?,m,i: d1(2p1 1, mi + 2P0 m—1,i T Plimit1 + Plim,iz1)

B. DIF Formulation for Boundary Edges and Corners N " "
+do (4P 1 -1+ 2011 mio1 T+ 2P 1 i

Similarly to the derivation presented in Section IlI-A, the " " "
update formulae for other boundaries, edges and corners can 2P0 m1i1 + 2Pl 1,i41) T A3 (P i
be derived. The left boundary update equation is obtained by n n 2,9z , 9y

) ) . ) o D metin1) F dap] s AN (EE + L

removing minus in (27) due to the opposite flow direction, Pimtmetip1) + dapim, (bz by)
which leads to the boundary equations (38-41) with a differ- Aag Ay e Aag | Aay
ence that all pressure terms in (38) including subsdriptl + by + E B )plv“%»i} / (1 + by + E)'MS)
are replaced witli + 1. The boundary conditions ig- and z-
directions follow directly from discretizing one of dirémbal ¢ Numerical Boundary Analysis

conditions _ . . .
Similarly to dispersion analysis of FDTD schemes, an ana-
op _ op  Op _ op  Op _

= b, = -l — = —c €z@ (42) lytic formula for the numerical reflection for the DIF boungla

ot 0 ot dy ot 0z model can be derived. Such a numerical boundary analysis
and are easily obtained from (38-41) by swapping inddRIBA) technique has been originally proposed in [29], and it
terms for the respective direction in (38). The procedure fé suitable for analytic prediction of reflection and prayite
boundary edges and corners is always the same and congigility of correctly formulated boundary models. Appigi
of the following steps. Firstly, deciding on the number ofhe procedure presented in [30] for deriving the respective
boundary conditions that should be applied (with a maximugbstitutions in (8), the NBA formula for the right-boungar
number of three), and next using linear interpolations fuogy reflectance reads
points so that normal-incidence boundary conditions can be - . Q-GA
applied. Thus for an outer corner, three boundary condition Ro,p(2) = TQ-GAU
are required, two boundary conditions apply at outer edges, . o . o
one at boundaries, and no boundary conditions are required'¥here 4 = eIt X costeosd, the numerical wavenumber is
inner boundary edges and inner corners, respectivelyllffinacOmputed from (23) combined with (18) for a given direction
such conditions with interpolated values are used to efiein (0> @), and the new variables are respectively given as
for all ghost points in the wave equation (8). Apart from &ne A

(46)

— —1
interpolations, an additional condition that guarantessall Q=1+ gw(z))z (1= &U(Z))Z ~(BDF L d)
coherence between meeting boundaries [34] holds at boyindar (47)
edges and corners, which in a continuous form is respegtivel G =2(dy + d2D + d3F), (48)

given as one of the following:
Op? Op? Op? op?

=0 =0 =0 =0
dxdy T Ox0z " Oydz 7 0xzdyoz
, . ) . (43) where §w(z) denotes the digital impedance filteR =
One of the first three conditions is applicable at a boundaer)ﬁcx sinfeosé (7 — ik Xsiné and the implementation coeffi-

edge, and in addition the last coherence condition hOIdSc%ntsdl-d4 are given by (9)
room corners. As an example, the formula for the top-right The NBA formula is next used to prove the stability of

outer corner (s_e_e Fig. 5(c)), derived by applying_ _aII thr e DIF boundary model by proving its passivity, which is a
boundary conditions (42) and four coherence condition3, (4 ufficient condition for the numerical stability of any nurical

is explicitly provided: system [32]. Assuming single-frequency plane-wave Soihi
for any numerical wavenumber in the ranger/X < k <
m/X, (47) and (48) can be expressed respectively as

D=(B+B'+C+0C™), (49)
E=(BC+ B 'C+BC '+ B 'C™), (50)

1
pz;,i:Pdl(p?—l,m,i + 01t Plmio1) T Ada (Pl 1
011 mie1 F Plm—1.i—1) +8d3Pi 1 1.1

9z , Iy ﬂ)Jr()\aw Aay

Q:{Q cos(wT) — 2dy [COS(]%X sin @ cos ¢) + cos(kX sin )]
Adapl i + A GE + L+

by by b by by —4ds cos(l%X sin 6 cos ¢) cos(/%X sin ¢)
Aa 1 Aagz  Aay  Aa 22y . ) 200y .
. D] /(14 b 5, b ) @ te e sin(wT) } + {agj ) sin(wT) }. (51)

whereg,, g,, andg. are computed from their respective filter

implementationsb,, b,, andb, are the filterb, values, and G:Q{d1 + 2d2[cos(l%X cosfsin ) + cos(l%X sin ¢)]

az, ay, anda, are the filterag values for thex-, y-, and z- . .

direction boundary conditions, respectively. Hence theeou +4d;s cos(kX cos 0'sin ¢) cos(kX sin ¢)}7 (52)
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Fig. 6. Numerical reflection amplitude (dashed black lingfsthe fibrous material boundary with= 0.06 ando = 100 compared with theoretical reflection
amplitude (solid grey lines) for the following angles of itkenced = 0°, ¢ = 0°, 6 = 45°,¢ = 0°, andf = 45°, ¢ = 35°.

wherej = /—1 and the complex-valued impedance for a

specified frequency was represented by real and imaginary
parts ast, (2) = aw + j bw. The reflectance is passive wherwhere I'm{Q} denotes the imaginary part @. Since for
Ry ()| < 1, which after simple algebraic manipulationsill feasible parameter values (i.ex7/2 < 60,¢ < /2

see [30] for details) leads to the following condition

—sin(kX cosf cos ¢) Im{Q}G < sin(kX cos 0 cos @)

Im{Q}G,

(53)

and frequencies up to Nyquist) it can be shown that as

sin(/%XcosGCOS(b) > 0, G > 0, and sin(wT) > 0, it

follows that the boundary is passive whep > 0. Thus the
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. . . . TABLE Il
boundary is passive (and hence the whole simulation stabl)cyracy sBaNDWIDTH (2% RELATIVE ERROR IN REFLECTANCS OF 3-D

as long as the real part of the impedance is nonnegativé)IF BOUNDARIES FOR REAL IMPEDANCE VALUESE,, = 7/3, 4,9, 100.
WhICh iS enSUred fOf any dlgltal impedance fllter Computed THE VALID SIMULATION BANDWIDTH FOR THE BOUNDARY AND THE
. . . . . . ACCURACY RANGE FOR THE ROOM INTERIOR ARE ALSO PROVIDED
from a normal-incidence reflection filter using (29), for wini
|Ro.0(2)| < 1. Note that such a general stability proof using
NBA technique is in essence similar to Von Neumann [15]
and GKSO [35] analysis methods, and that analogous NBA, "7 /3| 0066 | 0.080 | 0.143 | 0.057 | 0.147 | 0.153
formulae for corners and boundary edges can be derived, but
are left out for brevity.

SLF | OCTA | CCP | IDWM | lISO(2) | IwB

Ew =4 0.075 | 0.095 | 0.148 0.06 0.156 0.162

w =19 0.096 | 0.122 | 0.181 | 0.074 0.188 0.199

&w = 100 0.187 | 0.235 | 0.316 | 0.182 0.326 0.43
O%Cheme acc| 0.075 | 0.093 | 0.175 | 0.069 0.175 0.186

D. Reflection Analysis

This section presents the comparison of the magnitude
the numerical reflectance obtained from NBA with theoret- bandwidth | 0.196 | 0.25 | 0.333 | 0.196 | 0.333 0.5
ical reflectance for 3-D DIF boundary models for schemes
presented in Section Il; example phase delay plots are also _ o
provided. Since the best and worst performance alwaystsesifiequencies of the 3-D boundary models for each direction
for one of the three extreme directions, the boundary aisalydré exactly the same as for the respective schemes, hence the
is restricted to the following angles of incidence: the narmvalues forf,, fs4, andf, provided for each scheme in Table |
incidence ¢ = 0°, ¢ = 0°), the side-diagonal incidence@pply similarly to their respectively boundary implemeiua.

(0 = 45°, ¢ = 0°), and the diagonal incidencé & 45°, _Furthermore,_the reflectance error (averaged over a nunfber o
¢ = 35°). Firstly, the frequency-dependent results for atinPedances) is roughly the same as the dispersion errdndor t
impedance filter representing the layer of fibrous materigdSpective sgheme, and thus their accuracy and Isotroggsan
(following the design strategy described in Section llinfro €an be considered equal. Note that a slightly higher error in
analytic formulae given in [36]) for fibres thicknessoém reflectance (at low impedance values) is due to an additional
and flow resistivityl00Nsm* are illustrated in Fig. 6. Thesedlscretlzatl_on qf derivatives in the boundary conditioméffly, _
plots are highly informative in assessing the cutoff frezgies @S shown in Fig. 6 and Table Ill, the 3-D DIF IWB model is
for various incidences, which are shown to be the same & most accurate and the 1ISO/IISO2 boundaries are the most
for the respective schemes. Thus for a given scheme, tf@tropic for the widest frequency ranges.

frequency range in which the boundary reflections can be

considered valid is equal to the valid frequency range for IV. CONCLUSIONS

the room interior. Secondly, the phase delay of the numlericaln this paper, a method for numerical modeling of room
reflectance for two example boundary models is depicted agoustics is presented, in particular FDTD techniquesifor s
Fig. 7. Finally, the frequency range of accuracy (i.e., taed> ulating wave propagating in the room interior and reflection
width in which the relative numerical error does not exceedt the boundaries. A family of 3-D compact explicit schemes
2% for frequency-independent boundaries (i.e., charadri based on a nonstaggered rectilinear grid has been inviestiga
by a real impedance) with the following impedance valuesd the results indicate an improved performance of idedtifi
&w = T7/3,4,9 and 100 are presented in Table Ill. Thesespecial cases in comparison to other approaches commonly
results indicate clearly that the numerical error in reflace found in FDTD and DWM literature on room acoustics.
depends on the impedance value. For high impedance valiesre specifically, the new 3-D interpolated wideband scheme
(i.e., highly reflective boundaries), the error is smalllsattal- and the 3-D interpolated isotropic schemes are indicated as
most the whole simulation bandwidth can be effectively usethe most efficient possible choices for accurate and isitrop
whereas for low impedance values the accuracy decreasesFBID simulations. The interpolated wideband model has
shown in Table Ill, the performance for frequency-indeparid the additional advantage of displaying no numerical ermor i
boundaries (i.e., scalar wall impedances) resembles Iglosédirections where the most pronounced standing waves develo
the accuracy ranges and cutoff frequencies of the frequengye., between parallel walls). The identified isotropicdats
dependent results but, for brevity, no plots are shown hereare shown to be highly efficient for a tight accuracy critario

In general, the reflectance of the 3-D DIF boundargnd - under the definition of a 2% isotropy error - are also
model matches theory closely for all angles of incidenchown to be isotropic for a wider frequency range than the
and impedance values, which confirms its consistency wiBiD interpolated digital waveguide mesh.
locally reacting surface theory. In particular, a perfeatch in In addition, because the same scheme (approximating the
both phase and amplitude always results for low frequenci@gave equation) is applied across the medium, the boundaries
whereas a complex-valued numerical error manifests itselfthe edges, and the corners, consistency of scheme is kalize
phase and amplitude at high frequencies. Comparing Figsa&oss the simulation. This has so far not been the case
and 7, the magnitude and phase delay plots behave similafty, 3-D FDTD and digital waveguide mesh room acoustic
i.e., in both cases the numerical error increases with #aqy simulations, apart from Botteldooren’s room model [4]. Buc
and the same numerical cutoff frequencies are display@nsistency is not only crucial for ensuring stability, lalgo
Furthermore, a general observation can be made that thi# cutorms a prerequisite for rigorous numerical dispersion\sis
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Fig. 7. Phase delay of the numerical reflection (dashed Hiaek) of the fibrous material boundary with= 0.06 ando = 100 compared with theoretical
reflection phase delay (solid grey lines) for the SLF and iWB Ischemes, and the following angles of inciderfce- 0°, ¢ = 0°, § = 45°,¢ = 0°, and

0 = 45°, ¢ = 35°.

of all separate components of the simulation and indeed afsg
to the ability to predict exactly how any numerical artifact
manifest themselves in calculated responses. One importan
consequence of this consistency is that frequency wargng ¢11]
for the first time be justifiably applied to responses obtdine
with FDTD or digital waveguide mesh simulations of rooms )
with realistic boundaries.

One aspect that has not been dealt with in this paper, 1?
could be of interest for future research, is the comparison
of the identified schemes with the tetrahedral topology,[S?H
which is not captured within (2), or staggered-grid versioh 4
the tetrahedral and octahedral topologies. However, tipé-ap
cability of the tetrahedral stencil to room acoustic sintiolas

is debatable due to the nontrivial formulation of boundar[§5]
conditions for complex room shapes. [16]

[17]
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