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COMPLETELY BOUNDED BIMODULE MAPS AND
SPECTRAL SYNTHESIS

M. ALAGHMANDAN, I. G. TODOROV, AND L. TUROWSKA

ABSTRACT. We initiate the study of the completely bounded multipliers
of the Haagerup tensor product A(G)®nA(G) of two copies of the Fourier
algebra A(G) of a locally compact group G. If E is a closed subset of
G we let E¥ = {(s,t) : st € E} and show that if E* is a set of spectral
synthesis for A(G) ®n A(G) then E is a set of local spectral synthesis
for A(G). Conversely, we prove that if E is a set of spectral synthesis
for A(G) and G is a Moore group then E* is a set of spectral synthesis
for A(G) ®n A(G). Using the natural identification of the space of all
completely bounded weak* continuous VN(G)'-bimodule maps with the
dual of A(G) ®n A(G), we show that, in the case G is weakly amenable,
such a map leaves the multiplication algebra of L°°(G) invariant if and
only if its support is contained in the antidiagonal of G.
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1. INTRODUCTION

The connections between Harmonic Analysis and Operator Theory orig-
inating from the seminal papers of W. Arveson [2] and N. Varopoulos [35]
have been fruitful and far-reaching. A particular instance of this interaction
is the relation between Schur and Herz-Schur multipliers [6, 17] that has
been prominent in applications, for example to approximation properties of
group operator algebras (see e.g. [5]). It is well-known that, given a locally
compact second countable group G, the Schur multipliers on G x G can be
identified with those (completely) bounded weak* continuous maps on the
space B(L?(Q)) of all bounded operators on L?(G) (here G is equipped with
left Haar measure) that are also bimodular over L*°(G), where the latter is
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2 M. ALAGHMANDAN, I. G. TODOROV, AND L. TUROWSKA

viewed as an algebra of multiplication operators on L?(G). The right invari-
ant part of the space of Schur multipliers (which arises from the functions
¢ on G x G that satisfy the condition ¢(sr,tr) = ¢(s,t)) consists precisely
of those maps that, in addition to the aforementioned properties, preserve
the von Neumann algebra VN(G) of G.

The original motivation behind the present work was the development of
a counterpart of the latter result in a setting where the places of VN(G)
and L*°(G) are exchanged. The space of all completely bounded weak™ con-
tinuous VN(G)-bimodule maps on B(L?(G)) has played a distinctive role
in Operator Algebra Theory and have lately been prominent through the
theory of locally compact quantum groups (see e.g. [20] and [22]). Those
such maps that also preserve the multiplication algebra of L>°(G) have been
studied since the 1980’s and are known to arise from regular Borel mea-
sures on G (see [16, 27, 32]). However, a characterisation, analogous to the
right invariance in the context of Schur multipliers — and one that uses only
harmonic-theoretic properties — was not known. In the present paper, we es-
tablish such a characterisation and observe that it can be formulated in the
language of spectral synthesis: it is equivalent to the statement that the an-
itdiagonal of G is a Helson set with respect to the Haagerup tensor product
A(G) ®n A(G) of two copies of the Fourier algebra A(G) of G. Our inves-
tigation highlights the connections between completely bounded bimodule
maps and spectral synthesis, which have not received substantial attention
until now, despite the importance of both notions in modern Analysis.

The aforementioned result required the development of a ground theory
of bivariate Herz-Schur multipliers and served as a motivation to study ques-
tions of spectral synthesis in A(G) @y A(G). Our results show that, with
respect to spectral synthesis, the latter algebra is better behaved than the
seemingly more natural A(G x (), and point to substantial distinctions be-
tween these two algebras. Indeed, for a vast class of groups we establish
transference of spectral synthesis between A(G) and A(G) ®y, A(G), while
such result does not hold for A(G x G) unless G is virtually abelian.

In more detail, the paper is organised as follows. After collecting pre-
liminaries and setting notation in Section 2, we study, in Section 3, the

bivariate Fourier algebra Ay (G) = A(G) ®p A(G) and establish some if its
basic properties. Viewing A, (G) as a function algebra, we examine the space
of its completely bounded multipliers, which can be thought of as a bivariate
version of Herz-Schur multipliers, and show, among other things, that this
algebra is weakly amenable if and only if the group G is weakly amenable.
We obtain a characterisation of the completely bounded multipliers of Ay, (GQ)
in terms of (bounded) multipliers on products with finite groups, providing a
version of a result from [6] (see Proposition 3.7). We show that the elements
of the extended Haagerup tensor product A(G) @, A(G) can be viewed as
separately continuous functions, an identification needed thereafter.
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In Section 4, we study the question of spectral synthesis for A, (G). Note
that the dual of Ay (G) coincides with the extended Haagerup tensor product

VNen(G) = VN(G) ®en, VN(G) which, in turn, can be canonically identi-
fied, via a classical result of U. Haagerup’s [17], with the space of com-
pletely bounded weak* continuous VN(G)'-bimodule maps (here VN(G)’
denotes the commutant of VN(G)). Thus, the classical theory of commuta-
tive Banach algebras allows us to associate to each such map its support,
a closed subset of G x G. Viewing VN, (G) as a (completely contractive)
module over Ay (G), we obtain bivariate versions of some classical results
of P. Eymard [13]. The main results in Section 4 are related to trans-
ference of spectral synthesis: associating to a subset £ C G the subset
E* = {(s,t) € G x G : st € E} of G x G, we show that if E* is is a set
of spectral synthesis for Ay, (G) then E is a set of local spectral synthesis
for A(G). Conversely, if F is a set of spectral synthesis for A(G) and G
is a Moore group then E* is a set of spectral synthesis for A,(G). Thus,
for Moore groups, the sets F and E? satisfy spectral synthesis simultane-
nously. These results should be compared with other transference results in
the literature, see e.g. [24], [30] and [31], and are a part of a programme of
relating harmonic analytic, one-variable, properties, to operator theoretic,
two-variable, ones [33].

In Section 5, we assume that G is a virtually abelian group, and show
that, in this case, transference carries over to the set E* = {(s,t) € G X G :
ts~! € E}. This is obtained as a consequence of the fact that, for such
groups, the flip of variables is a well-defined bounded map on Ay (G).

Section 6 is focused around the question of how the support of a map
arising from an element of VN, (G) influences the structure of the map.
Our results demonstrate that the support contains information about the
invariant subspaces of the map (see Theorem 6.6 and Corollaries 6.7 and 6.8).
As a consequence, we show that a completely bounded weak™® continuous
VN(G)'-bimodule map leaves the multiplication algebra of L*°(G) invariant
if and only if its support is contained in the antidiagonal of G. This gives
an intrinsic, harmonic analytic, characterisation of this class of maps.

Operator space tensor products and, more generally, operator space theo-
retic concepts and results, play a prominent role in our approach. Our main
references in this direction are [3] and [10]. In addition, we use in a crucial
way results and techniques about masa-bimodules in B(L?(G)), whose basic
theory was developed in [2] and [12].

2. PRELIMINARIES

In this section, we introduce some basic concepts that will be needed in
the sequel and set notation. For a normed space X, we let ball(X’) be the unit
ball of X', and B(X) (resp. (X)) be the algebra of all bounded linear (resp.
compact) operators on X. If H is a Hilbert space and &, € H, we denote by
€ ®n* the rank one operator on H given by (£@n*)(¢) = (¢,n)¢, ¢ € H. By
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we,, we denote the vector functional on B(H) defined by we,(T') = (T, 7).
The pairing between elements of a normed space X and those of its dual
X* will be denoted by (-, -)x x+; when no risk of confusion arises, we write
simply (-,-). By M, (X) we denote the space of all n by n matrices with
entries in X’; we set M,, = M,,(C). We let CB(X) be the (operator) space
of all completely bounded maps on an operator space X.

The algebraic tensor product of vector spaces X and ) will be denoted
by X ® Y; if X and )Y are Banach spaces, we let X ®, YV be their Banach
projective tensor product. If H and K are Hilbert spaces, we denote by
H ® K their Hilbertian tensor product. We let X®) denote the operator
projective, and X ®y Y the Haagerup, tensor product of the operator spaces
X and Y. By X ®en Y we will denote the extended Haagerup tensor product
of X and ); we refer the reader to [11] for its definition and properties. If X
and Y are dual operator spaces, their weak* spacial tensor product will be
denoted by X®), and their o-Haagerup tensor product by X ®,4, Y. Note
that, in the latter case, X ®., ) coincides with the weak™ Haagerup tensor
product of X and Y introduced in [4]. We often use the same symbol to
denote both a bilinear map and its linearisation through a tensor product.

Recall that a Banach algebra A equipped with an operator space structure
is called completely contractive if

@i 30k 1] Mn (4) < @i s a4 1[0k 1 lIn, 4)

for every [a; ;] € M, (A) and [bg;] € M,,(A) and n,m € N. Thus, if A is a
completely contractive Banach algebra then the linearisation of the product
extends to a completely contractive map m4 : ARA — A.

Let A be a commutative regular semi-simple completely contractive Ba-
nach algebra with Gelfand spectrum 2; thus, A can be thought of as a
subalgebra of the algebra Cy(Q2) of all continuous functions on 2 vanishing
at infinity. A continuous function b : Q — C is called a multiplier of A
if bA C A; in this case, we have a well-defined map m; on A, given by
mp(a) = ba, which is automatically bounded. If the map m; is moreover
completely bounded, b is called a completely bounded multiplier. We denote
by M A (resp. M A) the space of all multipliers (resp. completely bounded
multipliers) of A. It is known that a (bounded) linear map 7 : A — A is
of the form T' = m;, for some b € M A if and only if T'(x)y = 2T (y) for all
z,y € A (see e.g. [23, Proposition 2.2.16]). Note that MA (resp. M A)
is a closed subalgebra of B(A) (resp. CB(A)). If b € M A, we denote by
||6]|cbm the completely bounded norm of my; we often identify the functions
b € M A with the corresponding linear transformations my. Note that, if
a € A, then

[m{ k], 4y = Naar I, ca) < lallalllard I,

for every [ay,] € M,,(A) and every n € N. Therefore, the mapping a — m,
from A into M A is a contraction.
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We next recall some basic facts from [13] and [6]. Let G be a locally
compact group. The Haar measure evaluated at a Borel set £ C G will be
denoted by |F|, and integration with respect to it along the variable s will
be denoted by ds. As customary, a * b denotes the convolution, whenever
defined, of the functions a and b. For t € G, we let \; be the unitary
operator on L?(G), given by A\ f(s) = f(t71s), s € G, f € L*(G). We let
M (G) be the Banach *-algebra of all complex Borel measures on G and use
the symbol A to denote the left regular *-representation of M (G) on L?(G);
thus,

() f) = /G Nofdu(s), we M(G).f € LA(G),
where the integral is understood in the weak sense. We identify L!(G) with
a *-subalgebra of M (G) in the canonical way.

We let VN(G) (resp. C;(G), C*(G)) be the von Neumann algebra (resp.
the reduced C*-algebra, the full C*-algebra) of G. As usual, A(G) (resp.
B(@)) stands for the Fourier (resp. the Fourier-Stieltjes) algebra of G. Thus,

w*

CrG) ={A(f): f e LU(G)}, VN(G) =Cx(@G)

r

B(G) ={(w()¢,n) : 7 : G — B(H) cont. unitary representation, &, n € H},

and A(G) is the collection of the functions on G of the form s — (A&, 1),
where &, € L?(G); see [13] for details. We denote by || - ||4 the norm
of A(G). Note that the dual of A(G) (resp. C*(G)) can be canonically
identified with VN(G) (resp. B(G)). More specifically, if ¢ € A(G) and
¢,m € L?(@G) are such that ¢(s) = (\s,n), s € G, then

(1) (0, T) = (T¢n), T e VN(G).

We equip A(G) (resp. B(G)) with the operator space structure arising from
the latter identification. Note that both A(G) and B(G) are completely
contractive Banach algebras with respect to these operator space structures.
For each ¢ € MA(G), the dual mj of the map my acts on VN(G); in
fact, my,(A\) = ¢(H)A, t € G, and m(A(f)) = AW f), f € L'(G). Note
that a multiplier v € M A(G) is completely bounded precisely when my,
is completely bounded; in this case, [|¢[lcom = [[m}[lcr. We set ¢ - T =
my (7). The elements of M ® A(G) are called Herz-Schur multipliers and
were introduced and originally studied in [6].

Let H and K be separable Hilbert spaces and M C B(H) and N' C B(K)
be von Neumann algebras. Every element v € M ®., N has a representation

(2) u = i a; ® by,
=1

where (a;)ien € M and (b;)ieny € N are sequences such that > 2, a;af and
Y2, bib; are weak® convergent. In this case, the series (2) converges in
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the weak* topology of M ®¢, N with respect to the completely isometric
identification [4]

(3) M @ep N = (M, @, N7,

where M, and N, denote the preduals of M and N, respectively. Following
[4], call (2) a w*-representation of u. Denoting by A (resp. B) the row (resp.
column) operator (a;);en (resp. (b;)ien), we write (2) as u = A ® B. Every
such u gives rise to a completely bounded weak* continuous M’, N’-module
map ¢, : B(K,H) — B(K, H) given by

o
(4) O, (T) =Y aiTh;, T €B(K,H),

i=1
and the map u — ®,, is a complete isometry from M ®., N onto the space
CBY (B(K,H)) of all weak* continuous completely bounded M’, N
module maps on B(K, H) [4]. Note that the algebraic tensor product MON
can be viewed in a natural way as a (weak* dense) subspace of M ®e, N.

3. MULTIPLIERS OF BIVARIATE FOURIER ALGEBRAS

In this section, we introduce a natural bivariate version of Herz-Schur
multipliers and develop their basic properties. We set

Ap(G) = A(G) @, A(G) and  VNen(G) = VN(G) @en VN(G).

According to (3), we have a completely isometric identification

(5) A4(G)* = VNG (G);
under this identification,
(6) (@OU, A @) = @(s)(t), ¢,¢ € A(G),s,t€G.

We proceed with some certainly well-known considerations; because of
the frequent lack of precise references, we provide the full details, which
also serve our aim to set the appropriate context and notation for their
subsequent applications. We first note that as the natural injection

LG - A(G) — C()(G)

is completely contractive, the map

de
(7) w16 @y 161 A (G) — Co(G) @y, Co(G)
is completely contractive. On the other hand, there is a natural contractive
injection
(8) Co(G) @y, Cop(G) = Co(G) ®min Co(G) = Cp(G x G),

which allows us to view the elements of Cy(G) ®;, Co(G) as continuous
functions on G x G (vanishing at infinity). In fact, Co(G) ®; Co(G) is a
(Banach) algebra under pointwise addition and multiplication and, by the
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Grothendieck inequality, coincides up to renorming with the Varopoulos al-
gebra Co(G) ®- Co(G). If v € A, (G) then, in view of (7) and (8),

9) len(v)lloo < fl0]ln-
The duality in the next lemma is the one arising from the identification
(5). Its proof is rather standard and the details are left to the reader.

Lemma 3.1. If s,t € G and v € A, (G) then
(10) (U, As @ M) = 11,(v) (s, 1).
In particular, the map vy, is injective.

Since the Haagerup norm is dominated by the operator projective one,
the identity map on A(G) ® A(G) extends to a complete contraction

(11) P AG)RA(G) — AL(G).

Identifying A(G)®A(G) with A(G x G) (see [10, Chapter 16]), we thus
consider 7 as a complete contraction from A(G x G) into A, (G). Note
that ¢, o & = tgxg; indeed, the latter identity is straightforward on the
algebraic tensor product A(G) ® A(G), and hence holds by density and
continuity. Since tgx g is injective, we conclude that 7 is injective. The dual
i* : VNen(G) = VN(G x G) of the map i : A(G x G) — A} (G) is easily seen
to coincide with the canonical inclusion of VN, (G) into VN(G x G), and is
hence (completely contractive and) injective [4, Corollary 3.8].

In the sequel, we often suppress the notations tgx g, ¢ and ¢, and, by virtue
of Lemma 3.1, consider the elements of A, (G) as (continuous) functions on
G xG.

The next proposition contains the main facts that we will need about the
algebra A} (G). Recall that a normed algebra (A, || - ||4) is said to have a
(left) bounded approximate unit [36], if there exists a constant C' > 0 so that
for every v € A and every € > 0, there exists u € A such that ||ul|l4 < C
and ||uv —v||4 <.

Proposition 3.2. The following statements hold true:

(i) The space AL(Q) is a reqular semisimple Tauberian completely con-
tractive Banach algebra with respect to the operation of pointwise multipli-
cation, whose Gelfand spectrum can be identified with G x G.

(i) The map v, is an algebra homomorphism.

(iii) The algebra Ay, (G) has a bounded approximate identity if and only if
G is amenable. Furthermore, if G is amenable then the bounded approximate
tdentity can be chosen to be compactly supported.

Proof. (i), (ii) Let
m: (A(G) ® A(G)) x (A(G) ® A(G)) = A(G) ® A(G)
be the map given by
m(¢ @1, ¢ @) = (¢¢) @ (V).
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By [8, Section 9.2], m linearises to a completely bounded bilinear map
my : Ah(G) ®Ah(G) - Ah(G)>

turning Ay, (G) into a commutative completely contractive Banach algebra.
It is easy to see that m coincides with the pointwise multiplication and
that ¢}, is a homomorphism. The fact that the Gelfand spectrum of A, (G)
coincides with G x G follows from [34, Theorem 2]. Since (g« is injective
and A(G x Q) is a regular Banach algebra, we conclude that A, (G) is regular,
too. Note that, since the elements As ® \¢, s,t € G, are characters of Ay, (G),
the latter algebra is also semi-simple.

Note that the space X = A(G) N C.(G) is dense in A(G); it follows that
the space X ® X' is dense in A} (G). This implies that C.(G x G) N A,,(G)
is dense in A} (G), that is, A, (G) is Tauberian.

(iii) Suppose that G is amenable. By Leptin’s Theorem, A(G) has a
bounded approximate identity say (¢q)a. Set wo = Po @ do. If 1,109 €
A(QG) then, clearly, wq (11 @ ¥2) —4 1 ® 2 in A, (G). Now a straightfor-
ward approximation argument shows that (w, )4 is a (bounded) approximate
identity for A, (G).

Conversely, suppose that (w,)s is a bounded approximate identity of
Ap(G). Let 5 denote the character on A(G) corresponding to an element
s € G. The map id®ds : AL (G) — A(G) is a (completely) contractive
homomorphism. For an arbitrary 0 # v € A(G), let s € G so that v(s) # 0.
Note that

(id ®35) (wa)v = (id ®@65) (wa)(id @55) (v @ v(s) " v)
= (id®@6s)(wa(v @ v(s) 1)) = o(id ®@d,) (v @ v(s) tv) = v.

Thus, A(G) has a (left) bounded approximate unit. By [36, Theorem 1],
A(G) has a bounded approximate identity. By Leptin’s Theorem, G is
amenable. O

The following lemma will be needed shortly, but it may be interesting in
its own right.

Lemma 3.3. Let A be a commutative Banach algebra, B be a completely
contractive commutative Banach algebra, and 0 : A — MB be a bounded
homomorphism. If A has a bounded approximate identity and the linear span
of {0(a)b: a € A, be B} is dense in B, then 6 can be extended to a bounded
map 0 : MA — MB. In particular, if A is a completely contractive Banach
algebra with a bounded approximate identity, then MA = M A.

Proof. Fix a bounded approximate identity (aq)q of A. Let
By = span{f(a)(b) : a € A, be B}.
For a given ¢ € M A, define 6(c) on By by

0(c) (Z G(ak)(bk)> = 0(ca)(b), ar€ Ab€Bk=1,...,m.
k=1 k=1
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Using the fact that 8(c((6(a)b) = lim,, 0(caqa)b = lim, 0(cay)(0(a)d), a € A,
b € B, and that B is a completely contractive commutative Banach algebra,
is is easy to see that 6(c) is a well-defined completely bounded linear map
on By. Hence, since By is dense in B, it can be extended to a completely
bounded map (denoted in the same way) on B. Furthermore, by definition,
0(c)(bb") = 6(c)(b)V for any b € By and b’ € B. By density of By in B we
obtain that 6(c( is a multiplier; thus, @ takes values in M°PB.

To prove the last statement in the formulation of the Lemma, note that
if A is a completely contractive Banach algebra, A sits inside MPA in a
natural fashion. Since A possesses a (bounded) approximate identity, the
set {ab:a,b € A} is dense in A. By the first part of the proof, the identity
map can be extended to a map 6 : MA — M A where for each b € M A,

0(b)(a) = liorén(baa)a = ba.

Therefore, the extension 6 is still the identity map, and hence M.A C MPA.
This completes the proof as the inclusion M A C M A holds by definition.
U

‘We note that
(12) AL (G) € M AL (G) € M AL(G),

where the first inclusion follows from the fact that Ay, (G) is a completely
contractive Banach algebra (see Proposition 3.2 (i)). The following corollary
is immediate from Lemma 3.3 and Proposition 3.2.

Corollary 3.4. If G is an amenable locally compact group then M Ay (G)

Proposition 3.5. The following hold:
(i) MPAG)® MPAG) C MPAL(G);
(ll) Ah(G) g MCbA(G) @MCbA(G)“”Cbm
Moreover, if f,g € Mch(G), then || f @ gllebm < |If llebml|g]cbm-

Proof. Let f,g € M®A(G). Then the map my : A(G) — A(G), given by
mys(h) = fh, is completely bounded. Thus, m; ®id : A, (G) — AL(G) is
completely bounded; however, it is easy to note that (m;®id)(v) = (f®1)v,
v € Ay(G). Thus, f®1 € M® A, (G). By symmetry, 1 ® g € M A,(G)
and hence f @ g = (f® 1)(1® g) € M A, (G). The norm inequality is
straightforward from the fact that M<P A} (G) is a Banach algebra.

Since Ay (G) is a completely contractive Banach algebra, if v € A} (G)
then [|v]|cpm < ||v||n. Now the fact that A(G) € M A(G) implies

[I-lln

A(G) = AG) 0 A(G) ™ C MPAG) ® Mch(G)II'chm.

O

Since [[¢llc < ||¢llB(@) Whenever ¢ € B(G) (see [6, Corollary 1.8]), a
straightforward argument shows that, if w = Y ;%) ¢; ® ¢; is an element
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of B(G) ®, B(G) (where we have assumed that » 7, ||¢¢||?3(G) < oo and

p ey H@Z%HB o) < o0) then the series Y > ¢;(s)1;(t) converges for all s,t €
G thus, w can be identified with a function on G x G. Proposition 3.5 now
implies that

B(G) ®, B(G) C MPA(G) © MPAG) 1™ ¢ M A,(@).

It is natural to ask whether M A} (G) can be obtained from the two copies
of M A(G) lying inside it. More specifically, we formulate the following
question.

Question 3.6. (i) Is it true that B(G) @y, B(G) C M Ay (G)?
(i3) Is MPA(G) © M®A(G) dense in M Ay (G)?

Given w € M Ay (G), let R, be the dual of m,; clearly, R, is a com-
pletely bounded weak* continuous map on VN, (G) and || Ry ||ch = ||w]]cbm-

The proof of the following proposition is similar to the proof of [6, Theo-
rem 1.6] which characterises the completely bounded multipliers of Fourier
algebras of locally compact groups. We note that, if H is a finite group, then
A(H) coincides, as a set, with the algebra of all complex valued functions
on H, and hence the operator projective tensor product Ay(G)®QA(H) can
be identified in a natural fashion with a space of functions on G x G x H.

Proposition 3.7. Let u be a bounded continuous function on G x G. The
following are equivalent:

(i) ue MP AL (G);

(ii) there exists C' > 0 such that for every finite group H, u® 1 belongs

Proof. Suppose that H is a finite group and let kq,..., k&, € N be the dimen-
sions of the (pairwise inequivalent) irreducible representations of H. Then
VN(H) = @} M,. Up to complete isometries, by Corollary 7.1.5 and
equation (7.1.16) in [10], we have

(Ay(G) ®A(H))" = CB(Ay(G), A(H)") = CB(AL(G @Mk
(13) = @CB AL(G @Mk (AL (G

= @M/ﬂ(VNeh(G))'
i=1
(ii)=-(i) Suppose that u is a bounded continuous function satisfying the
condition in (ii). For a fixed positive integer [, choose H so that for some
io, ki, = l. By restricting R,g1 to the igth component of (A, (G) ®A(H))*
in the decomposition (13), we get

Ry @ idg,, [| < [[me1lB0vNa (@)@ vy = U@ La, @) @amy) < C
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It follows that R, is a completely bounded weakly* continuous map on
VNen(G); consequently, u € M A, (G).
(i)=(ii) follows from the identification (13). O

In the sequel, for w € M A, (G) and u € VN, (G), we often write w - u =
Ry (u). Tt is clear that

(14) Jw - ullen < fwllcbm|wlen-

Note that if w € M A, (G), an easy application of Lemma 3.1 gives

(15) w - (As ® )‘t) = UJ(S,t)(AS ® )‘t)7 s,t € G.
Since || As @ Atllen = 1, we have that
(16) lw(s, )] < |wllcbm, s, €G.

In the next proposition, we equip M A, (G) with the operator space
structure arising from its inclusion into CB(Ay(G)). Its proof is straight-
forward; the details are left to the reader.

Proposition 3.8. The map
M AL (G) X VN (G) = VNeu(G)

given by (w,u) — w-u turns VNep (G) into a completely contractive operator
M Ay (G)-module. Moreover, the module action is weak* continuous with
respect to the second variable.

The following lemma, is easily verified.

Lemma 3.9. Let ¢1,92 € A(G) and w = Y1 @ y. If T1,To € VN(G) then
w- (T1 @T2) = (Y1 - Th) @ (2 - Tp).

Recall that i* : VN, (G) — VN(GxG), the dual of i : A(GxG) — Ay (G),
is completely contractive and injective (see [4, Corollary 3.8]).

Lemma 3.10. Let u € VN, (G) and w € A(G x G). Then i*(i(w) - u) =
w - *(u).

Proof. For every v € A(G x G), we have
(T (i(w) - ), v) = (((w) - u, i(v)) = (u, ((w)i(v)) = (u, i(wv)) = (w- ¥ (u), v).

We recall that, if C' > 0, a locally compact group G is called weakly
amenable with constant C' [7], if there exists a net (¢4 )a of compactly sup-
ported elements of A(G) such that [|@a|lcbm < C for all @ and ¢ — 1
uniformly on compact sets.

Theorem 3.11. Let G be a locally compact group and C > 0. The following
are equivalent:
(i) G is weakly amenable with constant C;
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(ii) there exists a net (wq)a of compactly supported elements of A(G) ®
A(G) such that ||wa|lcbm < C for all a and wov — v in AL(G) for every
v E Ah(G)7

(iii) there exists a net (wq)a of compactly supported elements of M Ay (G)
such that ||wa|lcom < C for all a and wav — v in AL(G) for every v €
AL(Q).

Proof. (1)=-(ii) Suppose G is weakly amenable. By [7, Proposition 1.1}, there
exist C' > 0 and a net (¢q)a € A(G) of compactly supported elements such
that ||¢allcbm < C for all a and ¢ap — ¢ in A(G) for all ¢ € A(G). Set
Wo = Qo @ Po- If P1,92 € A(G) then, clearly, wa (1 ® ¥2) —a 1 @ P2
in Ay, (G). The convergence w,v — v for every v € Ay (G) follows from the
density of A(G) ® A(G) in A}, (G) and boundedness of {||wa]/cbm }a-

(ii)=(iii) follows from Proposition 3.5 and the fact that A(G) C M A(G).

(iii)=(i) Suppose that (wq)s is a net of compactly supported elements
of M A, (G) such that ||wg|cm < C for all @ and wav — v in A, (G) for
every v € A, (G). By Proposition 3.2 (i), A, (G) is a regular Banach algebra;
it follows that (wa)a € AL(G).

Note that ||Ry, |lcb < C for each a and Ry, (T) — T in the weak™ topol-
ogy of VNe,(G), for every T' € VNg,(G). Let U : VN(G) — VNgu(G) be the
map given by ¥(7T') = T®I. Clearly, ¥ is weak™ continuous and completely
contractive; in fact, ¥ is the dual of the map id ®J.. Note, in addition,
that the multiplication map m : T'® S +— T'S extends uniquely to a weak™
continuous completely contractive map from VN, (G) onto VN(G) (see [11,
p. 133]). We denote again by m its restriction to a map from VNg,(G)
into VN(G) (see [11, Theorem 5.7]). Clearly, (m o ¥)(T) = T for every
T € VN(G). We thus have that (mo R, o V), is a net of weak™® continuous
maps on VN(G) whose completely bounded norm is uniformly bounded by
C. Moreover,

(mo Ry, o ¥)(As) = wal(s,e)As,
for each s € G. Let 9, : G — C be the function given by 1, (s) = wa (s, €).
Assuming that supp(w,) C K, X K, for some compact subset K, C G, let
®a € A(G) be a compactly supported function taking the value 1 on K, and
at e. Then ¢, ® ¢o € AL (G) and hence wa(Po ® ¢o) € AL(G). It follows
that
Yo = (id ®de) (Wa(da @ ¢a)) € A(G).
For each T € VN(G) and ¢ € A(G), we have

(o) =, T) = (W,00a-T—T) = (,(mo Ry, o ¥)(T)—T)
= (mu(¥), (Ru, —id) 0 ¥(T)) — 4 0.

Therefore, 1,9 — 1 in the weak topology of A(G). Thus, 1) belongs to the
weak closure of the convex hull of the set {{a%}q.

Fix 0 # ¢ € A(G). Since the weak closure and the norm closure of a
convex set are equal, the previous paragraph implies the existence of a net
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(¥5)p in A(G) (depending on 1)) with supg [|¢/]|cbm < C and

19510 — Yllebm < 150 —blla — 5 0.

Consequently, the normed algebra (A(G), || - ||cbm) has an approximate unit,
bounded in || - ||cbm by C. By [36, Theorem 1], (A(G), ||||cbm) has a bounded
approximate identity, and the weak amenability of G follows. O

Remark 3.12. By the proof of Theorem 3.11, if condition (iii) is satisfied
then the net (wq)q can be chosen of the form of ¢, ® ¢ for a net (¢q)q of
compactly supported elements of A(G).

In the remainder of the section, we will be concerned with the extended
Haagerup tensor product Ag,(G) := A(G) ®@en A(G) and its connection with
Ap(G) and M Ay (G). We will use some technical notions from [11] and
we refer the reader to the latter paper for details. Set

VN, (G) := VN(G) ® 51, VN(G);
we have the canonical identification [11]
A (G)" = VN, (G).

Similarly to the elements of VN, (G), every element w of A, (G) has a

representation w = ¢ © ¢ := >, ¢ @ ¢;, where ¢ = (¢;)ien (resp. ¢ =
(i)ien) is a bounded row (resp. column) with entries in A(G). Recalling
the identification

Aan(G) = CB%(VN(G) x VN(G), C),

where the latter space consists of all multiplicatively bounded separately
weak® continuous bilinear functionals on VN(G) x VN(G) [11], with a given
w € Aen(G), we associate the function w,, : G x G — C with

w(s5,1) = (W, As @ M) = WA M) = D (i As) (Wi Ae) = Y dils)u().
=1 =1

By [11], Aen(G) is a completely contractive Banach algebra and the multi-
plication is defined as the composition of the following maps:
Aeh(G)®Aeh(G) L Aeh(G) Rnuc Aeh(G)

Se ~ ~ mARQerm

=5 (AG)HA(G)) Ben (A(G)HA(G)) ™2 A (),
where V¥ is the canonical complete contraction from the projective tensor
product to the nuclear tensor product of two copies of the operator space
Aen(G) (see [11, p. 139]), S, is the shuffle map (see [11, Theorem 6.1]) and

my4 is the multiplication in A(G). By [11, Theorem 6.1], S§ = S,, where S,
is the shuffle map

(VN(G)®VN(G)) ® 51,(VN(G)& VN(G)) = VN 41,(G)® VN ,1,(G)
defined on the elementary tensors by
Se((S1®82) @ (T1 ®@T3)) = (S10T1) ® (S2 @ Tp).
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Note that m 4 ®c, m4 is defined as the restriction to the space
A(G x G) ®en A(G x G) = (A(G)DA(G)) @en (A(G)DA(G))
of the map
(m} @, my)* : (VN(G x G) @, VN(G x G))* — (VN(G) &, VN(G))".
Thus, for wy, wy € Aen(G) we have

(w1 - w2, As @ At) 44,(G), VN, 4 (G)

= ((ma ®ch ma) 0 Se 0 V(w1 ®wa), As @ At) 4, (G),VNy 1 (G)

Se 0 W(w1 ®@ wa), M (As) ® M4 (At)) A (Gx Q) VN, L (GXG)

Se o U(w1 ®wa), As @ As @ At @ At) A (GXE),VNy 1 (GXE)

V(w1 ®wa), (As @ At) @ (As @ At)) A (@) @muc Aen (G),VNo 1 (G)E VN, 1 (G)

= (
=
= (
= (W1, As @ M) 40 (@) VN, 1 (G) (W25 As @ At) AL (G) VN, (G
giving

(17) Wioy o (8, 1) = Wiy (8, 1) Wiy (S, 1).

This shows that the map w — w, from Aq,(G) into the algebra of all
separately continuous functions on G x G is a homomorphism. Since the
elementary tensors A\; ® \; span a weak® dense subspace of VN, (G) [11,
Lemma 5.8], we have that the latter map is injective. This allows us to
view A (G) as an algebra (with respect to pointwise multiplication) of
(separately continuous) functions on G X G.

The operator multiplication in VN(G) can be extended uniquely to a
weak™® continuous completely contractive map m : VN(G) ®41, VN(G) —
VN(G) (see [11, Proposition 5.9]). Following M. Daws [8], we denote by m.
its predual; thus, m, is a complete contraction from A(G) into A(G) ®en
A(G). The following special case of [8, Theorem 9.2] combined with the
remarks after its proof, will play a crucial role in the next section.

Theorem 3.13 ([8]). The range of m, is in M A, (G) and m. is a com-
plete contraction when considered as a map from A(G) to M A, (G).

‘We note that

m*((b)(S, t) = <m*(¢>v As ® )\t> - <¢7 /\st> = ¢<St),
for all p € A(G) and all s,t € G.

4. SPECTRAL SYNTHESIS IN Ay (G)

By Proposition 3.2, Ay (G) is a regular commutative semisimple Banach
algebra with Gelfand spectrum G x G, and thus the problem of spectral
synthesis for closed subsets of G x G is well-posed. In this section, we link
this problem to the problem of spectral synthesis in A(G). We start by
recalling some definitions, which will be specialised to A4, (G) and A(G) in
the sequel. Suppose that A is a regular commutative semisimple Banach
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algebra with Gelfand spectrum €2; we can thus identify A with a subalgebra
of Cyp(€2). Given a subset J C A, we let

nll(J) ={zr € Q:a(x)=0forallacJ}
be its null set. Given a closed subset F C €, let
I4(FE)={a€ A:a(z) =0 for all z € E},

IG(E) ={a € I4(F) : a has compact support},

and

J4(E) ={a € A: a has compact support disjoint from E}.

If 7 C Ais a closed ideal, then null(J) = E if and only if J4(E) C J C
I4(E) (see e.g. [18]). The set E is called a set of spectral synthesis (resp.

local spectral synthesis) for A, if Io(E) = Ja(E) (resp. I(E) = Ja(E)).
Equivalently, F is a set of spectral synthesis if J4(E)+ = I4(E)* where, for
a subset J C A, we have set

Jt={reA*:7(a) =0, foralla € J}
to be the annihilator of J in A*.
For an element 7 € A*, following [23, Definition 5.1.12], we set

supp 4(7) = {z € Q: for all open V C X with x € V there exists a € A

with supp(a) C V such that (r,a) # 0}.
Clearly,
(18) (suppa(7))={x € Q:3Jan open set V C Q with x € V such that

if a € A and supp(a) C V then (7,a) = 0}.

It is easy to see that E' is a set of spectral synthesis if and only if (7,a) =0
for all a € [4(E) and all 7 € A* with supp4(7) C E.

For T € VN(G), we set suppq(T) =l suppa()(T) to be the support of

T introduced by Eymard [13], and for u € VN, (G), we set supp (u) =

suppy, (¢)(u). In the latter case, there is another natural candidate for a

d N N
support of w, namely, the set suppgyq(u) </ suppaxa(t*(u)) where i :
A(G x G) = Ay(G) is the complete contraction defined in (11). In the next
lemma we show that these two concepts coincide.

Lemma 4.1. Let u € VN, (G) and w € Ay (G). Then

(1) suppy,(u) = suppg g (u);
(it) if supp,(u) = 0 then u = 0;
(i11) suppy, (w - w) € supp(w) N supp;, (u).
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Proof. (i) Suppose that x € suppgya(u) and let V- C G x G be an open
neighbourhood of z. Then there exists w € A(G x G) such that supp(w) C V
and (*(u),w) # 0. Thus, (u,i(w)) # 0 and, since i(w) is supported in V,
we have that x € supp (u).

An argument similar to the one in the proof of [13, Proposition 4.4] shows
that supp, (u) is the set of all z € G x G so that, if w € Ay (G) is such that
w-u = 0, then w(z) = 0. Let z € supp,(u) and w € A(G x G) with
w - *(u) = 0. By Lemma 3.10, i(w) - v = 0 and so {(w)(x) = 0. By [13,
Proposition 4.4], x € suppgyg(u).

(ii) By (i) and the definition of suppgy(u), the element i*(u) of VN(G x
() has empty support. By [13, Proposition 4.6], i*(u) = 0 and, since i* is
injective, u = 0.

(iii) The proof is similar to the one in [13, Proposition 4.9 (1)]. O

For a subset E C G, let
Ef={(s,t) e G x G :steE}.

The proof of the following lemma is immediate and we omit it.

Lemma 4.2. Let E be a subset of G. Then (E?) = (E)* and (E°)* = (E¥)°.

fw:GxG— Cands,teG, welet wsy : G — C be the function given
by ws(r) = w(sr,r~'t). For x € G, we let w, : G x G — C be the function
given by wy(s,t) := wst(z) = w(sz,x"t), and W, : G — C be the function
given by W, (t) := wy(e,t) = w(x, v~ 1t).

Lemma 4.3. Let w € A, (G). Then
(i) for eachr € G, the function w, belongs to Ay (G) and ||w. |, = ||w|,;
(ii) the map r — w, from G into A, (G) is continuous;
(iii) for each r € G, the function W, belongs to A(G) and ||wy||a < ||w||y;
(iv) the map r — W, from G into A(G) is continuous.

Proof. Fix, throughout the proof, w € A} (G). For r € G and ¢ € A(G), let
L., R, : A(G) — A(G) be the operators given by L,(¢)(t) = ¢(r~'t) and
R.(¢)(s) = ¢(sr). Tt is well-known that L, and R, are complete isometries;
thus, the operator R, ® L, : A,(G) — A, (G) is a (complete) isometry.

(i), (ii) Note that

(19) (Rr ® L,)(w) = w,.

Indeed, this identity is straightforward if w is an element of the algebraic
tensor product A(G) ® A(G), and, by the density of A(G) ® A(G) in A, (G)
and the fact that |- ||, dominates the uniform norm, it holds for an arbitrary
w € AL (Q).

It is easy to see that the maps r — R,(¢) and r — L,(¢) from G into
A(QG) are continuous, for every ¢ € A(G). By (19), the map r — w, from
G into Ay (G) is continuous, and ||w, |, = ||w]|;, for every r € G.
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(iii) Similarly to (19), one can show that w, = (6, ® L,)(w) where §,
denotes the evaluation at r. The map d§, ® L, : A,(G) — A(G) is completely
contractive; it follows that w, € A(G) and ||w,||a < ||w||n, 7 € G.

(iv) Fix s € G and € > 0. Assume that w = ¢ ® 9, where ¢, € A(G)
and ¥(t) = (M€, n), t € G, for some &,1 € L*(G).

We(t) —ws(t) = (B(r) = d(s)D(r™ 1) + @(s) (W (r~ 1) —9(s™1t))

= (o(r) = ()L () (1) + ¢(s)(Lr (¥)(£) — Ls(4)(2)),

for all t € G, thus,

(20) Wy — Wg = (¢(T) - ¢(S))Lr(¢) + </>(5)(Lr(¢) - Ls(w))

Let V5 be a neighbourhood of s such that |¢(r)—¢(s)| < € and || \,n—Asn||2 <
e for all r € V5. By (20),

[or —slla < |o(r) — @(s)[[¥]la + [@(s) 1€ ][2l|(Ar — As)nll2
< el[¥lla+ eols)[l€]l2,
for all r € Vs. It follows that, if w = Y1 | ¢ ® ¢; for ¢;,¢; € A(G), i =

1,...,n, then there exists a neighbourhood V; of s, so that ||, —ws|la < €
for every r € V. That r — w, is continuous for any w € Ay, (G) now follows
from (iii) and the density of A(G) ® A(G) in A (G). O

Lemma 4.4. Let a € A(G) be a compactly supported function and V, =
aA(G) ©aAG) M.

(i) If v € V, then the function s — v(s,s 't) is integrable for each
teG.

(i) For v € V,, the function I'y(v) : G — C given by

I‘a(v)(t):/Gv(s,s_lt)ds, e,

is compactly supported and belongs to A(G).
(iii) The map Ty : V, — A(G) is bounded and |Ty|| < | supp(a)|.

Proof. Set F' = supp(a). Note that, by the injectivity of the Haagerup
tensor product, there is a natural completely isometric identification V, =
aA(G) @y, aA(G).

(i) For v € V, and t € G, the function s — v(s, s~ 't) is continuous and
supported on the compact set F'N¢F~!; it is hence integrable.

(ii), (iii) Let v € V,. Since v is supported on F' x F', we have that 0; =0
if s ¢ F. By Lemma 4.3 (iv), the function s — 05 from G into A(G) is
continuous. It follows that the integral

' (v) = /G bsds

is well-defined in the Bochner sense. By Lemma 4.3 (iii), [|[IV(v)[la <
|F|||v]ly, and hence I is a bounded map on V, with norm not exceeding
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|F'|. If t € G then

Mm@=<émww>zéwwwwzﬁm&sw@:n@mx

thus, IV = T',. In particuar, I, takes values in A(G) and is bounded with
IT|| < |F|. In addition, I'(v)(t) = 0 whenever ¢ ¢ F'F, and so the function
['y(v) is compactly supported. O

Lemma 4.5. Let E C G be a closed set and a € A(G) be compactly sup-
ported. Suppose that v € V, has compact support disjoint from Ef. Then

Fa('l}) S JA(G) (E) .

Proof. Suppose that v € V, has compact support disjoint from Ef and
set F' = supp(v). By Lemma 4.4, T';(v) is compactly supported. By the

continuity of the group multiplication, the set F = {zy : (z,y) € F} is
compact; moreover, ' N E = (). Therefore, there exists an open subset
W C @G such that W is compact and FCWCW C E°. Again by the
continuity of the multiplication, W* is an open subset of G x G. Clearly,

FCFECcwtcW
Now let t € W¢; then (s,s 't) € (W°)! for each s € G. By Lemma 4.2,
(s,s71t) € (Wﬁ)c and so (s,s 1t) ¢ F, s € G. Therefore,

T(v)(t) = /G o(s, 5~ )ds = 0,

It follows that I';(v) has compact support (within W) disjoint from E, and
hence I'y(v) € J4 @) (E). O

Theorem 4.6. Let E C G be a closed set. If E¥ is a set of spectral synthesis
for Ay (G) then E is a set of local spectral synthesis for A(G). Moreover,
if A(G) has a (possibly unbounded) approximate identity then E is a set of
spectral synthesis.

Proof. Let ¢ € A(G) vanish on E. Then m.(¢) vanishes on Ef. By Theo-
rem 3.13, m.(¢) € M A, (G).

Fix v € A,(G)NC.(G x G) and let K C G be a compact subset such
that supp(v) € K x K. The element m,(¢)v of Ay,(G) vanishes on E¥;
since E? is a set of spectral synthesis for Ap(G), there exists a sequence
(Vn)nen C Ay (G), whose elements have compact support disjoint from EF,
such that v, =00 Mx(P)v.

Since A(G) is a regular Banach algebra, there exists a compactly sup-
ported function ag € A(G) which is equal to 1 on K. Setting axxx =
axg ® ar, we have vagx g = v. After replacing v, by vharx i if necessary,
we may assume that (vp)nen C axxr An(G).

Note that

CLKXKAh(G)”'Hh = (ag A(G)) ® (CLKA(G))”.H}I;
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therefore (vp)nen € Vay and hence my(f)v € V,,. By Lemma 4.4, for any
t € G we have

Lo (ma(@)0)(t) = / s () (5. 5~ 1) (s, s~ 10)ds
- >/Gv< U)ds = ($Tar, () (1),

Hence
16T ag (v) = Tag (vn)lla < [[Lag [Ima ()0 — vally
and therefore ||¢pLg, (v) — oy (vn)||4 —n—oo 0.
By Lemma 4.5, 'y (v) € Jg(q)(E) for each n € N. Fix T' € Jyq) (E)*.
Then

(21) <¢ T, Ty (U)> - <T7 Loy (U» = nlggo<T7 Loy (U’fl)> =0.

Note that, by Lemma 4.4, I';, (v) is a compactly supported function from
A(G).

Let (Uy)a be a neighbourhood basis at e consisting of relatively compact
neighbourhoods uniformly contained in a compact neighbourhood of e and
ordered inversely by the inclusion relation. For each «, let b, be an element
in A(G) N C.(G) so that supp(by) C U, and bo(e) = 1. Set eq = ba/||bal|1-
It is easy to check that (eq)s is a bounded approximate identity of L'(G)
in A(G) N C.(G), all of whose elements are supported in a fixed compact
neighbourhood of the identity.

Fix a compactly supported element b of A(G). Then (eq ® b)o C AL (G)
N C.(G x G), and we may assume that, for a certain compact set F' C G,
supp(eq ®b) C F x F, for all . By Lemma 4.4, if ap € A(G) is a compactly
supported function taking value 1 on F', then I'y, (eq ® b) = eq x b € A(G).
Moreover, by the continuity of the map r — L,(b) from G into A(G), we
have that

*b_/f ydr, feLYQ),

where the integral is understood in the Bochner sense and is A(G)-valued.
We thus have
(22)  |Tap(ea ®@b) —blla = |lea*b—0lla < qup |L,(b) — blla —a O.
relq

Now (21) implies that (¢ - T,b) = 0, for all b € C.(G) N A(G). Since the
compactly supported functions in A(G) form a dense subset of A(G), we
conclude that ¢ - T = 0. If A(G) has an approximate identity, say (aq)a,
then

(T, ¢) = im(T, pan) = lim(p - T, aq) = 0

and hence F is a set of spectral synthesis.
Assume now that ¢ has compact support and let a € A(G) N C.(G) so
that algpp(e) = 15 hence, ap = ¢. Therefore,

<T’ ¢> = <Ta CL(;5> = <¢T7 a) = 0.
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Since this holds for an arbitrary element ¢ of A(g)( ), we conclude that
T eIy (E)*, and thus E is a set of local spectral synthesis for A(G). O

Recall that a locally compact group G is called a Moore group [25] if each
continuous irreducible unitary representation of G is finite dimensional. We
refer the reader to [28] for background on this class of groups. In the sequel,
we will use the fact that every Moore group is amenable and unimodular
[28, p. 1486]. Note that if G is either virtually abelian (that is, contains an
open abelian subgroup of finite index) or compact then G is a Moore group
(see [25, Theorems 1 and 2]).

Our next aim is Theorem 4.11, the general structure of whose proof is
inspired by that of the proof of [24, Theorem 4.11]. We proceed with some
preliminary facts.

Let K be a compact subset of G. In what follows we will view the space
C(K) of all continuous functions on K as a subspace of bounded Borel
functions on G, equipped with the uniform norm; thus, the elements of C'(K)
will be considered as functions f defined on the whole of GG, and such that
f(s) = 0 whenever s ¢ K. In the sequel, we will need to make a distinction
between the essential supremum norm and the supremum norm; thus, we
write || - || for the former and || - ||sup for the latter. Let (fi)ien, (¢i)ien C
C(K) be sequences with 2, || fill2,, < oo and >72, [|gillZ,, < oo, and let
w =Y., fi®g; be the corresponding element of C(K)®, C(K). For every

s € G, we have
Zm (s)” < Z 1fillZup <

similarly, 7%, |gi(t )|2 < oo, t € G. By the Cauchy-Schwarz inequality,
the series Y .2, fi(s)gi(t) is absolutely convergent for all s,t € G. One can
moreover verify that its sum does not depend on the particular represen-
tation of the element w € C(K) ®, C(K). We thus view the elements of
C(K) ®, C(K) as (bounded measurable) functions on G' x G.

Lemma 4.7. Let G be a Moore group, K C G be a compact set and w €
C(K)®,C(K). Then wst € L'(G) 1 < |K|||w|ly, forall s,t € G.

ot Lt (f3)iems (92)ien € C(K) be sequences with S22, || fl12,, < o0 and
>t Hg’LHSup < oo such that w =>"7, f; ® g; in C(K) ®, C(K). We have

. (]
/w sr,r- \dr < ;/G\fz(srmgl(r t)|dr
| dr)2

(Z/ ]fzsr|dr> (Z/

o0 /2 / x
i=1 =1

IN

’91
1/2

IN
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The claim now follows. U

Let G be a Moore group. Fix a compact set K C G and a function
w € C(K)®yC(K). By Lemma 4.7, for every function h € L*°(G) and any
s,t € G, the function hw,; is integrable; we set

(how)(s,t) := / h(r)ws(r)dr.
G
Note that, by Lemma 4.7,
(23) [(how)(s,t)| < |K|[|hlocllwlly, s,t€G.

As customary, by G we denote the set of all (equivalence classes of) con-
tinuous irreducible unitary representations of the group G. For w € @, let
H, be the Hilbert space on which 7 acts. Setting d, = dim H, let {ef}?gl
be an orthonormal basis of H. Denote by 7; ; the corresponding coefficient
functions of 7, that is, the functions given by ; j(s) = (n(s)e],€]), s € G.
By Lemma 4.7, the integral

(24) w (s, t) = / wg () (r)dr
G
is well-defined as an element of B(H,) for all s,t € G. Let
w"(s,t) = 7w(s)w"(s,t), s,t€G.
Foralli,j =1,...,d,, set
wZ](Svt) ( (S t) € ])

and

Wy (s, t) == (0" (s,t)ef, €] );
note that
wzj(s,t) = (m;j ow)(s,t).

Lemma 4.8. Let G be a Moore group, K C G be a compact set, m € G and
w € C(K) ®y C(K). Then the functions w]; and w]; belong to M AL (GQ)
foralli,j=1,...,dr. Moreover, w[,; lies in the mnge of the map my from
Theorem 3.13.

Proof. Fix i,j € {1,...,d:z} and let K C G be a compact set. Define
A:C(K) x C(K)— A(G) by A(f,g) = (fmij)*g. Then

1A Dl < 1 fmijll2ligllz < K lsupl19]lsups

in other words, A is a bounded (bilinear) map and hence induces a map
(denoted in the same fashion) A : C(K) @ C(K) — A(G) so that

[A(w)][a < [Kl[lwl]y,  w e C(K) @, C(K).
Let ¥ = m, o A; by Theorem 3.13, the map
U:C(K)®, C(K) — M® A, (G)
is bounded with ||¥| < |K]|.
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Let @ : C(K) ®y C(K) — £>°(G x G) be given by ®(w) = w];. By the
definition of @], and Lemma 4.7, ||®(w)|s < |K||w]y. If f,9 € C(K),
w—f®gands t € G then

O(w)(s,t) = /Gw(sr,r_lt)( w(sr)er, J)dr—/w(r,r_lst)md(r)dr

G
- /vawmxmgv%wdr=7n4fmJ*gx&t>=ﬂ4ant>
By linearity,
O (w)(s,t) = V(w)(s,t), s,teG, welC(K)oCK).

Let w € O(K) ®y C(K) and (wi)ren € C(K) ® C(K) be a sequence with
”wk - wH'y —k—oo 0. By (16)7

U(wg) (s, t) = U(w)(s,t), s,teqG.
On the other hand, since ® is bounded,
O (wy)(s,t) = ®(w)(s,t), s,t€QG.

It follows that ®(w)(s,t) = U(w)(s,t) for all s,t € G; since ¥(w) €
M A, (G), we conclude that wy; € M AL (G).
A calculation similar to the one in [24, (4.6)] implies that

(25) w; Zm] w7 (s, ).
Since m ; € B(G), Proposition 3.5 implies that m; ® 1 € M AL (G). By
(25), wff; € M Ay(G). O

Let w € Au(G). By Lemma 4.3 (ii), the function from G into Ay (G),
mapping 7 to w,, is continuous. Therefore, if f € L'(G) then

(26) frw:= / f(r)wydr
G
is a well-defined Ay (G)-valued integral in Bochner’s sense.

Lemma 4.9. Let G be a Moore group and w € A, (G). If (eq)a is a bounded
approzimate identity of L'(G) then eq * w —q w

Proof. Let (U,)q be a basis of neighbourhood of e, directed by inverse in-
clusion, and (fa)a € L'(G) be such that supp(fa) C U, and || fo1 = 1 for
all . As in the proof of Proposition 3.2, if X = A(G)NC.(G) then X ® X is
dense in Ay (G); in addition, X ©® X C A(G x G). For a given € > 0, choose
v € X O®X sothat ||w — v < ¢/3. By Lemma 4.3 (i),

lwr —vr|ln <€/3, 7€QG.
Since v € A(G x G), there is a neighbourhood V' of e such that

€
o —vla <, rev.
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Let ag be such that U,, C V. For all @ > ap we have

fa(r)wpdr —wl|| < / | fa(P)|||wy — w||ndr
h 14

G

/V [ fa(r)| (lwr = vrlln + [Jor = vlln + [0 — wlln) dr

[forxw—wll, =

IN

IN

2||w —v|ln +/ | fa ()] ||vr — v||adr < e.
14

Thus, fo*w —4 w. It is immediate that (f,) is a bounded approximate
identity of L'(G). By Cohen’s factorisation theorem [19, 32.22] and [19,
32.33(a)], ea*w — w for any bounded approximate identity (eq)q in L'(G).

([

Remark 4.10. If K C G is a compact set, w € C(K) @y C(K) and f €
L>(G) is compactly supported then fow = fxw.

Proof. For s,t € G we have
Fru)st) = (runon) =( [ e
G
= / F(r)(wp, As @ Ap)dr :/ f(r)w,(s,t)dr
G G

= / f(rwss(r)dr = (f ow)(s,t).
G
O

Theorem 4.11. Let G be a Moore group and E C G be a closed set. If E
is a set of spectral synthesis for A(G) then E* is a set of spectral synthesis

for Ap(G).

Proof. Let E C G be aset of spectral synthesis for A(G) and w € 4, () (E9).
Since G is amenable, Theorem 3.11 implies that w can be approximated by
compactly supported functions in [ Ah((;)(Eﬁ); we may thus assume that w
is compactly supported itself. Let K C G be a compact set such that
supp(w) € K x K. We have that w € Cy(G) ®, Co(G); by Grothendieck’s
inequality, w € Cy(G)®~Co(G). Write w = > 77, fe®gk, where (fi)ren and
(gk)ken are families of functions in Co(G) such that S5, || fx]|2, < oo and
Y oher lgrll5e < 0o. Let fr = frx (resp. gr = fixx). Then fi, g € C(K)
for each k € N; moreover, Y 22, [|fillZ,, < oo and Y07, [|gell2, < oo
Letting wp, = > 1o fx®@r, m € N, we thus have that the sequence (W, )men
converges in C(K) ®., C(K); let @ be its limit. Since the uniform norm is
dominated by the projective one, we easily see that w(s,t) = w(s,t) for all
s,t € K. Thus, w € C(K) ®, C(K).

Since w € IAh(G)(Eﬁ), we have that w,|g: = 0 for all » € G, and hence

the functions ij and u?fj vanish on E? for all 7 € G and all 1 <i,j <d.
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In the sequel, we fix u € VN, (G) with supp(u) € E!. We divide the rest
of the proof in three steps.

Step 1. w;fj-u:OforallﬁE@andalli,jzl,...,dw.

Fix r € G and i,j € {1,...,d:}. By Lemma 4.8, there exists a € A(G)
such that my(a) = @7;. Since @]; vanishes on E* we have that a €
Iy (E). Since E is a set of spectral synthesis for A(G), there exists a
sequence (ap)nen € A(G), whose elements have compact supports disjoint
from E, such that ||a, — a||4 —n—0o 0. Note that the element m.(a,) of
M A, (G) vanishes on a neighbourhood of E* for each n € N. By The-
orem 3.13, if w” € AyL(G) then my(ay)w” € A, (G). Moreover, if w” is
compactly supported then my(a,)w” is compactly supported and vanishes
on a neighbourhood of E*; hence, m.(a,)w” € JAh(G)(Eﬁ). By Proposition
3.2, every element w’ of A (G) is the limit of compactly supported elements
of Ap(G). Tt follows that my(an)w’ € Ja, (@) (E*) for every w' € A,(G) and
every n € N. Therefore,

~ 7T

(@F; - u,w') = (u, 07wy = (u,my(a)w) = lim (u,m(an)w') =0,

b n—oo

for every w' € Ay (G). This shows that @[, - u = 0; by (25), w]; - u = 0.
Step 2. If suppy, (u) € K x K then (f *w)-u =0 for all f € LY(G).

Let U be an open relatively compact subset of G such that K C U. Let
a € A(G) N Ce(G) so that ali = 1. Let F C G be a compact set such that
F~! = F and supp(a) C F. For a compactly supported element f € L!(G),
using Lemma 4.1, for all v € A} (G) we have

(u, (f xw)v) = ((@®a)-u,(f+w)v) = (u,(a®a)(f*xw)v)
(27) = (u,xFxr(a® a)(f*w)v).
On the other hand, using Remark 4.10 we have

xexp(f xw)(s,t) = /G xP(8)Xp (8 f(ryw(sr, r M )dr

= XF(S)XF(t)/ f(T)w(sr,r_lt)dr

F-1F
= xrxr((Xp-1pf) *w)(s,1).
Now (27) implies

(u, (f *w)v) XFxF((Xp-1pf) * w)v)

((Xp-1pf)*w)v)

B
=
=<
b
3
*
&
S

Thus,
(28) (f*xw)-u=(fxp-1p*w)-u
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Ifre@, ije{l,....d:} and v e A,(G) then
(a® a)w{fj(s,t) = a(s)a(t)/vaj(r)ws,t(r)dr
= el (shxr(t) [ mglrulsr
= a(s)a(t)/G7T¢7j(r)XF—1F(r)w(sr,r_lt)dr

= (a®a)(mjxp-1row)(s,t).
By Remark 4.10 and Step 1 we now have
TijXp-1p OW) - U
TijXF-1pow) - ((a®a) - u)
a®a)(7rz]XF Fow)'u
aw;-u=wi; - ((a®a) u)) =w; u=0.

(mijxp—1p) *xw) - u

(m
(
(
(e

Since G is unimodular, by [9, 13.6.5], fXp-1p can be approximated in L' (G)
by finite linear combinations of the form

m

(29) > cxr-rr

k=1
where, for every k, the function f;, has the form 7; ; for some 7 € G and
some i,j € {1,...,d,}. Hence, by (28),
(f*w) -u=(fxp-1p*xw) u=0.
Step 3. (u,w) = 0.

Let (¢g)g be a bounded approximate identity of A(G), such that supp(eg)
C Kp for some compact set Kg C G. We can assume, without loss of
generality, that K C Kp for each 5. Assume first that u is compactly
supported and let (eq)q be a bounded approximate identity for L!(G). Using
Step 2 and Lemma 4.9, we have

(u,wy = lién<u, (eg ®epg)w) = lién<(£g ®eg) - u,w)
= lignlim«ea *w) - u,eg®eg) = 0.
If u is arbitrary then
() = lim(u, (55 © 5)u) = lim{ (5 © 25) - w,w) = 0.

We have thus shown that (u,w) = 0 whenever w € I, () (E%) and u €

VN (G) is supported in E¥. This shows that E* is a set of spectral synthesis
for Ah(G) |

Remark. We note that, in the proof of Theorem 4.11, the fact that G is a
Moore group was essentially used in the finiteness of the sum (25).
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Corollary 4.12. Let G be a Moore group. A closed set E C G is a set of
spectral synthesis for A(G) if and only if E* is a set of spectral synthesis for
AL (G).

Proof. Immediate from Theorems 4.6 and 4.11. O

Note that Corollary 4.12 generalizes a result in [29, Proposition 3.1].
The subset

A={(s,s"1):5€G}

of G x G is usually referred to as the antidiagonal of G. It is known that if
the group G is compact, the antidiagonal is not a set of spectral synthesis for
A(G x G) unless the connected component of the neutral element is abelian
(see [15, Theorem 2.5]). On the other hand, the antidiagonal coincides
with {e}?; since {e} is a set of spectral synthesis for A(G), Theorem 4.11
implies that A is a set of spectral synthesis for A}, (G) if G is a Moore group.
In Section 6, we will refine this statement and give a characterisation of
all elements in the dual of Ay (G) supported in the antidiagonal for more
general groups.

5. THE CASE OF VIRTUALLY ABELIAN GROUPS

It is easy to see that the flip of variables preserves spectral synthesis in
the algebra A(G x G). The question of whether the same holds true for
the algebra A, (G) is the motivation behind the present section. Recall
that a locally compact group is called virtually abelian, if it has an open
abelian subgroup of finite index. We assume, in this section, that G is
a virtually abelian group. We first give a general result on the extended
Haagerup tensor product; in the case of the Haagerup tensor product, it
was established in [21].

Proposition 5.1. Let M be a unital C*-algebra. The following are equiv-
alent:

(i) M is subhomogeneous;

(ii) the linear map § : M © M — M ®@c, M, given on elementary tensors
by f(a ® b) = b® a, extends to a completely bounded map on M e, M.

Proof. (1)=(ii) Suppose that M C Z®M,,(C) for some n and some commu-
tative von Neumann algebra Z. Assume that Z coincides with the multi-
plication masa of L°°(X, i), acting on the Hilbert space L?(X, u1), for some
suitably chosen measure space (X, u). Denote by ~ the involution on Z,
that is, v(f) = f*, f € Z. Let 7,, be the matrix transpose acting on M, (C).

If a € M then a* = (v ® 7,,)(a). We note first that v ® 7,, is completely
bounded. Indeed, if m € N then making the identification M,,(Z @ M,,) =
Z @ M,,,(M,,), we have that the map (y ® 7,,)(™ corresponds to v ® .
Since 7, is completely bounded with |7, = ||T,(Ln)|
(v ® 7,)™)]|| < n for every m.

| = n, we have that
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Let 1 € M ®en M and write x = A ® B, where A is the row operator
(aa)ach, while B is the column operator (b, )aeca. We have

*
E a,,0a

a€A

= |oerenmem e < lve mliz, 1412

2 *
= Iy ® 7allg, 1447 < n?

E ana,

acA

A similar argument shows that

> ball,

a€ch

<n” (D biba

ach

I

and (ii) is established.

(ii)=-(i) We have that M @, M C M ®¢, M completely isometrically,
and that the algebraic tensor product M ® M is dense in M @, M. It
follows that the map f leaves M @, M invariant. By [21, Theorem 4], M is
subhomogeneous. ([

Theorem 5.2. Let G be a locally compact group. The following are equiv-
alent:

(i) G is virtually abelian;

(i) the linear map o : A(G)®A(G) — A(G)@1wA(G), given on elementary
tensors by o(pR1Y) = Y R¢, extends to a completely bounded map on Ay (G).

Proof. (1)=-(ii) By [25], the unitary representations of G have uniformly
bounded dimension, and hence C;(G) is subhomogeneous. This easily im-
plies that VN(G) is subhomogeneous and, by Proposition 5.1, the flip ex-
tends to a completely bounded map f on VNg,(G). Note that f is weak*
continuous; indeed, suppose that (u;); is a bounded net that converges to
an element u € VNg,(G) in the weak* topology. For ¢,1 € A(G) we then
have
(F(wi), @ @ P) = (ui, ¢ ® ¢) = (u, ¥ ® ¢) = (f(u), ¢ @ P);

by the uniform boundedness of (u;); and the density of the algebraic tensor
product A(G) ® A(G) in A,(G), we have that f(u;) — f(u) in the weak*
topology. It follows that the map § has a completely bounded predual;
a straightforward argument shows that this predual coincides with o on
A(G) © A(G).

(ii)=-(i) The dual of the map o is easily seen to coincide with the flip on
the algebraic tensor product VN(G) ® VN(G). By Proposition 5.1, VN(G)
is subhomogeneous. By the proof of [14, Proposition 1.5], G is virtually
abelian. O

Corollary 5.3. Let G be a virtually abelian locally compact group and let E
be a closied subset of G x G that satisfies spectral synthesis in Ap(G). Then
the set E :={(s,t) : (t,s) € E} satisfies spectral synthesis in Ay(G).
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Proof. By Theorem 5.2, the flip o extends to a completely bounded map
on Ay(G). It is easy to see that, if w € AL(G) then o(w)(s,t) = w(t,s),
s,t € G. Thus, o carries 4, ()(E) (resp. Ja, (@) (E)) onto 14, () (E) (resp.

Ja, (@) (E)). The claim is now clear. O

It is well-known that the linear map S : A(G) — A(G) given by S(u)(s) =
u(s™1), is an isometry, and that it is completely bounded if and only if G is
virtually abelian [14, Proposition 1.5]. The adjoint S* : VN(G) — VN(G)
of S is given by S*(\s) = A\,-1; clearly, S* is weak™ continuous.

Suppose that G is a virtually abelian group. Let N : A(G) — M A, (G)
be the map given by

(30) N(a)(s,t) = a(st™h), s,teq,

that is, N(a) = (1d®5S) o my(a). If v € AL(G) and a € A(G) then, by
Theorem 3.13,

IN(a)v]ly = [[(id®S) (m.(a)(©)) [ln < [[Slebllallallvlly;

thus, N is bounded. One can modify the proof of Theorem 4.11 where the
function w™ defined in (24) is replaced by the function

(s,t)—)/Gw(sr,tr)W(r)dr,

a similar change is implemented in (26), and where the map m. is replaced
by the map N. The modified proof shows that if F is a set of spectral
synthesis for A(G) then

E’={(s,t)eGxG: st eE}

is a set of spectral synthesis for Ay, (G).
Similarly, the proof of Theorem 4.6 can be modified by using the map I
given by

f(v)(t)—/Gv(ts,s)ds

(note that I'(a ® b) = S(b* S(a))). Thus instead of (22), one can show that
ID(w ® eq) — w|la —a 0. We also have I'(N(f)v) = fT'(v). Working with
N in the place of m,, a modification of the proof of Theorem 4.6 shows
that if E” is a set of spectral synthesis for Aj,(G) then F is a set of spectral
synthesis for A(G).
Let
E*={(5,t)eGxG:ts ' € E}.

Combining the observations in the last two paragraphs with Corollary 5.3,
we obtain the following corollary.

Corollary 5.4. Let G be a virtually abelian group and E C G be a closed
set. The following conditions are equivalent:

(i) E is a set of spectral synthesis for A(G);

(i1) E* is a set of spectral synthesis for A, (G);
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(iii) E* is a set of spectral synthesis for Ay (G).
The result of Corollary 5.4 should be compared with [29, Proposition 3.1].

6. VN(G)'-BIMODULE MAPS AND SUPPORTS

This section is centred around the correspondence between the elements
of the extended Haagerup tensor product VNe,(G) = VN(G) ®en VN(G)
and the completely bounded weak* continuous VN(G)'-module maps on
B(L?(G)). We assume throughout the section that G is a second countable
locally compact group, and, in what follows, relate the support of an ele-
ment u € VN, (G) to certain invariant subspaces of the completely bounded
map corresponding to u (see Theorem 6.6 and Corollary 6.7). Further, we
characterise the elements u € VN, (G) supported on the antidiagonal as
those, for which the corresponding completely bounded map leaves the mul-
tiplication masa of L*°(G) invariant (Theorem 6.10). It is well-known (see
[26] and [27]) that the latter class consists precisely of the maps of the form
O(u) with p € M(G), where

O(T) = [ ATXidu(s), T € B(IAG))
G
Note that, since A(L'(G)) is a (weak* dense) subspace of VN(G), the
algebraic tensor product A(L!(G))® (L' (Q)) sits naturally inside VN, (G).
We refer the reader to (4) for the definition of the map ®,, associated with
an element u of VN, (G).

Lemma 6.1. Let u € VN, (G). Then there ezists a net (uq)a € AM(LY(G))O
ALYG)) such that

(i) uallen < [[ullen for all o,

(ii) uq — u in the weak™ topology of VNen(G), and

(ii3) @y, (z) —o Pu(x) in the weak* topology of B(L*(G)), for every x €
B(L*(Q)).

Proof. Suppose that u =) ;2 a; ® b; is a w*-representation of u with the
property that

1

1
2 2

[ullen =

00 o)
E aiaf E b;k bi
i=1 =1

Let F(£?) be the algebra of all operators of finite rank on ¢2. Then the
algebraic tensor product F(£2) ® A(L!(G)) is a weak* dense *-subalgebra of
the von Neumann algebra B(£?)® VN(G). Realise B(£?)® VN(G) as a space
of matrices (of infinite size) with entries in VN(G), and note that, since
o2 aial (resp. Y .2, bib;) is weak® convergent, (a;)$2; (resp. (b;)32;) can
be viewed as an element A (resp. B) of B(£?)® VN(G) supported by the first
row (resp. by the first column). By the Kaplansky Density Theorem, there
exist nets (Aq)q and (Bgy)a in F(£2) ® M(L'(G)) such that [|A.]| < ||A],
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| Bo|| < ||B|| for all a, and
Ay — oA, By—oB
in the strong* topology. Let A, (resp. Ba) be the compression of A, (resp.

B,) to the first row (resp. column). Then [|A4,| < [|A]], || Ball < || B]| for all
a, and
Ay = a A, By —ao B

in the strong* topology. Let u, = Aq ® By; then u, € AM(LY(G)) © AM(LY(G))
and
(31) [tallen < [[AallllBall < [[AIIIBIl = [lullen
for all a. If x € B(L?(G)) then

D, () =A(1®2)By » o A(l®z)B
in the weak operator topology. By (31),

[Pue ()] < Nuallenllz]l < [lullenllz]

for all o, and hence @, (x) — ®,(z) in the weak* topology.

It remains to show that u, — w in the weak™ topology of VN, (G). Let
o, € A(G), viewed as (weak™® continuous) functionals on VN(G), and let
£,& . n,n € L?(GQ) be such that ¢(s) = (A&, m) and ¥(s) = (A&, 7), s € G.
Write A, = ()2, and B, = (b$)2,. Then, as pointed out in [11],

(2

(A© B, ¢ @) =Y (ai,¢)(bi, 1)) and (Aq © Ba, ¢ @) = > _(af', $) (b, 1)).
=1 =1

Thus, using (1), we can easily obtain
{Aa © Ba, ¢ ©¢) = (A0 B,¢ @ ¢)|
< [l M Aagll Bag” = BEN + Inllin'[[[| BE | Aag — AL]l-
It follows that
(Ao © Ba, ¢ @9) =(A© B, ¢ @¢) = o 0.

Since A(G)®A(G) is dense in Ay, (G) and the family (A,®Bq)q of functionals
on Ay (G) is uniformly bounded, we conclude that

(Aq © Bo,w) —(A® B,w) — 4 0
for every w € A (G), that is, u,, — w in the weak™ topology of VN, (G). O
In the sequel, we write K = K(L?(Q)).

Lemma 6.2. Let (ug)a € VNeu(G) be a uniformly bounded net, converging
in the weak™* topology to an element u € VNeo(G). Then

(Pua (1Y€, 1) = o(Pu(T)E,n),
for all T € K and all ¢,m € L*(G).
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Proof. Fix &,n € L?(G), and assume first that T = f ® g* where f,g €
L*(G). Let ¢ (resp. v) be the restriction of the vector functional wy,, (resp.
we,g) to VN(G), viewed as an element of A(G). Suppose that u = >~ a;®b;
is a w*-representation of u. Then

(@u(T)em) = (DulFf®gEN) =D (ai(f @ g")bi&,n)
=1
(32) = ) (b€ g)(aif,n) = Z<ai, &) (i, ) = (u, ¢ @),

—_

i=1 =

where the last equality follows from [11, (5.9)]. Since uq —4 w in the weak*
topology, we conclude that

(Do, (T)E5m) = o(@u(T)E,7),

whenever T has rank one. By linearity, the convergence holds for any fi-
nite rank operator 7. The convergence for any T° € K follows by simple
approximation arguments. O

In the next statement, we use Proposition 3.5 to identify M A(G) ®
M A(G) with a subspace of M Ay (G).
Proposition 6.3. Let p,v € M(G) and u = AN(p) ® A(v) € VN (G). For

allw e MPA(G) ® MCbA(G)”.HCbm, all T € B(L*(G)) and all ¢,m € L*(G),
the function (s,t) — w(s,t)(AsX\e&,n) is |p| X |v|-integrable and

(33) (B (T)E, ) = /G (b NTAE ) u)d(s),

Proof. Fix T € B(L?(G)) and &, € L?(G). For w € MP Ay (G), set
ow(t,s) =w(t,s)(MTAE,m), t,se€QG.

Using (16), we have

/ lpwld(|p] x [v]) < ||chbm/ [(TAE; As—1m)|d]pl (s)d|v|(2)
GxXG GxG

IN

IIchmeIT\/ A&l [ As=1mldlpl(s)d[v[(t)
GxG
< Nwllevml TN H(G)VI(G).

Since p and v are complex measures, they have finite total variation, and
hence ¢, € L' (G x G, |u| x |v]).

Let ¢, € MPA(G) and w = ¢ ® 1. It is straightforward to check that
for every ¢ € L?(G) we have

A

[@xwemieia = [ ([ semnomie)
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and hence

(34) (TA(Yv)&)(r) = /sz(s)(T)\sf)(r)dl/(s), for almost all r € G.

By (34) and Lemma 3.9,
(Pwu(T)En) = (Pa@merw)(T)E,n) = (TAWYV)E, Mop)™n)

_ / () (TAE) (1) (&) Do) () (s)dpu()dr
G JGExG

_ / oty s)du(t)du(s).
GxG

By linearity, (33) holds for every w € M®A(G) ©® M A(G).

Now suppose that w is in the closure of MA(G) ® M A(G), and let
(wy,)ken be asequence in M® A(G)®M® A(G) such that [|wr—w||ebm —k—soo
0. By Proposition 3.8, wy - v — w - u in the norm of VNg,(G); thus,
Dyyu — Py in the completely bounded norm, and hence

(35) ((I)wk-u(T)£7 77) —k—00 ((I)w-u(T)£7 77)'

On the other hand, by (16), wy — w pointwise. By the first paragraph of
the proof, the function (¢,s) — (AT A&, m) is |u| X |v|-integrable. It follows
that the functions ¢,,, & € N, are dominated pointwise by an integrable
function. Now the Lebesgue Dominated Convergence Theorem implies that

/ wi(t, ) ONTAE D)dp(Ddw(s) = | w(t, s)WTAE, n)dpa(t)dw(s)
GxG GxG

and this, together with (35) and the second paragraph of the proof, shows
that (33) holds for the function w. O

If f € L®(G), let My be the operator on L*(G) of multiplication by f,
and set D = {My : f € L°(G)}. Recall that, for u € M(G), we let ©(u) be
the completely bounded linear map on B(L?(G)) given by

O()(T) = /G MNTN:dp(s), T € BLA(G)),

where the intergral is understood in the weak sense. It is well-known that
© maps M(G) onto the space of all completely bounded weak* continu-
ous VN(G)'-bimodule maps that leave D invariant (see [26] and [27, Theo-
rem 3.2]).

We recall some notions from [2] and [12]. A measurable set Kk C G x G is
called marginally null if there exists a null set M C G such that k C (M X
G)U(Gx M). Two measurable sets k1 and ko of G x G are called w-equivalent
(written k1 = ko) if their symmetric difference is marginally null; we say that
k1 is marginally contained in kg if K1 \ k2 is marginally null. The set x is
called w-open if it is w-equivalent to a countable union of sets of the form
ax (B, where a, f C G are measurable. It is called w-closed if its complement
is w-open. For measurable a C G, let P(a) € D be the projection given
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by multiplication by the characteristic function of a. An operator T €
B(L?(@)) is said to be supported by x if P(3)TP(ca) = 0 whenever a, 3 C G
are measurable sets with (a x ) Nk = (). The w-support of a subset U C
B(L?(@)) is the smallest (with respect to marginal containment) w-closed
set k such that every element of U is supported by k. It was shown in [2]
and [12] that, given any w-closed set k, there exist a largest weak™ closed D-
bimodule Myax (k) (namely, the space of all operators on L?(G) supported
by k) and a smallest weak™® closed D-bimodule My (k) with support «.

We recall that for E C G, we write E* = {(s,t) € G xG : ts~! € E} and
Ef={(s,t) €GxG: stecE}.

Proposition 6.4. Let G be a second countable locally compact group, E C G
be a compact set and V C G be a compact neighbourhood of e. Then

Moo (B*) € Mo (BV)) NE
Proof. Let U C G be an open set such that e € U and U = V. The set
EU is open, and hence (EU)* is w-open. Write (EU)* = U°, a; X f;, where

a;, i € G are measuarble subsets. Let € > 0. By [12, Lemma 3.4], there
exist [ € N and a measurable subset L C G such that |L¢| < € and

(36) (EU)* N (Le x Le) C Uk oy x B;.

It is easy to see that there exist (finite) families {ap}é\/il and {Tq}é\le of
pairwise disjoint measurable subsets of G and a subset R C {1,..., M} x
{1,..., N} such that

(37) Ué;lai X Bi = Up,q)eRTp X Tq-

For each p,q € {1,..., M} x{1,...,N}, let I, , : B(L*(G)) — B(L*(G)) be
the idempotent given by

1, ,(T) = P(7,)TP(0,), T €B(L*Q)).
By (36) and (37),
T= ) Iu(T), forevery T € Muay(E* N (Le x L))
()R
However, II, o(T') € Mumax(op X 74), while

w*

Minax (0 % 74) € Mm@y X 1) VK- C M (BV)) N
whenever (p,q) € R. It follows that
Mmax(E* N (Le X Le)) € Muax(EV)*)NK
On the other hand,
Mmax(E* N (Le X Le)) = P(Le)Muax (E*)P(Le)

and the claim follows after passing to a limit as ¢ — 0. O

w*

Lemma 6.5. If (Kn)men 1S a decreasing sequence of w-closed sets, then
rjrrzel\li):nmax(’@n) = fInmax(mTrLGI\I’<57rL)-
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Proof. Set k = NpeNkm. Since k& C Ky, we have that Myax (k) € Muyax (Fm),
m € N; thus, Muyax(£) C NmenMMmax (Fm )-

Assuming that s, = Ugena)® x B;', where o} and ;" are measurable
subsets of G, we have that k° = Uy pena)’ X 8. Suppose that o and 3 are
measurable subsets of G such that kN (ax B) =20 and T € NypenMMmax(Fm)-
By deleting null sets from « and § if necessary, we can assume that o x g C
k€. Using [12, Lemma 3.4], one can see that there exists an increasing
sequence (K )nen of compact subsets of G such that G\ (UpenKy,) is null,

and [,, € N such that
(N Ky) x (8N Ky) CUZ,._iof" x B

Using a decomposition analogous to (37), we conclude that P(8NK,,)T P(an
K,) = 0. Since this holds for all n € N, we conclude after passing to a limit
that P(8)TP(«a) = 0. This shows that T € Myax(x) and the proof is
complete. ([l

For subsets E, K C G, write Qg g = UsexsEs™1.

Theorem 6.6. Let G be a second countable locally compact group and E
and K be compact subsets of G. If u € VN, (G), suppy,(u) € E* N (K x K),
and wg € A(G x G) is supported in K x K then @y, ., maps Muyax(E™)
into Mmax (N kE)*).

Proof. Suppose that supp,(u) € E* N (K x K). Let U and V be com-
pact symmetric neighbourhoods of the neutral element e, and let Uy be an
open symmetric neighbourhood of e and W an open set such that Uy C
W C U. Let w € A(G x G) be a function supported in (EU)* such that

| (puyyink x k) = 1.
Fix T € Mupax((EV)*) N K. We claim that

(38) (I)wKu(T) € E)rﬁmaux((QEV,KEU)*)'

Suppose that L, M C G are measurable sets with (LxM)N(Qey.x EU)* = 0.
By deleting null sets from L and M if necessary, we may assume that, in
fact, (L x M) N (QEV’KEU)* = (), that is,

(39) (ML) N (QpyvxEU) = 0.

Let ¢ € L*(G) (resp. n € L?(G)) be a function that vanishes almost
everywhere on L¢ (resp. M¢). By Lemma 6.1, there exists a uniformly
bounded net (uq)o € AM(LY(G)) ® ALY (G)) such that u, —4 u in the weak™*
topology of VN, (G). Write @, for the function on G x G corresponding to
some representative of uy, so that u, = (A ® A)(4s). Recall that wg is an
element of A(G x G) and hence of A} (G); by Proposition 3.5, wx belongs
to the || - ||chm-closure of M®A(G) ® M A(G). Using Lemmas 3.10 and 6.2
as well as Propositions 3.8 and 6.3, we have

(Puru(T)En) = (Pugwu(T)En) = M o(Pugwu, (1))

= lim, wr (s, t)w(s, t)(AsT A&, n)Ua(s,t)dsdt.
GxG
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Set
h(s,t) = (AsTAE,m), s,teqG.

We claim that the integrand wrwhi, is identically zero. We consider the
following cases:

Case 1. (s,t) ¢ K x K. In this case, wk(s,t) = 0.
Case 2. (s,t) € (BEU)!. In this case, w(s,t) = 0.

Case 3. (s,t) € (K x K)N (EU)?. We claim that, in this case h(s,t) = 0.
To see this, note that supp(M\¢) C tL and supp(A;-1n) € s 'M. Since T
is supported by (EV)*, it suffices to see that (tL x s~'M) N (EV)* = 0.
Assume, by way of contradiction, that there exist x,y € G with

(z,y) € (tL x s *M) N (EV)*.
Write & = tzg and y = s~y for some zg € L and yo € M. Then
s‘lyoxalt_l =yx ' € EV,
and so
yoccgl € sEVL.
On the other hand, st € EU and hence t € s"'EU. Thus,
Yoy ' € sEVs'EU C Qpy x EU.
This contradicts (39).

It now follows that (P, ..(T)&,n) = 0 whenever & = P(L)§ and n =
P(M)n; this implies that @y .. (1) € Mmax((Qpv,k EU)*).

Let (Ug)ren be a sequence of compact neighbourhoods of e such that
NkenUyi = {e}. Note that

(40) NkenQev,k EU, C Qpy g E = Qpy g E.

To see (40), assume that t € NpenQpv, K EU, and, for every k, write t = syty,
where s, € Qy g F and t;, € Ug. Then t; — o € and hence s;; — t. The
inclusion in (40) is thus proved; the equality follows from the fact that
Qpv.kE is compact.

By Lemma 6.5, @y, (T") € Mimax((Lev,k E)*). We have thus shown that

(wa-u(mmax((Ev)*) N ]C) - 9:nmax((QEV,KE)*)-
By Proposition 6.4 and the weak™ continuity of ®,,,., we have that
(41) (I)wx-u(gﬁmaX(E*)) - gﬁmax((QEV,KE)*)-

Let (Vi)ren be a sequence of compact neighbourhoods of e such that
NkenVi = {e}. We claim that

(42) MkenQEv, kF = Qp kE.

To show (42), assume that t € NgenQpy, Kk E. For each k € N, there exist
s € K, ri,pr € E and t; € Vi such that sk.rktks,;lpk =t. Then t;, — €
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and by the compactness of E and K we have that t € Qp g E; (42) is hence
proved. It now follows from (41) and Lemma 6.5 that
(I)wK-u(mmaX(E*)) - Sﬁmax((QE,KE)*)-
O

In the following corollaries, if H is a closed subgroup of G, we write
VN(H) for the von Neumann subalgebra of VN(G) generated by As, s € H.

Corollary 6.7. Let G be a second countable locally compact group, H C
G be a compact normal subgroup and K C G be a compact subset. If
suppy,(u) € HE N (K x K) then ®, leaves the von Neumann algebra My
generated by VN(H) and D invariant.

Proof. Under the stated assumptions, Q0 x C H and hence Qp xH C
HH C H. Suppose that suppy,(u) C H* N (K x K) and let wz € A(G) be

such that wz; = 1 on K x K and supp(wy) C K for some compact set K
containing a neighbourhood of K x K. Then wz.u = u and, by Theorem 6.6,

(I)u(mmax(H*)) = q)wku(mmax(H*)) g mmax(H*)~
The claim now follows from the fact that Mpax(H*) = My (see [1]). O

Corollary 6.8. Let G be a second countable compact group and H C G be a
closed normal subgroup. If supp(u) C H* then ®,, leaves the von Neumann
algebra My generated by VN(H) and D invariant.

Proof. Immediate from Corollary 6.7. O

Proposition 6.9. Let u € VN, (G) and p € M(G) be such that @, = O(u).
Then

(u,v)y = /Gv(s,s_l)d,u(s), for all v e A, (G).

Proof. Let &,n, f,g € L?(G) and ¢(s) = (A\sf,n) and ¢ (s) = (A&, 9) (s € G).
Then by (33) we have

(u, 0 @Y) = (Pu(f ® g")&,m) = (O(u)(f @ g")&n)

_ (( IR f®g*)>\§du(8)> fm)

= [Ourmeradnts) = [ @@ 05 duto).
On the other hand, if v € A}, (G) then, by (16),
[ vlss (s
G
Thus, there exists a (unique) v’ € VN, (G) such that

(43) (' v) = /Gv(s,s_l)du(s), v e AL (G).

< lulllivllse < llullllof-
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As A(G)® A(G) is dense in Ay(G) and (u,v) = (u/,v) for every v € A(G) ®
A(G), we obtain the statement. O

We recall that A = {(s,s71) : s € G} is the antidiagonal of G.

Theorem 6.10. Let G be a second countable weakly amenable locally com-
pact group and u GNVNeh(G). The following conditions are equivalent:

(i) suppy(u) € A;
(i) there exists pn € M(G) such that &, = O(u).

Proof. (i)=(ii) Suppose that supp, (u) € A. For a compact set K C G
and w € A(G ><~G) with support in K x K, we have, by Lemma 4.1, that
suppy, (w - u) € AN K x K. Hence, by Corollary 6.7,

(I)wu(D) CD;

by [27, Theorem 3.2], there exists a (unique) measure pg,, € M(G) such
that

(44) Puu = O ,w)-

Since G is weakly amenable, by Theorem 3.11, there exist a constant
C > 0, compact sets K, C G and a net (wgy)q of elements in A(G) ® A(G)
supported in K, x K, such that ||wa|cpm < C for all @ and wav — v in
AL (G) for all v € A (G). Set fia = fiK, w,; then, by Proposition 3.8,

[tall = 1©(ka)lleb = [[wa - ullen < Clluflen

for all a. Thus, the net (uq)o has a weak™ cluster point; we assume with-
out loss of generality that p, —o p in the weak* topology of M(G). Let
f,g,6,m € L?(G). Then the functions s — (A\;—1&,9) and s — (f, Ai—17)
belong to Cy(G) and (see calculations in the proof of Proposition 6.9)

(O(1a)(f ® g7)6.m) = /G (Aot £29)(F: Agmrm)dpia(s)
S /G (i) (f A im)dp(s) = (O(u)(f © g°)&, ).

It follows that
(45) (O(1a)(T)E,n) —a (O(u)(T)E, )

whenever T is an operator of finite rank.
On the other hand, wav — v for every v € Ay (G) and hence wq - u — u
in the weak* topology of VN¢,(G). By (14) and Lemma 6.2,

(Puwau(T)En) —a (Pu(T)E: ),
for all T' € K. It now follows from (45) and (44) that
®,(T) = O(u)(T),

for every finite rank operator 7. Since ®,, and ©(u) are weak™ continuous,
we conclude that ®,, = O(u).
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(ii)=(i) Suppose that v € Ay (G) vanishes on A. By Proposition 6.9,
(w0) = [ v(s.s™duts) =0,
G
It follows that supp(u) C A. O

Remark Since the singletons are sets of synthesis and A = {e}*, Theorem
4.11 implies that, if G is a Moore group then A is a set of spectral synthesis
for A, (G). Theorem 6.10 shows that this holds true for any weakly amenable
second countable locally compact group. In fact, the result shows that A
satisfies the stronger condition of being a Helson set of spectral synthesis.
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