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HERZ-SCHUR MULTIPLIERS OF DYNAMICAL SYSTEMS

A. MCKEE, I. G. TODOROV, AND L. TUROWSKA

ABSTRACT. We extend the notion of a Herz-Schur multiplier to the set-
ting of non-commutative dynamical systems: given a C*-algebra A, a
locally compact group G, and an action « of G on A, we define trans-
formations on the reduced crossed product of A by « which, in the
case A = C, reduce to the classical Herz-Schur multipliers. We intro-
duce Schur A-multipliers, establish a characterisation that generalises
the classical descriptions of Schur multipliers, and present a transfer-
ence theorem in the new setting, identifying isometrically the Herz-Schur
multipliers of the dynamical system (A, G, «) with the invariant part of
the Schur A-multipliers. We discuss special classes of Herz-Schur multi-
pliers, in particular, those associated to a locally compact abelian group
G and its canonical action on the C*-algebra C*(I") of the dual group
r.
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The notion of a Schur multiplier has its origins in the work of I. Schur in
the early 20" century, and is based on entry-wise (or Hadamard) product
of matrices. More specifically, a bounded function ¢ : N x N — C is called a
Schur multiplier if (¢(i, j)a; ;) is the matrix of a bounded linear operator on
% whenever (a; ;) is such. A concrete description of Schur multipliers, which
found numerous applications thereafter, was given by A. Grothendieck in his
Résumé [12] (see also [32]). A measurable version of Schur multipliers was
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2 A. MCKEE, I. TODOROV, AND L. TUROWSKA

developed by M. S. Birman and M. Z. Solomyak (see [3] and the references
therein) and V. V. Peller [30]. More concretely, given standard measure
spaces (X, u) and (Y,v) and a function ¢ : X x Y — C, one defines a
linear transformation S, on the space of all Hilbert-Schmidt operators from
Hy = L*(X, p1) to Hy = L*(Y, v) by multiplying their integral kernels by ¢; if
S, is bounded in the operator norm (in which case ¢ is called a measurable
Schur multiplier), it is extended to the space K(Hi, H) of all compact
operators from H; into Hs by continuity. The map S, is defined on the
space B(Hj, Hs) of all bounded linear operators from H; into Hy by taking
the second dual of the constructed map on K(H;, Hz). A characterisation of
measurable Schur multipliers, extending Grothendieck’s result, was obtained
in [13] and [30] (see also [17] and [40]). Namely, a function ¢ € L*(X X
Y') was shown to be a Schur multiplier if and only if ¢ coincides almost
everywhere with a function of the form > 77, ax(x)bx(y), where (ag)gen
and (bg)ren are families of essentially bounded measurable functions such
that esssup,cx Y peq |ax(x)|* < oo and esssup,ey Y pey [br(y)]? < .

Among the large number of applications of Schur multipliers is the de-
scription of the space M A(G) of completely bounded multipliers (also
known as Herz-Schur multipliers) of the Fourier algebra A(G) of a locally
compact group G, introduced by J. de Canniere and U. Haagerup in [7].
Namely, as shown by M. Bozejko and G. Fendler [5] , M*A(G) can be
isometrically identified with the space of all Schur multipliers on G x G of
Toeplitz type. An alternative proof of this result was given by P. Jolissaint
[15].

Herz-Schur multipliers have been highly instrumental in operator algebra
theory, providing the route to defining and studying a number of approxi-
mation properties of group C*-algebras and group von Neumann algebras
(we refer the reader to [20], [6] and [18]). Here one uses the fact that every
Herz-Schur multiplier on a locally compact group G gives rise to a (com-
pletely bounded) map on the von Neumann algebra VN(G) of G, leaving
invariant the reduced C*-algebra C(G) of G.

In view of the large number of applications of Herz-Schur multipliers in
operator algebra theory, it is natural to seek generalisations going beyond
the context of group algebras. The main goal of this paper is to extend
the notion of Herz-Schur multipliers to the setting of non-commutative dy-
namical systems. Given a C*-algebra A, a locally compact group G, and
an action « of G on A, we define transformations on the (reduced) crossed
product A x, oG of A by G, which, in the case A = C, reduce to the classical
Herz-Schur multipliers and, in the case of a discrete group G, to multipliers
defined recently by E. Bedos and R. Conti in [2]. More generally, we intro-
duce Schur A-multipliers which, in the case A = C, reduce to the classical
measurable Schur multipliers. In Section 2, we establish a characterisation
of Schur A-multipliers that generalises the classical description of Schur
multipliers (Theorem 2.6). We exhibit a large class of Schur A-multipliers
defined in terms of Hilbert A-bimodules, and show that it exhausts all Schur
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A-multipliers in the case A is finite-dimensional (Theorem 2.7). In Section
3, we prove a transference theorem in the new setting, identifying isometri-
cally the Herz-Schur multipliers of the dynamical system (A, G, a) with the
invariant part of the Schur A-multipliers (see Theorems 3.8 and 3.18). We
introduce bounded multipliers of (A, G, «) and relate them to Herz-Schur
(A, G, a)-multipliers, extending a corresponding result from [7]. In Section
4, we provide a description of a more general and closely related class of mul-
tipliers, namely, Herz-Schur multipliers associated with weak* closed crossed
products, as the commutant of the scalar valued Herz-Schur multipliers as-
sociated with elements of MP A(G) (Theorem 4.3). While in the case A = C
this description is straightforward, here we need to use structure theory of
crossed products and some recent results from [1].

The rest of the paper is devoted to special classes of Herz-Schur multi-
pliers. Namely, in Section 5, we consider multipliers naturally associated
with the Haagerup tensor product of two copies of A, and multipliers de-
fined on groupoids. In the former case, we relate our notion to examples of
Herz-Schur multipliers exhibited in [2, Theorem 4.5] in the case of a discrete
group. In the latter case, we show that completely bounded multipliers of
the Fourier algebra of a groupoid, defined in [35], form a subclass of the
class of Herz-Schur multipliers introduced in the present work.

The results in Section 6 were our original motivation for the present pa-
per. Here, we consider the case of a locally compact abelian group G and its
canonical action a on the C*-algebra C*(I") of the dual group I'. We focus
on a special class §(G) of Herz-Schur multipliers, which we call convolution
multipliers, and its natural subclass Fy(G) of weak*™ extendible convolution
multipliers. We show that the Fourier-Stieltjes algebras B(G) and B(T")
can both be viewed as subspaces of §¢(G), while Fy(G) is a subspace of
their Fubini product. When the crossed product of C*(I") x, G is canoni-
cally identified with the space K(L?(G)) of all compact operators on L%(G),
the elements u of B(G) give rise to the measurable Schur multipliers corre-
sponding to u via the aforementioned Bozejko-Fendler classical transference
theorem, while the elements of B(I") correspond to a well-known class of
completely bounded maps, arising from a representation of the measure al-
gebra M(G) of G on K(L*(G)), studied in a variety of contexts in both
operator algebra theory and quantum information theory, and by a number
of authors including F. Ghahramani [11], M. Neufang and V. Runde [26],
M. Neufang, Zh.-J. Ruan and N. Spronk [27] and E. Stgrmer [41]. The main
result of the section are Theorem 6.7 and 6.10, where we identify the set
$60(G), and an associated subset, of convolution multipliers of G as subsets
of the joint commutant of the two families described above.

The paper uses various notions from Operator Space Theory; we refer the
reader to [4], [9], [28] or [33] for the basics. For background and notation on
crossed products, which will be needed in Sections 3, 5 and 6, we refer the
reader to [45].
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We finish this section with setting some notation. If £ and F are vector
spaces, we let £ ® F be their algebraic tensor product. For a Banach space
X, we let B(X) (resp. (X)) be the algebra of all bounded linear (resp.
compact) operators on X, and denote by Iy the identity operator on X. If
H and K are Hilbert spaces, we denote by H ® K their Hilbertian tensor
product; for operators S € B(H) and T € B(K), we let S®T be the bounded
operator on H ® K given by (S®T)(£ ® n) = S§ ® T'n. The (norm closed)
spacial tensor product of two (norm closed) operator spaces U C B(H) and
VY C B(K) will be denoted by U ® V. If U and V are weak™ closed, their
weak™ spacial tensor product will be denoted by UKV .

2. SCHUR A-MULTIPLIERS

Let (X, ) be a standard measure space; this means that p is a Radon
measure with respect to some complete metrisable separable locally com-
pact topology (called an admissible topology) on X. For p = 1,2 and a
Banach space £, we write LP(X, E) for the corresponding Lebesgue space of
all (equivalence classes of) weakly measurable p-summable £-valued func-
tions on X (see e.g. [45, Appendix B]). If H and K are separable Hilbert
spaces and £ C B(H, K) is a weak™ closed subspace, let L>®(X,E) be the
space of all (equivalence classes of) bounded &-valued functions 7" on X
such that, for every £ € H and every n € K, the functions x — T'(z)¢
and x — T'(z)*n are weakly measurable. Note that L>°(X, &) contains all
bounded weakly measurable functions from X into £. Analogously to [42,
Chapter IV, Section 7], we often identify an element g of L*°(X, £) with the
operator Dy from L%(X, H) into L*(X, K) given by (Dy&)(z) = g(z)(&(x)),
reX.

We write || - ||, for the norm on LP(X,&), p = 1,2,00. In the case &£
coincides with the complex field C, we simply write LP(X). If f € LP(X) and
ac&, welet f®ae LP(X,E) be the function given by (f ® a)(z) = f(x)a,
rzeX.

We fix throughout the section a separable Hilbert space H. For a €
L>®(X), let M, € B(L*(X)) be the operator given by M,¢ = a€; set

Dx ={M,:a € L>*(X)}.
Note that the identification L?(X) ® H = L*(X, H) yields a unitary equiv-
alence between L>°(X,B(H)) and Dx®B(H) [42, Theorem 7.10].

Let (Y,v) be a(nother) standard measure space. We equip the direct

products X x Y and Y x X with the corresponding product measures. It is

easy to see that, if k € L2(Y x X, B(H)) and ¢ € L?(X, H) then, for almost
all y € Y, the function =z — k(y, z)&(x) is weakly measurable; moreover,

/ k(. 2)€ ()| ducz) / 1k, )€ | dulz)
X X

< el (/. ||k<y,x>u2d#<x>>” y

IN

—~
[a—
~
A
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It follows that the formula

(2) (Ty&)(y) = / Ky, 2)€(@)du(z), y e,

X
defines a (weakly measurable) function T3¢ : Y — H.

Lemma 2.1. Let k € L*(Y x X,B(H)). Equation (2) defines a bounded
operator Ty, : L*(X, H) — L*(Y, H) with ||T|| < ||k||2. Moreover, Ty, = 0 if
and only if k = 0 almost everywhere.

Proof. Let £ € L*(X, H). Then, by (1),
/Y | Tt (9) |2 (y)
< el /Y /X (g, )| Pdu(z)dv(y) = |k|Z]E]3

| T€ )1

Thus, T} is bounded and its norm does not exceed | k||2.

It is clear that if & = 0 almost everywhere then T, = 0. Conversely,
suppose that T, = 0. Choose a countable dense subset {e;};en of H. If
¢ € L*(X) and n € L*(Y) then

/ (k(y, 2)er, e E@)n(g)dady = (Th(E ® e),n ® ) = 0,
XxXY

and it follows that (k(y,z)e;,e;) = 0 almost everywhere, for all 7,j. Since
k(y,x) is a bounded operator, k(y,z) = 0 for almost all (z,y). O

If M C B(H) is a C*-subalgebra, let
So(Y x X, M) ={T}, : k € L*(Y x X, M)}.
Note that, if w € L?(Y x X) and a € M then
(3) Twoa = Tw @ a.

Letting

K KL (X), L(V)
be the space of all compact operators from L?(X) into L?(Y), we have that
Sy ® M is norm dense in  ® M (here Sy denotes the space of all Hilbert-
Schmidt operators from L?(X) into L?(Y')). We conclude that Sa(Y x X, M)
is norm dense in X®M and equip it with the operator space structure arising
from its inclusion into X @ M.

We fix throughout the section a non-degenerate separable C*-algebra A C
B(H). If B is a(nother) C*-algebra, we denote by CB(A, B) the space of
all completely bounded linear maps from A into B and write CB(A) =
CB(A,A). A function ¢ : X xY — CB(A,B(H)) will be called pointwise
measurable if, for every a € A, the function (z,y) = ¢(z,y)(a) from X x Y
into B(H) is weakly measurable. Let ¢ : X xY — CB(A,B(H)) be a
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bounded pointwise measurable function. For k € L2(Y x X, A), let ¢ - k :
Y x X — B(H) be the function given by

(p-k)(y,z) = p(z,y)(k(y,2)), (y,2) €Y x X.

It is easy to show that ¢ - k is weakly measurable; since ¢ is bounded,
0-ke LY x X,B(H)) and

e kllz < [lelloslIFll2-
Let
Sy 1 Sa(Y x X, A) = So(Y x X, B(H))

be the linear map given by

So(Ty) = Ty, ke L*(Y x X, A).
By Lemma 2.1, S, is well-defined.
Definition 2.2. A bounded pointwise measurable map

p: X xY - CB(A,B(H))

will be called a Schur A-multiplier if the map S, is completely bounded.

It follows from the discussion after Lemma 2.1 that a bounded pointwise
measurable function ¢ : X x Y — CB(A,B(H)) is a Schur A-multiplier if
and only if the map S, possesses a completely bounded extension to a map
from K ® A into K ® B(H) (which will still be denoted by S,).

We let G(X,Y; A) be the space of all Schur A-multipliers and endow it
with the norm

(4) lelle = [[Selleb

it follows from Lemma 2.1 that if S, = 0 then ¢ = 0 almost everywhere,
and hence (4) indeed defines a norm on &(X,Y; A).

Note that Schur C-multipliers coincide with the classical (measurable)
Schur multipliers [30], [17].

A special role in our considerations will be played by Schur A-multipliers
¢ for which p(z,y) € CB(A) for all (z,y) € X x Y, that is, ones for
which the range of ¢(z,y) is in A. In this case, S, is a map on Sa(Y x
X,A). Welet Gy(X,Y; A) be the space of all such Schur A-multipliers. The
next proposition shows that Go(X,Y’; A) does not depend on the faithful *-
representation of A.

Proposition 2.3. Let 0 : A — B(K) be a faithful *-representation of A on a
separable Hilbert space K. A bounded pointwise measurable map ¢ : X XY —
CB(A) is a Schur A-multiplier if and only if the (bounded pointwise measur-
able) map g : X XY — CB(0(A)), given by po(x,y)(0(a)) = 0(v(z,y)(a)),
a € A, is a Schur 0(A)-multiplier. Moreover, |¢|le = ||voll-

Proof. Let B = 6(A). Note that the map id®f : K©® A — K ® B given
by (id®0)(T ® a) =T ® §(a) extends to a complete isometry from K ® A



HERZ-SCHUR MULTIPLIERS OF DYNAMICAL SYSTEMS 7

onto K ® B [4]. Let k € L?>(Y x X, A); then the map ky = 6 o k belongs to
L*(Y x X, B). We claim that

(5) Ty, = (id26)(T).
To see (5), note first that, by (3), it holds when k& = &/ ® a for some k' €
L*(Y x X) and a € A; hence, by linearity, it holds if k € L?(Y x X) ® A.
By [42, Proposition 7.4], there exists a sequence (k;)jen € L?(Y x X) ® A
such that ||k; — k|l2 —i00 0. It follows that ||§ o k; — 0 o k|2 =00 O.
By Lemma 2.1, T}, — T}, and Tyor, — Thor in the operator norm. Thus,
(id®0)(Tk,) — (id®0)(T}) in the operator norm, and we conclude that
Ti, = (id @6)(T}).
By (5),
(id ®0)(Sp(Tk)) = Spy (Thy )
in other words,
Sy, = (id®0) 0 S, 0 (id @07 1).
It follows that S, is completely bounded if and only if S, is so and that,
in this case, [|¢[le = [|¢olle- O

Proposition 2.3 allows us to view the elements of Sy(X,Y; A) indepen-
dently of the particular faithful representation of A on a separable Hilbert
space; we will thus in the sequel refer to A-valued Schur A-multipliers with-
out the need to specify a particular representation.

Lemma 2.4. Let p € S(X,Y;A). IfC € Dx, D€ Dy andT e K® A
then

(6) So(D@Ig)T(C®Ig)) = (D@ Iu)Sy(T)(C ® In).

Proof. By continuity and linearity, it suffices to establish (6) in the case
T = Ty ® a, where k € L*(Y x X) and a € A. Assuming that C =
M. and D = M, where ¢ € L>®(X) and d € L>®(Y), we have that both
Se(D@Ip)T(C®Ig))and (D®1g)S,(T)(C®If) coincide with Ty, where
k" is the (weakly measurable) function from Y x X into B(H) given by

K (y, ) = c(z)d(y)k(z,y)e(z, y)(a).
O
Lemma 2.5. Let £ and L be separable Hilbert spaces and 0 : K(£) @ A —
B(L) be a non-degenerate *-representation. Then there exist a separable

Hilbert space K, a unitary operator U : L — £ ® K and a non-degenerate
*-representation p : A — B(K) such that

U(b®a)U*=b®p(a), beK(E),ac A
Proof. Let M(K(E)® A) be the multiplier algebra of K(€) ® A. There exists

a unital *-homomorphism 6 : M (K(E)®A) — B(L) extending 6 (see e.g. [29,
Proposition 3.12.10]). The map x — 6(z ® Ig) is clearly a non-degenerate
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*_representation of (&) on L. Thus, there exists a separable Hilbert space
K and a unitary operator U : L — £ ® K such that

U@ Ig)U* =b@ I, beK(E).
Let 6 : M(K(E) ® A) — B(E ® K) be given by
0(T) = UO(T)U*, T e M(K(E)® A).
For a € A and b € K(£), the operators 0(b ® Iy) and 0(I¢ ® a) commute.
It follows that 0(I¢ ® a) = I¢ ® p(a), for some operator p(a) € B(K). Since

0 is a unital *-homomorphism, the map p : A — B(K) is easily seen to be a
non-degenerate *-homomorphism. Moreover, if b € K(€) and a € A then

Ubb® a)U* = UBb® Ig)i(s ® a)U* =UB(b® Ig)U*UO(Is @ a)U*
= b2 Ix)i(Is ®a) = (b® Ix)(Is @ p(a)) = b pla).
O

Theorem 2.6. Let ¢ : X xY — CB(A,B(H)) be a bounded pointwise
measurable function. The following are equivalent:

(i) ¢ is a Schur A-multiplier;

(ii) there exist a separable Hilbert space K, a non-degenerate *-representa-
tionp: A— B(K),V € L®(X,B(H,K)) and W € L*(Y,B(H,K)) such
that, for all a € A,

p(z,y)(a) = W(y)p(a)V(z),
for almost all (z,y) € X X Y.
Proof. (i)=(ii) Suppose that ¢ € &(X,Y; A). Let £ = L*(Y) ® L?(X) and
O:K(E)®A— K(E)®B(H) be given by

Tl T12 {0 Sy(z12®a)
(7) @ ((m m) ®a) - (0 290,

It is clear that ® is a completely bounded map with ||®||c, = [|Splleh- By
the Haagerup-Paulsen-Wittstock Theorem, there exist a Hilbert space L,
a non-degenerate *-homomorphism 6 : K(£) ® A — B(L) and operators
Vo, Wo € B(€ ® H, L) such that

O(T) = WiO(T)Vo, T € K(E) A

As K(£)® A is separable, we may assume that £ is separable. By Lemma 2.5,
there exist a separable Hilbert space K, a unitary operator U : L - £ ® K
and a *-representation p: A — B(K) such that

U(b®a)U*=b® pla), beK(E),ac A.
Let W = UWy and V = UV;. Then
db@a)=W b pa)V, bekK(E)acA.
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Writing V and W in two by two matrix form and recalling (7), we conclude
that there exist bounded operators V : L?(X,H) — L*(X,K) and W :
L*(Y,H) — L?(Y, K) such that

(8) Sp(b®a) =W*(b@p(a))V, beK,ac A
Let

SYUTVLIAX, H): T € K(I2(X)) @ p(A)}].
Clearly, S is invariant under K(L?(X)) ® p(A). Thus, the projection onto S
has the form I>x) ® E, for some projection £ € p(A)’. Moreover,

9) V= (r2x) @ E)V.

Setting p = id ®p (so that p is a map from K ® A into K ® B(K)), by (8)
and (9), we now have

(10) So(T) = W*B(T)(I2(x)® E)V, TeK®A.
Note, further, that if ¢ € L*°(X) and d € L*°(Y") then
A1) M ) T(M, @ ) = (M ® L)) (M, @ T,
Let W = (I2y) ® E)W. Since
P(T)I2x) @ E) = (Ir2v) ® E)p(T),
we conclude from (10) that
(12) Se(T) = W*(Ip2vy ® E)B(T)V = W*H(T)V,

for every T € K ® A.
Identities (11) and (12) and Lemma 2.4 imply that

(13) W*(M; @ Ig)p(T)V = (M @ Iy)W*p(T)V, TeK® A.
Thus,

(P(T)Ve, (My® L)W ) = (B(T)VEW (Mg L)),
for all ¢ € L*(X, H) and all n € L*(Y, H). We conclude that

(Uz2(v) ® B) (Mg @ Ik )W = (Ip2y) @ EYW (Mg ® 1)

and hence (My ® Ix)W =W (My® Ig) for all d € L>®(Y). It follows easily
that W € L*°(Y,B(H, K)) (see [42, Theorem 7.10]). Let now

T UTWIAY, H) : T € K(LA(Y)) @ p(A)}].
The projection onto 7 has the form I72(yy®F' for some projection F' € p(A)".

Letting V = (Ir2(x) @ F )V, and using similar arguments to the ones above,
one shows that (M, ® Ix)V = V(M. ® Ig) for all ¢ € L*°(X) and hence
that V' € L>(X,B(H, K)). Note that W = (I12(y) ® F)W and hence, by
(12)7

(14) S,(T) = W (Iaiyy @ PYAT)V = WH(T) Iy @ F)V = W*H(T)V
for every T € K @ A.
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Let k € L>(Y x X) and a € A. For ¢ € L*(X,H) and n € L*(Y, H) we
have

(15)  (S,(Th ® a).n) = / / (1, 2) (i, 9)(@)E (), () dp() ().

On the other hand, by (14),

(Sp(Try ®a),m) = (W (T @ p(a))VEn)
= (Tx @ pla ))V€ W)

- // (y,2)(p(a)(V (2)€(2)). W (y)n(y))dp(z)dv(y)
= /Y/Xk(y’x)<W(y)*p(a)V($)f($)7U(y»du(x)du(y).

Comparing the last identity with (15) and taking into account that these
identities hold for all k € L?(Y x X), we conclude that
(16)

(o, y)(@)€(x),n(y)) = (W(y)"pla)V (z)€(x),n(y)) almost everywhere,

forall ¢ € L2(X, H) and all n € L(Y, H). If the measures p and v are finite,
take £ = xx ® & and n = xy ® 1o, where &y, 19 € H. The separability of H
and (16) imply that

o(z,y)(a) = W(y)*pla)V(z), for almost all (z,y) € X xY.

If the measures p and v are not finite, the proof is completed by choosing
increasing sequences (X, )nen and (Y, )nen, each of whose terms has finite
measure, and letting £ = xx, ® & and 7 = xy, ® 1o, with &y, no € H.

(ii)=(i) The assumption shows that the mapping S, : So(Y x X, A) —
So(Y x X, B(H)) satisfies

So(Ty, ® a) = W*(T, ®@ p(a))V, he€L*(Y x X),a € A.
By linearity,
(17) Se(Tk) = W T,orV,

whenever k € L2(Y x X) ® A.

Let k € L*(Y x X, A) be arbitrary. By [42, Proposition 7.4], there exists
a sequence (k;)ien € L?(Y x X) ® A with ||k; — k|l2 =00 0. Using (5),
(17), Lemma 2.1 and the fact that ¢ is bounded, we obtain

So(Ty) = legloS (Ty,) = lim W*T ok, V
= W*(lim Tpor,)V = W*(lim p(Ty,)V = W*p(T})V.
1—00 1—00

Thus, S, has a completely bounded extension to K ® A (namely, the map
T — W*p(T))V) and hence ¢ is a Schur A-multiplier. O
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Remarks (i) The proof of Theorem 2.6 shows that if ¢ € §(X,Y; A) then
the operator valued functions V and W can be chosen so that

[elle < esssup [W ()| esssup ||V (y)].
reX yey

(ii) In the case A = C, Theorem 2.6 reduces to the well-known charac-
terisation of measurable Schur multipliers due to U. Haagerup [13] and V.
V. Peller [30] (see also [17]). Indeed, in this case, p is equal to the identity
representation of C and hence ¢ has a representation of the form

(18) p(z,y) = (w(y),v(x)),

where v : X — K and w : Y — K are weakly measurable essentially
bounded functions, for some separable Hilbert space K.

If, in Theorem 2.6, the operator valued functions V' and W can be chosen
to be weakly measurable, then we will say that the Schur A-multiplier ¢ has
a weakly measurable representation. In the next theorem we exhibit a class of
A-valued Schur A-multipliers possessing a weakly measurable representation
which exhausts all such multipliers in the case A is finite dimensional. Recall
that a Hilbert A-bimodule is a right Hilbert A-module N, equipped with a

left A-module action given by a - £ = 0(a)(&), a € A, £ € N, for some *-
representation 6 of A into the C*-algebra of all adjointable operators on N.
As is customary in the literature on Hilbert modules, we assume linearity on
the second variable of the A-valued inner product, denoted here by (|-) 4.

Theorem 2.7. Let A C B(H) be a separable C*-algebra and ¢ : X X
Y — CB(A) be a bounded pointwise measurable function. Consider the
conditions:

(i) there exist a countably generated Hilbert A-bimodule N and bounded
weakly measurable functions v: X — N and w:Y — N such that

(19) o(z,y)(a) = (w(y)|a-v(z)),, for almost all (x,y) € X XY

for every a € A.

(ii) ¢ is a Schur A-multiplier possessing a weakly measurable representa-
tion.
Then (i) = (it). If A is finite-dimensional then (i) < (i7).

Proof. (1)=(ii) It follows for instance from [8, Example 2.8] that there exist
a separable Hilbert space K, an isometry 7 : N' — B(K) and a faithful *-
representation m : A — B(K) such that 7(a-z) = w(a)7(z), 7(2-0) = 7(2)7(b)
and 7((z1,22)4) = 7(21)*7(22), 2,21,22 € N, a,b € A. For all a € A, we
have that

m(p(z,y)(a)) = m((w(z)a - v(y))4) = T(w(z)) T(a)7(v(y)) ae.
Moreover, the maps 7ov and 7ow are weakly measurable. By Theorem 2.6,

the map ¢ : X x Y — CB(n(A)), given by ¢r(z,y)(n(a)) = m(¢(z,y)(a)),
is a Schur 7(A)-multiplier. By Proposition 2.3, ¢ is a Schur A-multiplier.
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Assume now that A is finite dimensional. By Proposition 2.3, we may
identify A with the C*-algebra @' ,M,, C B(H), where M, denotes, as
customary, the n by n matrix algebra and H = @] C", n, € N, k =
1,....,m.

Suppose that ¢ is a Schur A-multiplier, K is a separable Hilbert space,
V:X - B(H,K),W:Y — B(H, K) weakly measurable functions, and p :
A — B(K) a non-degenerate *-representation, such that, for every a € A, we
have ¢(z,y)(a) = W(y)*p(a)V (x) for almost all (z,y) € X x Y. The space
B(H, K) is an operator A-bimodule with respect to the actions a-T of pla)T
and T a & Ta,a € A, T € B(H,K). Let P; be the projection in B(H)
onto the summand C™ and ¥(T) = > | BT P, T € B(H). Clearly, ¥ is
a completely positive projection from B(H) onto A. We equip B(H, K) with
the A-valued inner product given by (S,T)4 = W(S*T'). As the projections

Py, k = 1,...,m, are mutually orthogonal and ) ", P, = I, we have
(S,S)4 = 0 if and only if S = 0. Moreover,

(S,T-aya =9(S*Ta) =¥(S*T)a = (S,T)aa,
and hence N &' B(H, K) is a right Hilbert A-module. In addition,
(08, Ths = W(S*p(a)*T) = (S, a® - T,

showing that the map 6, : S — a-.S is adjointable and that the map a — 6,
is a *-representation; thus, N is a Hilbert A-bimodule and ¢(z,y)(a) =
(W(x),a-V(x))a for almost all (z,y) € X x Y. As H is finite dimensional
and K is separable, A is countably generated. O

Let B = B(L?(X),L?(Y)) for brevity.

Proposition 2.8. If ¢ € &(X,Y;A) then the map S, has a unique ex-
tension to a completely bounded weak* continuous map from BRA* into

B&B(H).

Proof. Let P : B(H)*™ — B(H) be the canonical projection (that is, the
adjoint of the inclusion map of the trace class on H into B(H)*). Then the
map id®P : BRB(H)* — BRB(H) is weak* continuous and completely
contractive (see e.g. [4] and [9, Proposition 7.1.6]).

Let K = K(L*(Y)® L*(X)) and B = B(L*(Y)® L*(X)). Write Px (resp.
Py) for the projection from L?(Y) @ L?(X) onto L?(X) (resp. L*(Y)). Let
d:K®A— K®B(H) be given by

Ti1 T1p2 (0 Sy(w12®a)
(20) o <<w2,1 m) ® a) _ (0 ; |

By [14, Example 1], given a C*-algebra B, there is a canonical normal *-
isomorphism

(21) (K @ B)*™* =~ B&B**.
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Hence we may view the second dual ®** as a completely bounded map from
B&RA* to BRB(H)™, extending ®. As L ® A is weak™ dense in BRA™ we
have that for any 7' € BRA** there exists ¥(T') € BRB(H)** such that

veim) = (0 V0.

In particular,

O ((Py ®1d)T(Px ®id)) = (0 U((Py ®id)T(Px ® id))) ’

0 0

and the mapping ¥ = Ulggas : BRA™ — BRB(H)** is completely bounded
and weak* continuous. Hence the composition

(id@P) oV : BRA™ — B&B(H)

is a completely bounded weak* continuous map, extending S,. The fact
that this extension is unique follows by weak* density. O

We will use the same symbol, S,, to denote the map obtained in Propo-
sition 2.8. We note that if S, satisfies equation (14), that is, if S,(S5) =
W*(id®p)(S)V for all S € K® A, then S,(T' ®a) = W*(T @ p(a))V for all
T € B and all a € A**, where p has been canonically extended to A**.

While Proposition 2.8 implies that, if ¢ € S¢(X,Y;A), then the map
S, on K ® A has a weak™ continuous extension to B ® A**, an analogous
extension is not guaranteed to exist in representations of A different from
the universal one. This motivates the following definition.

Definition 2.9. Let A be a separable C*-algebra and 6 be a faithful *-
representation of A on a separable Hilbert space. An element ¢ € So(X,Y; A)
will be called a Schur §-multiplier if the map S,, : K@ 6(A) - K ® §(A)
can be extended to a weak™ continuous map on BRO(A)".

The notion of a Schur #-multiplier will be used in the subsequent sections.

3. HERZ-SCHUR MULTIPLIERS AND TRANSFERENCE

In this section, we introduce and study Herz-Schur multipliers of crossed
products. We assume throughout that G is a locally compact group. Left
Haar measure on G will be denoted by mg or m and integration with respect
to mg along the variable s will be denoted by ds. Let A : G — B(L?*(G))
be the left regular representation of G; thus, AF¢(s) = £(t71s), € € L2(G),
s,t € G. We write C}(G) (resp. VN(G)) for the reduced group C*-algebra
(resp. the von Neumann algebra) of G, that is, for the closure in the norm
topology (resp. in the weak™ topology) of A& (L'(G)). As customary, we let
A(G) (resp. B(G), Bx(G)) be the Fourier (resp. the Fourier-Stieltjes, the
reduced Fourier-Stieltjes) algebra of G. We note the canonical identifications
A(G)* = VN(G), C*(G)* = B(G) and C(G)* = B\(G) [10].

Let A be a separable C*-algebra. In this section, unless otherwise stated,
H will denote the Hilbert space of the universal representation of A; we
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consider A as a C*-subalgebra of B(H). Let a: G — Aut(A) be a continuous
(with respect to point-norm topology) group homomorphism; thus, (A, G, «)
is a C*-dynamical system. The space L'(G, A) is a *-algebra with respect to
the product x given by (f x g)(t) = [ f(s)as(g9(s™'t))ds and the involution
 given by [(s) = A() Las(f(5~)%).

Let 7 : A — B(L%*(G, H)) be the *-representation defined by (7(a)¢)(t) =
a;-1(a)(&(t)), t € G, and A : G — B(L?*(G, H)) be the (continuous) unitary
representation given by (\&)(s) = £(t71s), s,t € G. Note that

m(ag(a)) = Mm(a)A;, t e G;

thus, the pair (7, A) is a covariant representation of (A, G, «) and hence gives
rise to a *-representation m x A : LY(G, A) — B(L*(G, H)) given by

(r x N (f) = /Gw(f(s))Asds, fe LG, A).

The reduced crossed product A X, G of A by a is, by definition, the closure
of (m x A\)(L*(G, A)) in the operator norm of B(L?*(G, H)) [29, 7.7.4]. We
let A %% G be the weak* closure of A Xq, G.

A bounded function F : G — B(A) will be called pointwise measurable if,
for every a € A, the map s — F(s)(a) is a weakly measurable function from
G into A. Suppose that (p, 7) is a covariant representation of the dynamical
system (A,G,a) on the Hilbert space K. We say that F is (p,7)-fiber
continuous, if the map

G — B(K), s— p(F(s)(a))Ts,

is weak™ continuous for every a € A. We will say that F' is fiber continuous
if Fis (m, A)-fiber continuous. Note that if F' is bounded and point norm
continuous then it is pointwise measurable and fiber continuous.

We further say that F' is almost (p,T)-fiber continuous if, for every w €
B(K). and every a € A, the function

s = (p(F(s)(a))7s, w)

coincides, up to a null set, with a continuous function. Almost (m, A)-fiber
continuous functions will be referred to simply as almost fiber continuous.

For each f € LY(G,A), let F - f € L'(G, A) be the function given by
(F - f)(s) = F(s)(f(s)), s € G. Tt is easy to see that if F' is pointwise
measurable then F - f is weakly measurable and hence F - f € LY(G, A)
for every f € LY(G, A); in fact, [P - [y < |Fllocll ], where |[Flloo =
supsec || F'(s)]-
Definition 3.1. A pointwise measurable function F : G — CB(A) will be
called a Herz-Schur (A, G, )-multiplier if the map

Sp: (m x \(LNG, A) — (7 x \)(LYG, A))
given by
Se((m > A)(f)) = (w3 N)(F - f)

is completely bounded.
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We denote by &(A, G, ) the set of all Herz-Schur (A, G, a)-multipliers.
If F e 6(A,G,a) then the map Sp extends to a completely bounded map
on A X, G. This (unique) extension will be denoted again by Sp. We let
[Elm = [1SFlcb-

Remark 3.2. (i) If 1, F; € 6(A,G,a), letting Fi1 + F» : G — CB(A)
and F1Fy : G — CB(A) be given by (Fi + F»)(s) = Fi(s) + Fa(s) and
(F1F)(s) = Fi(s) o Fy(s), we see that Sp,+p, = Sp, + Sp, and Sk p, =
Sk, Sr,. Thus, 6(A4, G, a) is an algebra with respect to the operations just
defined.

(ii) Recall that a bounded continuous function v : G — C is called a
completely bounded (or Herz-Schur) multiplier [7] of the Fourier algebra
A(G) of G if wv € A(G) for every v € A(G), and the map m, : v — wv
on A(G) is completely bounded. The space of all Herz-Schur multipliers of
A(G) will be denoted as usual by M®A(G). If u € M*A(G) then the dual
Sy of my, is a completely bounded (and weak™ continuous) linear map on
the von Neumann algebra VN(G) of G, such that S,(A\¥) = u(t)\F, t € G.
Moreover, S, leaves the reduced C*-algebra C}(G) of G invariant, and

S, ( /G f(s))\sds) = /G u(s)f(s)heds, f e LYQ).

The reduced crossed product of C by the (unique) action « of a locally
compact group G on C coincides with C(G). Identifying B(C) with C in
the natural way, we have that a bounded continuous function v : G — C is
a Herz-Schur (C, G, a)-multiplier if and only if u is a Herz-Schur multiplier.

(iii) Suppose that 0 : A — B(K) is a faithful *-representation of A on
a Hilbert space K. Let 7% : A — B(L?(G, K)) be given by (7%(a)¢)(t) =
0(cy-1(a))(E(t)), t € G, while X\ : G — B(L%(G, K)) be given by (M¢)(s) =
£(t~'s), s,t € G. Then the pair (7% \?) is a covariant representation of
(A,G,a). Since A is assumed to be universally represented, up to a *-
isomorphism, K is a closed subspace of H that reduces A, n%(a) is the
restriction of 7(a) to L?(G, K), while \? is the restriction of \s to L?(G, K).
In the sequel, we let Ax, ¢G = (WGNAQ)(ANQG) and AN;";G =Axa9 G *.

By [29, Theorem 7.7.5], the closure of (7% x \?)(L'(G, A)) is *-isomorphic
to A X, G and a pointwise measurable function F' : G — CB(A) is a
Herz-Schur (A, G, a)-multiplier if and only if the map

(22) Spt (17 ) A0 (f) = (2% % N0)(F - f)

is completely bounded. Thus, Herz-Schur (A, G, «)-multipliers can be de-
fined starting with any faithful representation of A instead of its universal
representation.

In the case A = C, the maps on C}(G) associated with Herz-Schur mul-
tipliers automatically have a weak* continuous extension to (completely
bounded) maps on the weak* closure VN(G) of C;(G). Such extension
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is not ensured to exist in the general case — this motivates the following
definition.

Definition 3.3. Let A be a separable C*-algebra, K be a Hilbert space and
0: A— B(K) be a faithful *-representation. A function F : G — CB(A)
will be called a O-multiplier if the map

% 1P (a)N = 7 (F(t)(a)N, t € G, a € A,

has an extension to a bounded weak™ continuous map on A N?.‘Z*e G.
A O-multiplier F' will be called a Herz-Schur f-multiplier if the extension
of @% to A NZ’*Q G is completely bounded.

We note that, in Definition 3.3, we do not require the pointwise measur-
ability of the function F. The weak* continuous extension of the map @%
therein will still be denoted by the same symbol.

Remark 3.4. Let A be a separable C*-algebra, K be a Hilbert space and
0 : A — B(K) be a faithful *-representation. Suppose that F': G — B(A) is
a bounded map and ¢ : A xqo‘[’:; G- A xg; G is a bounded weak* continuous
map such that, for almost all ¢t € G,

d(n?(a)X)) = 7P (F(t)(a))N, a € A.

Then, for any w € B(L*(G,K)). and f € LY(G,A), the function s
(r?(F(s)(f(5)))A\?, w) is measurable, and

o((x” x ) (f) = (=" x XN)(F - f), fe LG, A).

Proof. Let w € B(L*(G,K)). and f € LY(G,A). Since the function s
(m?(f(s))AY, @, (w)) is measurable so is s +— (7 (F(s)(f(5)))A\Z,w). We have

(o ([ wueas) w) = [ o

- / (@(n(£(5))\%), w)ds

- / (79 (F(s)(f ()N, w)ds
= (1 NY(F - f)w).
The claim follows. O

Lemma 3.5. Let 0 be a faithful *-representation of A on a Hilbert space K.
Let F : G — CB(A) be a pointwise measurable map for which there exists
C > 0 such that

(23) Iz 3 M) (F - I < Ol 5 X)) (), f € LHG, A).

For w € B(L*(G,K)). and a € A, let g,q(s) = (7 (F(s)(a))\,w), s € G.
Then g, q coincides with an element of Bx(G) up to a null set.
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Proof. Fix w € B(L*(G,K))« and a € A, write g = g,4. Let f € L}(G) and
f(s) = f(s)a, s € G; clearly, f € L'(G, A) and, by (23), we have

/ £(s $) (@)%, w)ds

_ K / <w9<F<s><f<s>>>A§ds,w>]

< Cllw\lll(ﬂ x A ()l
< /f INds
< Cllwlll=® @ X ()l

= Clwlllix® (@A

Hence, the map Ag(f) — [ f(s)g(s)ds can be extended to a bounded
hnear functlonal on C*( ) and therefore there exists z € B)(G) such that
Jo f(s)g(s)ds = [ f(s)z(s)ds for any f € L'(G). It follows that z = g
almost everywhere O

Remark 3.6. Fixa € A. Forw € B(L*(G, K))., let g, (s) = (x?(F(s)(a))\?,
w) and let b, € By(G) be such that b, = g, almost everywhere. If G is
second countable and K is separable, then under the assumption of the
previous lemma there exists a null subset N C G such that g, (t) = b,(¢)
for any t € G\ N and w € B(L*(G,K)).. Indeed, in this case we have
that B(L*(G, K), is separable. Let {w, : n € N} be a dense subset of
B(L*(G,K), and a € A. Let N,, C G be a null set such that g, (s) = b,,, (s)
for all s € G\ N,, and N = UpenN,. Clearly, N is a null set. If
w € B(L*(G, K)., let {Wn (k) }x be a subsequence converging to w in norm.
Then {by,,, }x is a Cauchy sequence of bounded continuous functions: let-
ting C' = ||w| supseq || F(s)]|, given € > 0 there exists L € N such that for
any [,k > L, we have

|bwn(k) (t) - bwn(l)(t)| = ‘gwn(k)(t) - gwn(l)(t)| < CHwn(k) — Wn(1) H < Ct,
whenever t € G\ N. As by, is continuous, |by,, (¢) = b, ()] < Ce
for every t € G. Thus, the sequence {b,, (k)}k converges to a continuous
function, say b. On the other hand, by, (¢) = gu(t) whenever ¢ € G\ N.

Therefore g, (t) = b(t) for t € G\ N. As b, and b are continuous, and
b, = g almost everywhere, we have b = b,,, giving the statement.

For the rest of the section we will assume that G is a second countable
locally compact group. In this case, the measure space (G, m) is standard.

If t € G, let us call a Dirac family at t a net (fy)y € L'(G) consisting of
non-negative functions, indexed by the directed set of all open neighbour-
hoods of ¢t with compact closure, with supp fy C U and ||fy]1 = 1.

Lemma 3.7. Let (A,G,«) be a C*-dynamical system, F' be a Herz-Schur
(A, G, a)-multiplier, and 0 be a faithful *-representation of A on a separable
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Hilbert space K. Then there exists a null set N C G such that if t € G\ N
and (fu)u is a Dirac family at t then

Sp((x” x X)(fu ® a)) —u 7 (F(t)(a))A]
in the weak™ topology, for every a € A.

Proof. Let a € A. By Lemma 3.5 and Remark 3.6 there exists a null set
N C @ such that for any &, n € L?(G, K) there exists a continuous function
by : G — C such that

(n(F(s)(a))A%,m) = bey(s) forall s € G\ N.
Fix ¢, n € L3(G, K). For t € G\ N, set
Cur = sup b (5) — be (1))
seU
Since bg ,, is continuous, Cy —y 0. We have

(SE(" % A)(fu @ a))é,m) = (= (F(H)(@)AE, m)|

= ’/(WH(F(S)(G))fU(S)Agf,77>d8 - /<7T9(F(t)(a))fU(S)Af£,n)ds

< / fu () [(n (F(s)(a)) A€, m) — (= (F(t)(a)) A€, m) ds

= /fU(5)|bE,n(5) — bey(t)|ds < CU/fU(S)dS =Cy —y 0.

The statement follows from the fact that the weak operator topology and
the weak* topology coincide on bounded sets. O

If o: G x G — CB(A) is a bounded pointwise measurable function, let
T(¢) : G x G— CB(A) be the function given by

T(e)(s,t)(a) = au((s, 1) (ap-1(a))), a€ A
It is easy to see that, for each a € A, the function (s,t) = T (¢)(s,t)(a)
from G x G into A is bounded and weakly measurable. The inverse 7 !
of T is given by T Y(¢)(s,t)(a) = ay-1(p(s,t)(aw(a))), a € A. For a map
F:G— CB(A),let N(F):G x G — CB(A) be the function given by

N(F)(s,t) = F(ts™),
and
N(F) =T HN(F));
thus, N(F) : G x G — CB(A) is the function given by
N(F)(s,t)(a) = a-1(F(ts 1) (a¢(a))), a€A, s,;t€q.

Note that if F' is pointwise measurable then so is N (F).

The next theorem is a dynamical system version of the well-known de-
scription of Herz-Schur multipliers in terms of Schur multipliers [5]. Recall
that, given a map ¢ : X x Y — CB(A) and a faithful *-representation 6 of
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A, we let g : X XY — CB(6(A)) be the map given by vg(z,y)(0(a)) =
O(p(z,y)(a)), a € A. Note that, if ¢ is pointwise measurable then so is pg.

Theorem 3.8. Let (A, G, a) be a C*-dynamical system and F' : G — CB(A)
be a pointwise measurable map. The following are equivalent:

(i) F is a Herz-Schur (A, G, a)-multiplier;

(i) N(F) is a Schur A-multiplier.
Moreover, if (i) holds then ||F||m = [|N(F)|s-

Proof. (i)=(ii) Suppose that F' is a Herz-Schur (A, G, «)-multiplier and let
0 be a faithful *-representation of A on a separable Hilbert space H'. By
the Haagerup-Paulsen-Wittstock Theorem, there exist a separable Hilbert
space K, a *-representation p : A 1,9 G — B(K) and operators V, W :
L*(G,H') = K such that

(24) SE(T) =W*p(T)V, T € AxayG,

and [|S%|le = |[V|[|[W]|. Let A x4 G be the full crossed product of A by
a, ¢ 1 Axqg G — A X,9 G be the quotient map and p = p o ¢; thus,
p: Axg G — B(K) is a *representation. Let py : A — B(K) be a

*-representation and pg : G — B(K) be a strongly continuous unitary
representation such that p = pa x pg. For f € L}(G, A), we have

A1) = / pA(F(3))pa(s)ds.

Setting T = (7% x A\?)(f) in equation (24), we have

@) [ Eees=w ([ o) v

Standard arguments show that, if a € A and (fy)y is a Dirac family at the
point t € G, then

(26) / pa((fr ® a)(8))pa(s)ds — v pa(a)pa(t)

in the weak operator topology. Taking f = fy ® a in (25) and using Lemma
3.7, we obtain a null set N such that

(27) T (F(t)(a))N) = W*pa(a)pg(t)V, for all t € G\ N.
For s and t in G, let a(s), B(t) € B(L*(G, H'), K) be given by
a(s) = pa(s VAL B(t) = pa(t™)WAT;

then for every ¢ € L?(G, H'), the functions s — a(s)¢ and s — S(s)¢ are
weakly continuous and hence o and 8 belong to L>(G, B(L*(G, H'), K)).



20 A. MCKEE, I. TODOROV, AND L. TUROWSKA

Using (27), for all (s,t) € G x G with ts™! € G\ N, we obtain
B(t) pa(@)a(s) = MW pa(t)pa(a)pa(s VAL

X W pa(en(a))pa(ts VAL
= MNar?(F(ts ) (@) Ay, -1 A2
= (a1 (F(ts ") (ou(a))) = 7 (N(F)(s,t)(a)).

As {(s,t) : ts7t € N} is a null set for the product measure m x m, by
Theorem 2.6, N'(F) is a Schur A-multiplier. Moreover,

esssup [[a(s)|| = [V and esssup 18O = W]
S

seG

and hence
(28) IN(F)lle < VW = [1£]|m-
(ii)=-(i) Let 6 : A — B(H') be a faithful *-representation, where H' is a

separable Hilbert space. Suppose that ¢ = N (F)g is a Schur A-multiplier.
Fix f € C.(G, A). A straightforward calculation shows that, if ¢ € L?(G, H')
then, for almost all t € G we have

(% XO)(f / A 8y (F(tr ) () dr
Fix a compact set K C G. Then the function
(29) hic o (87) = xaexac (8, 7)A(r) 711 (f (7))
belongs to L?(G x G, 0(A)). Note that
(30) Thie = (Myye ® Ip) (1 % X7)(f) (M, ® I
We have
p-hic(tr) = xrxac(t,r)AF) 0 (Ftr™) (a1 (f(tr™)))
= Xrxr (6 AF) T (a1 (F(tr= ) (f(trh)).

Let &, € L*(G,H') have compact support and (K,)%; be an increasing
sequence of compact sets such that G = U2 K,, (such a sequence exists
since G is second countable and hence o-compact). Then

(31)

<S@(Thxn)£v77>:/K . A(r) MO (F(tr= ) (f(tr™1))))E(r), m(t))drdt.
On the other hand,
[A(r) 101 (F(tr =) (f(tr=)))Er), n(t))]
< AT Flooll £ HINIEE I,

while

/ A()THLF @ DINEEIn@)ldrdt = (f € n'),
GxG
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where [/, .n' : G — R are the functions given by f'(s) = |[f(s)], £'(s) =
I€(s)]| and 7'(s) = ||n(s)||, s € G. Thus, an application of the Lebesgue
Dominated Convergence Theorem shows that the right hand side of (31)
converges to

/A(T)1<9(at1(F(tr1)(f(tr1))))£(r)7n(t)>drdt = (7" < A")(F- )€, n);
thus,

(32) Jim (S (Thy,, )E5m) = (7 3 XY (F - )€, m).

By (30), Thy, —*n—soo (77 3 A?)(f) in the weak* topology. It follows that

(7 3 A)(E - f)Em)| < limsup|(Sp(Thy, ) n)]

neN

< leleliellinlitim sup [T, |
< lelisléllnllix® > A%) ()]l

Thus,

1z 3 A (E - I < Nl (7 > A7) (),

and hence the map S% is bounded. Similar arguments show that, in fact,
5% is completely bounded and [|S% ||, < [|¢]ls. By Remark 3.2 (iii), F is a
Herz-Schur multiplier and

[Elm < IV(F) e

The last inequality and (28) show that ||F||m = [N (F)|/e¢ and the proof is
complete. O

Remark 3.9. In the case A = C, Theorem 3.8 reduces to the classical
transference theorem for Herz-Schur multipliers [5]: a continuous function
u: G — C is a Herz-Schur multiplier of A(G) if and only if N(u) is a Schur
multiplier on G x G.

Corollary 3.10. Let 0 be a faithful *-representation of A on a separable
Hilbert space and F : G — CB(A) be a pointwise measurable function. The
following are equivalent:

(i) F is a Herz-Schur multiplier such that S% can be extended to a weak*
continuous map on A Ng;; G;

(ii) there exists a weak™ continuous completely bounded linear map ® on
A ><|10‘j7*9 G such that for almost allt € G

(33) B(x%(a)) = P (F(1)(@) N, ae A,
In particular, (i) holds true if N'(F) is a Schur 0-multiplier.

Proof. (i)=-(ii) Suppose that F' : G — CB(A) is a Herz-Schur multiplier
and let ® be the (unique) weak* continuous extension of S% to A xg; G.
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By Lemma 3.7, there exists a null set N C G such that, if (fy)y is a Dirac
family at ¢t € G\ N then, for every a € A,

®((n” % X')(fu ® ) —u 7 (F(t)(a)) A7,
while, as can be easily checked,
(7% % X)) (fu ® a) =y 7% (a)A]

(both limits are in the weak operator topology). It follows that (33) holds
forallt € G\ N.
(ii))=>(i) By Remark 3.4, if f € L'(G, A), then

o ([ o) = [ Fo @,

i.e. ®is a weak™ continuous extension of S%. Since ® is completely bounded,
Remark 3.2 (iii) implies that F' € (G, A, o).

Suppose that the map Sy(r), has a weak™ continuous extension to a map
on B(L?*(G))®0(A)". By the proof of Theorem 3.8, if G = U K,,, where
K, is an increasing sequence of compact subsets of G, f € C.(G, A) and T},
is the operator with the kernel hx given by (29), then T}, — (7% x \9)(f)
in the weak™ topology. As Spr(r), has a weak™ continuous extension, we
have

(SN(F) (T, )6 = (Swr(myy (77 2 M) () ), €n € L*(G, H).
On the other hand, by (32),

(S (o (Thse, )& 1) = (SEe(m” 0 X (£))€, m).
Thus, 5’% is the restriction of Sy/(r), to A X4 ¢ G, and hence S% possesses a
weak™ continuous extension to A >4f1”*9 G. O

Remark 3.11. We remark that if in Corollary 3.10 we assume also that
F:G — CB(A) is (r?, \%)-fiber continuous then condition (ii) is equivalent
to F' being a Herz-Schur #-multiplier. Therefore, in this case, F' is a Herz-
Schur #-multiplier if and only if F' is a Herz-Schur multiplier such that S%
possesses a weak*-continuous extension to A Ng,*e G.

Corollary 3.12. Let 6 be a faithful *-representation of A on a separable
Hilbert space and F : G — CB(A) be a Herz-Schur 0-multiplier. Then

supseq [[F(E)lleb < | F |-

Proof. Immediate from Corollary 3.10 and the fact that A? and 7 are isome-
tries. O

An equivariant representation of the dynamical system (A,G,«) on a
Hilbert A-module N is a pair (p, 7), where p : A — L(N) is a *-representation
of A on NV and 7 is a homomorphism from G into the group Z(N) of all
C-linear, invertible, bounded maps on N, which satisfy:

(1) plas(a)) = 7(s)p(a)r(s)~! for all s € G and a € A;
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(2) as((&m)a) = (7(s)§,7(s)n)a, for all s € G and &, n € N;

(3) 7(s)(€-a) = (1(s)€) - as(a), for all s € G, £ € N and a € A;

(4) the map s — 7(s)¢ is continuous for every £ € N.
This definition was given in [2] for discrete twisted dynamical systems. An
example of such an equivariant representation can be obtained as follows.
Let

HE ={6:G = A:¢()€() € LY(G, A}

We have that Hff is a Hilbert A-module with respect to the right action given
by (£-a)(s) := &(s)a and the inner product given by (§,m)a = [ &(s
The regular equivariant representation of (A4, G, a) on HY ¢ is the palr (p, )

given by
p(a)é(h) = a&(h), (T(t)€)(s) = ar(€(t™"s)).
It is easy to check that (p,7) satisfies the conditions (1)-(4).
The following corollary was proved in [2, Theorem 4.8]
namical systems using different arguments.

for discrete dy-

Corollary 3.13. Let (p,7) be an equivariant representation of (A, G, a) on
a countably generated Hilbert A-module N, and let &, n € N'. Define

F(t)(a) = (& pla)T(t)n)a, teGacA
Then F is a Herz-Schur (A, G, a)-multiplier.

Proof. By Theorem 3.8, it suffices to show that N/ (F) is a Schur A-multiplier.
We have
N(F)(s,t)(a) = a1 (F(ts™)(au(a)
= (rtH& () ol
— - ) -

As
IT(®)€11? = [{r (D)€, T()€) all = Il (€, ) )l = 1€, ) all = [1€]1?

for all t € GG, the statement follows from Theorem 2.7. O

We next identify the Schur multipliers of the form NV(F’) as the “invariant”
part of Go(G, G; A). Let p be the right regular representation of G on L%(G),
i.e. (pr€)(s) = A(r)Y%¢(sr), € € L*(G), s, € G. Let & = (Adp,) ® ar,
where, as usual, AdU is the map given by AdU(T) = UTU*; we have that
& is a *-automorphism of K(L?(G)) ® A [16, Theorem 11.2.9].

Definition 3.14. A Schur A-multiplier ¢ : G x G — CB(A) will be called
invariant if S, commutes with &, for everyr € G.

We denote by Giny (G, G; A) the set of all invariant Schur A-multipliers.
If w is a (possibly vector-valued) function defined on G x G, for r € G, we
let w, be the function given by w,(s,t) = w(sr,tr).

Lemma 3.15. If k € L*(G x G, A) then &,(Ty) = T;, where k € L*(G x
G, A) is given by k(t,s) = A(r)ay (ke (t,5)), s,t € G.
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Proof. First note that if k € L?(G x G, A) then k € L*(G x G, A) and
(34) 1kll2 = [1%]l2;

indeed,

]2 = / A2(r) oy (k(tr, s7)) | 2dtds = / k(¢ ') |[2de'ds'.

Let
0,0 : L*(G x G,A) — B(L*(G, H))
be the maps defined by
O(k) =Ty, ©'(k) =& (Ty).

By Lemma 2.1 and (34), © and ©’ are continuous.
Suppose that k € L?(G x G, A) is given by k = h®a, where h € L?(GxG)
and a € A. As pré(s) = A(r)"V2¢(sr71), € € L2(@), s € G, we have

(WD) = AWMAThpe(sr) = AV [ bl ) (pi6) (o)
— [ neraer e = [ s ymswAe)dy,
that is, p,Tpp; = Tj, , where he(t,s) = A(r)h(tr, sr), s,t € G. Thus,

dT(Tk') = dT(Th &® a) = Tiw ® ozr(a),

and so ©'(k) = O(k). As h and a vary, the functions k span a dense subspace
of L?(G x G, A), and hence © = ©' by continuity. O

In the proof of Theorem 3.18 below, we will need the following improve-
ment of [43, Lemma 3.9].

Lemma 3.16. Let X be a separable Banach space and w : G x G — B(X)
be a bounded function, such that, for every a € X, the function (s,t) —
w(s,t)(a) is weakly measurable, and w, = w almost everywhere, for every
r € G. Then there exists a bounded function u : G — B(X) such that, for
every a € X, the function s — u(s)(a) is measurable and, up to a null set,
w = N(u).

Proof. Themap ¢ : GxG — G x G, given by ¢(y, x) = (y, zy), is continuous
(and hence measurable) and bijective, and Fubini’s Theorem shows that it
preserves null sets in both directions. By assumption, for all » € G, we have
that wy(s,x) = w(s,z) for almost all (s,z) € G x G. Thus, w,(¢(s,x)) =
w(¢(s,x)) for almost all (s,z) € G x G, that is, w(sr,xsr) = w(s,zs) for
almost all (z,s) € G x G. We claim that w(sr,zsr) = w(s,zs) for almost
all (z,s,7) € G x G x G. In fact, let S C X be a countable dense subset.
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For every a € S, we have

/ |w(sr, zsr)(a) —w(s,zs)(a)||dxdsdr
GxGxG

_ /G (/GXG [w(sr, zsr)(a) — w(s,xs)(a)”dxds) dr = 0.

Thus, there exists a null set N, C G x G x G such that w(sr,zsr)(a)
w(s,zs)(a) for all (z,s,7) € Ng. Let N = UgesNg. Then w(sr, xsr)(a)
w(s,zs)(a) for all (x,s,r) ¢ N and all a € S. Since w(sr, zsr) and w(s, zs)
are bounded operators on X, we conclude that w(sr, zsr) = w(s,zs) for all
(z,s,7) € N. Thus, there exists sgp € G such that

(35) w(sor, xsor) = w(sg, xso), for almost all (z,r) € G x G.

For each x € G, let u(x) = w(sg, zsp). Clearly, u: G — B(X) is a bounded
function such that, for every a € X, the function z — u(x)(a) is weakly
measurable. Now (35) implies that w(y,zy) = u(z) for almost all (z,y) €
G x G. Letting @ : G x G — X be the map given by u(s,t) = u(t), we
thus have that w(y, zy) = u(y, ) for almost all (z,y) € G x G. It follows
that w(¢~(y,zy)) = @(¢~'(y,z)) for almost all (z,y) € G x G, that is,
w(y, ) = u(xy~!) for almost all (z,y) € G x G. The proof is complete. [

Lemma 3.17. Let ¢ € &¢(G,G; A). The following are equivalent:
(i) ¢ is an invariant Schur A-multiplier;
(ii) T(@)r = T (¢) almost everywhere, for every r € G.

Proof. Assume that A is faithfully represented on a separable Hilbert space.
(i)=(ii) Let r € G, a € A and k € L*(G x G). By Lemma 3.15, (S, o
&) (T, ® a) = Tk, , where k1 : G x G — A is the function given by
Bi(t,5) = Ak(tr, sr)p(s, D(an(@), st € G,
and (&, 0 S,) (T ® a) = Tj,, where ky : G x G — A is the function given by
ka(t,s) = A(r)k(tr, sr)a-(e(sr,tr)(a)), s,t€G.

By Lemma 2.1, k; = ko almost everywhere, and hence

p(sr,tr)(a) = ap-1(p(s, t)(ar(a))),
for almost all (s,t) € G x G. Thus, for every a € A,

T(@)(srstr)(a) = aw(p(srtr)(ap-1-1(a)))
= ay(ar-1(p(s, t)(ar(ag-1,-1(a))))
= alp(s; ) (-1(a)) = T(@)(s,)(a)
for almost all (s,t) € G x G. Since A is separable, we conclude that
T(p)(srytr) =T ()(s,t) for almost all (s,t) € G x G.
(ii)=(i) follows by reversing the steps in the previous paragraph and using
the density in K(L?(G)) ® A of the linear span of the operators of the form
T, ® a, with k € L?*(G x G) and a € A. O
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Theorem 3.18. The map N is a linear isometry from S(A,G,«) onto
Ginv(G, G5 A).

Proof. By Theorem 3.8, the map N is a linear isometry from &(A, G, «) into
So(G,G; A). By the definition of N, we have that T(N(F)), = T(N(F))
almost everywhere for every r € G and every F € 6(A,G, ). By Lemma
3.17, the image of NV is in Gy (G, G; A).

It remains to show that A is surjective. To this end, let 6 be a faithful
*_representation of A on a separable Hilbert space K; we identify A with its
image 0(A) under ¢ and let ¢ € Giny (G, G5 A). By Lemmas 3.17 and 3.16,
there exists a bounded function F : G — B(A) such that N(F) = T (y)
almost everywhere and such that, for every a € A, the function s — F(s)(a),
is weakly measurable. It follows that N (F) = ¢ almost everywhere. Since
o(x,y) is completely bounded for all (z,y), we have that F(s) € CB(A) for
all s € G. As ¢ is a Schur A-multiplier, it follows from the proof of Theorem
3.8 that the map (7% x A9)(f) = (7% x AO)(F - f) on (7% x A\9)(LY(G, A)) is
completely bounded. By Remark 3.2 (iii), F' € &(A, G, a). O

We now consider bounded, as opposed to completely bounded, multipliers,
and use them to characterise Herz-Schur §-multipliers in the spirit of [7] in
Proposition 3.19 below. Let I' be a a locally compact group. For a function
F:G — CB(A), let F' : T x G — CB(A) be given by F'(z,s) = F(s),
v €T, s€G. If ais an action of G on A, we let o' : T' x G — Aut(A)
be given by a{@s)(a) = as(a),a € A, z €I, s € G. We have the following
characterisation of Herz-Schur #-multipliers, similar to [7, Theorem 1.6].

Proposition 3.19. Let F : G — CB(A) and 0 : A — B(K) be a faithful
*_representation. The following are equivalent:
(i) F is a Herz-Schur 0-multiplier;
(ii) for each locally compact group T, the function F' is a 0-multiplier;
(iii) for T = SU(2), the function F* is a O-multiplier.

Proof. Let 719 : A — B(L*(I' x G, K)) be the *-representation given by
w0 (a)¢(x,t) = a{x_lyt_l)(a)(f(:c,t)). Identifying the Hilbert space L?(T' x
G, K) with L?(I') ® L*(G, K) in the natural way, we see that

% a) = Izqry® 7’(a), a€ A
On the other hand,

G T o \0
)\($7t):)\iﬂ®)\t7 $€F,t€G
Suppose that f € LY(T' x G, A) has the form f(z,s) = g(x)h(s), where

f e LYT) and h € L(G, A). We have

/ T (0, 8)) Ny gy dads = / (9(@) T2y @ 70 (£(5)) (AL © N dads
I'xG I'xG

(36) _ ( /F g(x)Agdx> ® ( /G We(f(s)))\gds>.
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Thus,
(37) Ax¥ o (Dx G) = VN(I)&(A 1y, Q).

(i)=(ii) Suppose that F' : G — CB(A) is a Herz-Schur #-multiplier. Since
the map ®% on A Ng; G, given by ®% (7% (a)\l) = 7%(F(t)(a))N!, is com-

pletely bounded and weak* continuous, id ®®%. is a (completely) bounded
map on VN(I')®(A x¥, G) (see e.g. [7, Lemma 1.5]). Moreover,

(38) WF,H(FF(Q)))‘?LS) = (ld ®(I)%)(7rr7e(a))‘?z,s))'
It follows that the map ®., : WF’H(a)/\(ZE 9 WF’H(FF(a))/\?x 5 extends to a

bounded weak* continuous map on A N‘Of; o (I' x G); in other words, F I g
a f-multiplier. 7
(i1)=>(iii) is trivial.
(iii)=(i) We have that VN(SU(2)) = ®nenM,,, where M,, is the n by n
matrix algebra. Hence
VN(SU(2))B(A % G) = &2 <Mn ® (A X, G)> .

n=1

As @9 is a bounded weak* continuous map on VN(SU(2))®(A sze G),
equations (37) and (38) now imply that || idaz, ®®% | < [|®% || for all n and
hence @% is completely bounded. ([

4. MULTIPLIERS OF THE WEAK* CROSSED PRODUCT

In this section, we consider the weak* extendable Herz-Schur multipliers
introduced in Definition 3.3, and characterise them as the commutator of
the “scalar valued” multipliers described in Proposition 4.1 below. We fix,
throughout the section, a C*-dynamical system (A,G,«). As before, A is
assumed to be separable, while G is assumed to be second countable. If
0: A— B(K) is a faithful *-representation, where K is a separable Hilbert
space, we let o’ : G — Aut(6(A)) be given by of(0(a)) = 0(ay(a)), t € G,
a € A. We call a a f-action, if of can be extended to a weak* continuous
automorphism (which we will denote in the same fashion) of 6(A)”, such

that the map s — of(x) from G into §(A)" is weak*-continuous for each
x € 6(A)".

Proposition 4.1. Letu: G — C be a
F, : G — CB(A) be given by F,(t)(a)
are equivalent:

(i) Fy is a Herz-Schur (A, G, a)-multiplier;

(i) u € MPA(G).

Moreover, if (i) holds then F, is a Herz-Schur 6-multiplier for every faith-
ful representation 6 of A on a separable Hilbert space.

Proof. Set F' = F,,. We have
(39) N(F)(s,t)(a) =u(ts Da, a€ A, s,t€q.

bounded continuous function, and let
=u(t)a, a € A,t € G. The following
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We assume, without loss of generality, that A is a non-degenerate C*-
subalgebra of B(H), for a separable Hilbert space H.

(i)=(ii) By Theorems 2.6 and 3.8, there exist a separable Hilbert space
K, a non-degenerate *-representation p : A — B(K) and elements V, W of
L>*(G,B(H, K)) such that

u(ts V)a =W (t)*p(a)V(s), for almost all s,t € G and all a € A.

Let (a;)$2, be a bounded approximate identity for A. Then, for a unit vector
¢ € H and every ¢ € N, we have

(u(ts Hai€, €) = (p(a;)V(s)E, W (t)€), for almost all s,t € G.

Since A C B(H) is non-degenerate and p is a non-degenerate representation,
passing to a limit along %, we obtain

u(ts™!) = (V(s)&, W(t)¢), for almost all s,t € G.

By [5], u € MPA(G).
(ii)=(i) As G is second countable, by [5], there exist bounded, weakly
measurable functions &,7 : G — ¢2, such that

u(ts™h) = (€(s),n(t)), for almost all s,t € G.

Let p : A — B(H®) be the countable ampliation of the identity represen-
tation of A. Write £(s) = (&i(s))ien and n(t) = (7:(t))ien, s,t € G. Let
V(s): H— H*> (resp. W(t) : H— H*) be given by V(s) = (&(s)Ilu)ien
(resp. W(t) = (ni(t)Im)ien). Then VW € L>®(G,B(H, H*)) and

W(t)*p(a)V(s) = &(s)m(t)a = u(ts ")a,
i=1

for almost all s,t € G and all a € A. It follows by (39) and Theorems 2.6
and 3.8 that F,, is a Herz-Schur (A4, G, a)-multiplier.

Now suppose that v € M A(G) and denote by ¥, the weak* continuous
completely bounded map on B(L?(G)) corresponding to the function u via
classical transference [5] (see Remark 3.9). Let 6 : A — B(K) be a faithful *-
representation of A, for some separable Hilbert space K. Note that N'(F) is
a Schur f-multiplier; indeed, we have that N'(F)g(s,t)(0(a)) = u(ts~1)0(a),
a € A, and hence Sy (r), = Vuli(r2(q)) ®@idg(a). It follows that Sy(py, is the
restriction to K(L?*(G)) ® 6(A) of the weak* continuous map W, ® idg(ay-
By Corollary 3.10 and Remark 3.11, F, is a Herz-Schur #-multiplier. O

In what follows we denote by SY the weak* continuous map on A ><|10‘j*9 G
arising from the previous proposition. 7

It is well-known that an essentially bounded function on G that is in-
variant under right translations agrees almost everywhere with a constant
function. The next lemma is a dynamical system version of this fact. For
a *-representation 0 : A — B(K) such that « is a f-action, let 7/ be the
*_representation of #(A)” on L?(G, K) given by (7%(a)¢)(s) = a;'(a)(&(s)),
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ac (A", ¢ € L*(G,K). Recall that if p : G — B(L?(@G)) is the right regu-
lar representation of G' we write @, for the map Adp, ® a, on K(L?*(G)) ®
0(A); we have that the map &, can be extended to a weak* continuous map
B(L?*(G)®0(A)", denoted in the same fashion.

Lemma 4.2. Let (A, G, a) be a C*-dynamical system and 6 : A — B(K) be
a faithful *-representation, where K is a separable Hilbert space, such that
a is a B-action. Then

(40) (Da®(A)") N (A 1 G) = 7°(0(A)").

Proof. Suppose that D belongs to both L>(G,0(A)"”) and A ><|Z’:; G. By [25,
Theorem 1.2, Chapter I1], there exists a null set M C G such that &, (D) = D
whenever r € M. However, &,.(D) = D,, where D, € L>®(G,0(A)") is
given by D,(s) = a,(D(sr)), s € G. Let D € L>®(G,0(A)") be defined by
D(s) = as(D(s)), s € G. For every r € M¢,

D(s1) = agr(D(s7)) = ag(ar(D(sr)) = as(D(s)) = D(s), for almost all s.
As in the proof of Lemma 3.16, there exists so € G such that D(sor) = D(sq)
for almost all » € G. Thus, there exists a € (A)” such that D(t) = a for
almost all t € G, and hence D(t) = o;-1(a) for almost all ¢ € G; in other
words, D = 7%(a). We thus showed that the intersection on the left hand
side of (40) is contained in 7%(8(A)"). The converse inclusion is trivial. [

Let K be a Hilbert space. If w € B(H)., we let L,, be the (unique) weak*
continuous linear map from B(K®H ) into B(K) such that L, (b®a) = w(a)b,
a € B(H),be B(K). Recall that a weak* closed subspace U C B(H) is said
to have property S, [19] if

VoUu ={T € B(K)®U : L,(T) €V for all w € B(H).},

for every weak™ closed subspace V C B(K).

For the proof of the next theorem, we recall that an operator T € B(L?(G))
is said to be supported on a measurable subset £ C G x G if M, ,TM,, =0
whenever «, 3 C G are measurable sets with (a x ) N E = (. It is easy
to see that the space of operators supported on the set {(s,ts) : s € G}
coincides with Dg)\?.

Theorem 4.3. Let (A,G,a) be a C*-dynamical system and 0 be a faithful
*_representation of A on a separable Hilbert space K such that o is a 0-
action and O(A)" possesses property S,. Let ® be a completely bounded
weak* continuous map on A ><|g::9 G. The following are equivalent:

(i) ®S% =59 for allu € M"A(G);

(ii) For each t € G, there exists completely bounded map Fy : 0(A)" —
0(A)" such that ®(7°(a)\?) = 79(Fy(a))\?, a € 0(A)".

Proof. (i)=(ii) Given u € M®A(G), let ¥, be the weak* continuous com-
pletely bounded map on B(L?(G)) corresponding to the Schur multiplier
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N(u) (see Remark 3.9). We claim that
(41)  (Lwo SI(T) = (T o L) (T), T EAxY,G, we B(K),.
For S € B(K) and T € B(L?*(G)), we have

Lo((S@T)(Ik ® A7) = w(S)TAY = Lu(S @ T)A;
by weak™® continuity, we obtain
(42) Lo(R(Ix ® \9)) = L,(R)\Y, R e B(L*G,K)).
On the other hand, if t € G then \! = Ix ® \{, and it follows that
<43[./)W(Sz(7r9(a))\f)) = u(t) Ly (70 (a)N)) = u(t) Lo (7P (@)AF, a € At e G.
Since 7%(a) € L®(G,0(A)"), we have that L, (7%(a)) € Dg, for every w €
B(K).. Since ¥, is a Dg-bimodule map, using equation (42) we obtain
(44)  Wu(Lu(n®(@)A)) = Wu(Lu(n®(@)AY) = Lu(n”(a) Tu(XF)

= u(t)Lu(n’(a))AF.

Equation (41) follows from the weak* continuity of L, and S? (see Propo-

sition 4.1), after comparing (43) and (44).
Let a € 0(A)’,t € G and T = 7%(a)\?. Set

J={uec MPAG) :u(t) =1}.

If u € J then SY(T) = T and hence, by (41) and the fact that ® commutes
with S?, we have
Vo (Lo(®(T))) = Lo(2(T))-

Thus, for every u € J, the operator L, (®(T)) is u-harmonic in the sense of
[26]. It follows from [1, Corollary 3.7] that L,,(®(7T)) is supported on the set
{(z,y) € GxG:yx~' € Z}, where Z = {s € G : u(s) =1, for all u € J}.
By the regularity of A(G) and the fact that A(G) € M°A(G), we have that
Z = {t} and hence, by (42) and the paragraph before the statement of the
theorem,

Lo(®(T)N_)) = L, (®(T)A\E, € Dg.
Since this holds for every w € B(K). and 6(A)” is assumed to possess
property Sy, we conclude that ®(T)A?_, € De®O(A)".

On the other hand, ®(T)A\!_, € A ><Ig}; G. By Lemma 4.2, ®(T)A\!_, =
7% (ay) for some a; € 0(A)”, and hence ®(T) = 7% (a;))N\]. Writing Fi(a) =
at, we have ®(T) = 7(F(a)))A\l. The map F} is linear and completely
bounded since @ is so.

(ii)=(i) For t € G and a € 6(A)", we have

(5,7 (@)A))) = u(t)®(7°(a)Af) = u(t)7’ (Fy(a) N = S5(2(7°(a)A7)).

The commutation relations now follow by linearity and weak* continuity. [
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5. TWO CLASSES OF MULTIPLIERS

In this section, we describe two special classes of Herz-Schur multipliers
and relate them to maps that have been studied previously.

5.1. Multipliers from the Haagerup tensor product. Multipliers of
the type studied in this subsection have been considered in the case of a
discrete group in [2]. Let A be a separable non-degenerate C*-subalgebra
of B(H), where H is a separable Hilbert space, and C(A) be the col-
umn operator space over A; thus, the elements of C(A) are the sequences
(a;)ien € A such that the series Y .o, afa; converges in norm. Recall [4]
that the Haagerup tensor product A ®y, A consists, by definition, of all sums
u = Y2, b ®a;, where (a;)ien, (b))ien € Coo(A4). Let B : X — Cxo(A)
and v : Y — Cx(A) be bounded weakly measurable functions. Write
B(x) = (Bi(x))ien, z € X, and y(y) = (7i(y))ien, y € Y. It is clear that, in
particular, 5; € L>°(X, A) and 7; € L (Y, A) for each i € N.
Let g~ : X xY — A®, A be given by

(45) ©p.~(T,y) Z% )@ Bi(x), (xz,y) € X xY.

Note that A ®, A embeds canonically into CB(A); for an element u =
Y2 bi ®a; of A®y A, the corresponding map ®, : A — A is given
by ®,(a) = >.7°, bjaa;, a € A. We thus view ¢g,(z,y) as a completely
bounded map on A. It is easy to see that the partial sums of (45) define
weakly measurable functions, and since the convergence of the series is in
norm, [45, Lemma B.17] shows that the function g, is weakly measurable.
In particular, g, is pointwise measurable.

Proposition 5.1. Let §: X — Cx(A) and v : Y — Co(A) be bounded
weakly measurable functions. Then g is a Schur id-multiplier. Moreover,

(46) Spsr (T)=>_¥TBi, TeK®A,

where the series converges in norm.

Proof. First note that

I

= esSUp,cx = essup,cx || 5(x)

S 81 (@)Bila)
=1

and that a similar estimate holds for Y ;°, v;vF. It follows that the series
on the right hand side of (46) converges in norm. Let k € L2(Y x X, A),
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¢ € L*(X,H) and n € L?>(Y, H). Then

<272‘Tk5¢£,77> = /Xxy;W@/,:v)ﬂi(w)ﬁ(w),%(y)n(y)>dwdy

=1
:/ (e (2, y)(k(y, 2)€(x), n(y))dzdy
XxY
= (Tpy kM)

It follows that ¢g is a Schur A-multiplier. Identity (46) now follows by
boundedness. Since the map expressed by the right hand side of (46) is
weak™ extendible, we conclude that ¢g, is in fact a Schur id-multiplier. [

Proposition 5.2. Let f : G — Cx(A) and v : G — Cx(A) be bounded
weakly measurable functions. The following are equivalent:

(i) there exists F € &(A, G, a) such that S' coincides with the restriction
Of S@gﬁ to A Na,id G,'

(ii) for every a € A, the function pq : G x G — A given by

Zat "i(t)) acs(Bi(s)), st € G,

has the property that, for every r € G, @q(sr,tr) = pu(s,t) for almost all

(s,t).
Moreover, if (i) holds then the map S has an extension to a bounded

*
weak™ continuous map on A ><|a a G-

Proof. (i)=(ii) By Proposition 5.1, the map Sy, has a weak™ continuous
extension to a completely bounded map on B(L%(G))®A”. Since Si¢ is the
restriction of S, 5.+ 1t possesses a weak* continuous extension to a completely

bounded map on A xg’;d G.

Let a € A and s € G. Note that, if 57 € L*(G, A) is given by 57 (t) =
Bi(s7't), then NdB; = BsAld. By Corollary 3.10, for almost all s € G, we
have

71_id (Z’Y* id )\ld/BZ> )\1d Z,y* 1d c A

Therefore, if ¢ € L?(G, H) then, for almost all s, € G, we have
a1 (F(s)(a))(£(t) = (Z i (a) ) (t)

= Z% Fap-1(a)Bi(s T (E()).
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A standard argument using the separability of H now shows that, for almost
all s,t € G, we have

ay—1( Z”y, Y au-1(a)Bi(s 1),

and, since the series on the right hand side converges is norm,

(47) Zat (% (t)acu (Bi(s™ 1)) = F(s)(a),

ie. ©a(sTitt) = F(s)(a) for almost all s, € G. As the map (s,t) —
(t,s~'t) is continuous, bijective and preserves null sets in both directions,
we obtain ¢, (s,t) = F(ts~!)(a) for almost all (s,t) € G x G. Hence, for
each 1 € G, pu(sr,tr) = @q(s,t) almost everywhere on G x G.

(ii)=(1) As y(t), B(s) € Cxo(A) for all (s,t), we have that

5 (s,1)(a) = lim Z% “api(s

in norm and, in particular, ¢g (s, t)(a) € A for all a € A. Hence

arlps (s, t) ey (a Zat% Jacu(8i(s)) = @als.1):

Thus T (¢s,,)(s,t)(a) = @a(s,t) for all s,t € G. Fixr€e Gandlet S C A
be a countable dense subset. Then, for every a € S we have

T(psr)r(s,t)(a) = T(ppq)(sritr)(a) = pa(srir)
= wa(s,t) = T(ppr)(s;1)(a),
for almost all (s,t) € G x G. It follows that there exists a set E C G x G
whose complement is null, such that 7 (pg~)r(s,t)(a) = T (ps~)(s,t)(a) for
all (s,t) € Fand all a € S. Fix (s,t) € E. By the boundedness of the maps
T (¢s,4)r(s,t) and T (pg4)(s,t), we have that

T(p)r(s,t)(a) = T(ppq)(s:t)(a),
for all a € A. Thus, T(¢g)r = T(¢s,) almost everywhere, for all r €
G. By Lemma 3.17, Theorem 3.18 and Proposition 5.1, there exists F €
S(A, G, a) such that N(F) = pg, almost everywhere. O

5.2. Groupoid multipliers. In this subsection, we relate Herz-Schur mul-
tipliers to the multipliers of the Fourier algebra of a groupoid. We refer the
reader to [23] and [34] for more details on the background, which we now
recall.

Let G be a locally compact group acting on a locally compact Hausdorff
space X; thus, we are given a map X x G — X, (z,s) — zs, jointly
continuous and such that x(st) = (xzs)t for all x € X and all s,t € G.

The set G = X x G is a groupoid, where the set G2 of composable pairs is
given by G2 = {[(x1,t1), (x2,t2)] : z2 = 21t1}, and if [(21,t1), (22, t2)] € G2,



34 A. MCKEE, I. TODOROV, AND L. TUROWSKA

the product (x1,t1) - (z2,t2) is defined to be (x1,t1t2), while the inverse
(x,t)71 of (x,t) is defined to be (xt,t~'). The domain and range maps are
given by

d((z,t) == (z, ) (z,t) = (zt,e), r((z,1):= (x,t) - (z,t) "L = (z,e).

The unit space Gy of the groupoid, which is by defnition equal to the common
image of the maps d and r, can therefore be canonically identified with X.

Let A be the left Haar measure on G. The groupoid G can be equipped
with the Haar system {\* : x € X'}, where A* = 6, x A and ¢, is the point
mass at . The space C.(G) of compactly supported continuous functions
on G is a x-algebra with respect to the convolution product given by

(f*g)(a.t) = / £, 8)g(ws, s~ 1t)ds,

and the involution given by f*(z,s) = f(xs,s~1). We equip C.(G) with the

norm
17117 = max {su;@( / 145, sup / Ie |de}
TE

The completion of C,(G) with respect to this norm is denoted by L!(G), and
its enveloping C*-algebra C*(G) is called the groupoid C*-algebra of G.

Let A = Cop(X) and ay(a)(x) = a(at), t € G, x € X. Then o : t — oy is
a continuous homomorphism from G to Aut(A). Identifying C.(X x G) =
C.(G) with a subspace of C.(G, A), we see that the x-algebra structure on
C.(G, A), associated with the action « (see the beginning of Section 3),
coincides with the one on C.(G) except for the absence of the modular
function in the definition of the involution. However, the C*-algebras C*(G)
and the full crossed product A x, GG are isomorphic via the map ¢ given by
o(f)(z,s) = A7V2(s)f(x,5), f € Co(X x Q). In fact, for f,g € Co(X x G),

we have
W rg)es) = ATV xg)(es) = A7) [ fla gttt )it
while
o) % 09)(,9) = A7V2(s) [ Flast)glat,ts)ds
hence, ¢(f * g) = ¢(f) x ¢(g). In addition,
B(F) (@ 5) = AV2(s)F(ws, 57T,

while
S(f) (x,s) = ATN(s)p(f)(ws,s71) = AT ()AT2(s7) flas, s7T)
ATY2(s) f(ws, 571,
giving ¢(f)* = o(f*). By [23, p. 9], the map ¢ extends to a *-isomorphism

from C*(G) onto A X4 G
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Let p be a measure on X and v = p X A; thus, for a measurable subset
E of X x G, we have v(E) = [ AN*(E*)du(z) (for x € X, we have set E* =
ENn({z}x@)). For ameasurable subset E, set v~ 1(E) = [ AZ((E~Y)®)du(z).

Let Ind(p) be the *-representation of C.(G) on L?(G,v~1) given by

(Ind()(£)€) (. 1) = / [, 5)E(ws, s )ds, | € Cu(G).

One can check that ||Ind(u)(f)|| < || fllr [23]; hence Ind(x) can be extended
to C*(G).

If suppp = X then the map f +— My, where My is the operator of
multiplication by f on L?(X, ), is a faithful *-representation 6 of Cy(X).

The corresponding regular representation 7% x A\? of the crossed product
Axg Gon L?(G, L*(X, u)) = L*(X x G, u x \) is given by

(WON)‘Q)(f)ﬁ(a:at) = /atl(f(x7s))§(x751t)ds = /f(a:tl,s)f(x,slt)ds,

for f € C.(X x G) and ¢ € L?(X x G, x A). Let J&(w,t) = &(wt, t7h);
then J is a unitary operator from L?(G,v) to L*(G,v~!) with J~ln(z,t) =
n(xt,t=1). Let also U&(z,t) = A~V2(t)é(z,t1); thus, U is a unitary oper-
ator on L?(G,v). We have

(U~ T nd () () JUE) (2, 1) = / fatt $)e(e, s ) A2 (s)ds;

we thus see that (7% x \?) o ¢ is unitarily equivalent to Ind(u).

Let I be the intersection of the kernels of Ind(u) as u varies over the
measures of X. The quotient C*(G)/I is called the reduced C*-algebra of G
and denoted by C% ;(G). It follows from [23, Proposition 2.17] that Ind(su)
is a faithful representation of C (G) if suppp = X. Therefore C¥ (G) is
isomorphic to the reduced crossed product C*-algebra of the C*-dynamical
system (Cy(X), G, ).

A measure p on X is called quasi-invariant if the measures v and v~! are
equivalent. It is known that p is quasi-invariant if and only if the measures
p and p - s are equivalent for any s € G (here p - s(E) = u(Es™1)). If
§(-,s) is the Radon-Nikodym derivative d(u - s~1)/du and D is the Radon-
Nikodym derivative dv/dv=" then D(z,s) = A(s)/d(z,s), » € X, s € G
(see [34, Chapter I, 3.21]). In what follows we will asume that X possesses
a quasi-invariant measure p such that supp u = X.

The groupoid G equipped with such a measure p is called a measured
groupoid [34]. Next we would like to point out a connection between its
multipliers, studied in [35], and Herz-Schur (Cy(X), G, )-multipliers.

The Hilbert space L?(G,v) carries a representation Reg of C.(G) defined
by

(Reg(/)E)(z, ) = / f(. t)E(at, ) D (a, t)dt,
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and unitarily equivalent to Ind() via the unitary operator V from L?(G,v)
to L2(G, v 1) given by V& = DY/2¢. The von Neumann algebra VN(G) of G
is defined to be the bicommutant Reg(C.(G))” [35, 2.1].

The Fourier algebra A(G) of the measured groupoid G was defined in [35]
and is, similarly to the case where G is a group, a Banach algebra of complex-
valued continuous functions on G. By [35, Propsition 3.1], the operator M,
of multiplication by ¢ € L*>°(G) is a bounded linear map on A(G) if and only
if the map Reg(f) — Reg(pf), f € C:(G), is bounded. The function ¢ is in
this case called a multiplier of A(G). If the map M, is moreover completely
bounded then ¢ is called a completely bounded multiplier of A(G).

For a bounded continuous function ¢ : X x G — C and t € G, let F,(t)
be the linear map on Cy(X) given by F,(t)(a)(x) = ¢(z,t)a(z), a € Co(X),
xzeX.

Proposition 5.3. Let ¢ : X x G — C be a bounded continuous function.
Then
(i) the map F, is a 0-multiplier if and only if ¢ is a multiplier of A(G);
(it) the map Fy, is a Herz-Schur (Co(X), G, a)-multiplier if and only if ¢
is a completely bounded multiplier of A(G).

Proof. Both statements follow from the previous paragraphs, Remark 3.2
(iii), the definition of (Herz-Schur) #-multipliers and the fact that ||Reg(f)

I =
(7 x M) (S, | € Ce(@). .

The following statement gives the result of [35, Proposition 3.8] in case
G is a locally compact second countable group.

Corollary 5.4. Let 6 : G — C be a bounded continuous function and ¢ :
X x G — C be the function given by o(x,t) = 0(t). Then ¢ is a completely
bounded multiplier of A(G) if and only if § € MPA(G).

Proof. The statement follows from Proposition 5.3 and Proposition 4.1. [

The next corollary provides a new description of the completely bounded
multipliers of A(G). We write H = L*(X, j1).

Corollary 5.5. Let ¢ : X x G — C be a bounded continuous function.
Assume that ¢ is a completely bounded multiplier of A(G). Then there exist
a separable Hilbert space K and functions V,\W € L*(G,B(H, K)) such that,
for almost all s,t € G, we have that W*(t)V (s) € Dx and p(xt~1 ts™!) =
(W*(t)V (s))(x), for almost all x € X.

Proof. By Proposition 5.3, F' = F, is a Herz-Schur (Cy(X), G, o)-multiplier.
By Theorem 3.8, N(F') is a Schur Cy(X )-multiplier. We have
(48) N(F)(s,t)(a)(z) = p(at™ !, ts™ )a(z).

Hence there exist a separable Hilbert space K, a non-degenerate *-represen-
tation p : Cyp(X) — B(K) and functions V,W € L*°(G,B(H, K)) such that

plat™ ts Na(2)é(@) = WHO)p(@)V (s)6(x), a € Co(X),€ € LA(X, p).
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Taking an approximate unit (ay)nen of Co(X) in (48) and letting n — oo,
we obtain the statement. O

6. CONVOLUTION MULTIPLIERS

Throughout this section, we will assume that G is an abelian locally com-
pact group, and will write the group operations additively. Let A be a sep-
arable C*-algebra and (A, G, «) be a C*-dynamical system. For a measure
p € M(G), let oy : A — A be the completely bounded map given by
(@) = [, ar(a)dpu(r) (see [39],[41]).

Definition 6.1. A family A = (u)ieq, where uy € M(G), t € G, will
be called a convolution (A, G, «)-multiplier (or simply a convolution mul-
tiplier), if the map Fp : G — CB(A) given by Fp(t) = au,, t € G, is a
Herz-Schur (A, G, «)-multiplier.

For a convolution multiplier A = (u¢)ieq, we let [|Allm = ||Fa|lm. Since
G is assumed to be abelian, we have that oy, o a; = oy 0 o, for every r € G
and every p € M(G). It is well-known that in this case the map a, : A = A

lifts to a completely bounded map on th the crossed product; the following
proposition provides a concrete route to this fact.

Proposition 6.2. Let € M(G), py = p for everyt € G, and A = (i) ieq-
Then A is a convolution multiplier and | Allm < |||

Proof. Note that w(a(a)) = A\pm(a)A;, r € G. Set F'= Fy. If a € A then

7(F(s)(a)) = () = /G (o (0))dpu(r) = /G A (@) Xidp(r).

A straightforward calculation now shows that if f € L'(G, A) then

Se((m 1 () = [ A ( / W(f(S))Asds> Nidu(r).

The claims follow from the fact that the mapping T +— [ A\, TAxdu(r) is
a completely bounded map on B(L?(G, H)) with completely bounded norm
dominated by ||u| (see [39]). O

In this section, we will be concerned with a special class of convolution
multipliers, which we now define. Let I" be the dual group of G. The C*-
algebra C*(T") of I' is canonically *-isomorphic to its reduced C*-algebra
C*(T) (see e.g. [29, Theorem 7.3.9]). We let 6 : C*(I') — B(L?*(T)) be the
associated (faithful) *-representation. An element s € G will be viewed as
a character (and, in particular, a unimodular function) on I'. For s € G, let
as : AU(LYT)) — AT(LY(T)) be the map given by

as(A'(f)) = A'(sf), fe L)
Note that, if f € LY(T), s € G and z € T, then
(49) as(A"(f)) = MAT(f) M.
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Thus, ay extends canonically to an automorphism of C(I'). By abuse of
notation, we consider a; as an automorphism of C*(I"); thus, (C*(T'), G, «) is
a C*-dynamical system. By (49), « is a #-action. Moreover, by [29, Theorem
7.7.7], C*(T') x4 G is *-isomorphic to the C*-subalgebra C*(I') x4 G of
B(L*(G x T)).

Given a bounded measurable function ¢ : G x I' — C and t € G (resp.
x € I'), let the function ¢ : I' — C (resp. ¥* : G — C) given by ¢4(y) =
P(t,y) (resp. P*(s) = ¢¥(s,x)). We call ¢ admissible if ¢, € B(I') for
every t € G and supy |[¢¢||pr) < co. Assuming that ¢ is admissible, let
Fy(t) : Cx(I') — C¥(T") be the map given by

Fy(t)(N'(9)) = AT (tug), g € LN(D).
By abuse of notation, we consider Fy(t) as a map on C*(I"). Set
§(G)={Y:GxT — C : ¢ is admissible and
Fy is a Herz-Schur (C*(T"), G, o)-multiplier}
and

5o(G) ={¢: G xT — C : 1 is admissible and
Fy is a Herz-Schur #-multiplier}.

Clearly, the space §(G) is an algebra with respect to the operations of point-
wise addition and multiplication, and §y(G) is a subalgebra of §(G). For
Y € §(G), let [[¢]|m = [|[Fy|lm, and use Sy, to denote the map Sk, .

For 1€ M(G), set ji(x) = [,(x,s)du(s), z € T.

Proposition 6.3. Let ¢ : G x I' — C be an admissible function. The
following are equivalent:

(i) ¢ €F(G);

(ii) for each t € G, there exists uy € M(G) such that ¥(t,z) = fiu(x), t €
G, x € T, and the family (ut)iec s a convolution (C*(T), G, a)-multiplier.

Proof. Note that, if 4 € M(G) and g € L*(T) then
(50) 0, (M (9)) = / 0 (N (9))dpu(r) = /G ( /G <s,r>g<s>A£ds) du(r)

— [ (s)g(s)NEds = X Gig).
G

(i)=-(ii) If 4 is admissible then, for every ¢t € G, 1y € B(I') and hence,
by Bochner’s theorem, there exists puy € M(G) such that ¢, = fi; (see e.g.
[37, Section I]). It follows from (50) that the family (u):cq is a convolution
multiplier.

(ii)= (i) By (50), Fy(t) = ay,. The claim now follows from the definition
of a convolution multiplier. U

For a family A = (u)te of measures in M(G), let Yo : G xI' = C be
the function given by ¢ (¢, x) = jis(z). Call A admissible if the function p
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is admissible. By Proposition 6.3, an admissible family of measures A is a
Herz-Schur (C*(I"), G, a)-multiplier if and only if ¢p € F(G). By abuse of
terminology, we will hence call the elements of §(G) convolution multipliers.

Corollary 6.4. Let g € L°(T") and let ¢ : G xT' — C be given by ¥(s,x) =
g(z), s € G, x € I'. The following are equivalent:

(i) ¥ €3F(G);

(ii) g € B(T).
Moreover, if (i) holds then ¢ € Fo(G).

Proof. The equivalence of (i) and (ii) follows from Propositions 6.2 and
6.3. Suppose that g € B(I'). Then the map on C;(I') corresponding to
g via classical transference has a (completely bounded) weak* continuous
extension ®, : VN(I') — VN(I'). Thus, the restriction of the map ®, ® id
to C*(I) Ngfg G is a weak™ continuous extension of Sgﬁqﬂ. By Remark 3.11,
Fy is a Herz-Schur -multiplier. O

It will be convenient, in the sequel, to denote by S, the map Sy, where
1 and g are as in Corollary 6.4.

The rest of the paper will be devoted to properties of the spaces §F(G) and
§o(G). In the next theorem, we identify an elementary tensor u ® h, where
u € B(G) and h € B(T"), with the function (s,z) = u(s)h(x), s € G, z € T.
Let §(B(G), B(I")) be the complex vector space of all separately continuous
functions ¢ : G x I' — C such that, for every s € G (resp. = € I'), the
function ¢4 : I' — C (resp. ¢* : G — C) belongs to B(I") (resp. B(G)).

Theorem 6.5. (i) The inclusions
B(G) © B(I) € 3»(G) € F(B(G), B(I'))

hold.

(i) Suppose that 1 € Fo(G). Then [[¢¥*| ) < [¥llm for every x € T
and <] p(ry < [[6]lm for cvery s € G.

(iii) Let ¢ : G x I' — C be an admissible function, such that the function
G — B(T'), sending s to v, is continuous. Suppose that (Vr)ren € F(G),
suppen |Ykllm < 0o and vy, — ¢ pointwise. Then ¢ € F(G).

Proof. (i) The first inclusion follows from Proposition 4.1 and Corollary 6.4.
Let ¢ € §p(G) and fix + € I'. The map ¥y, corresponding to vy via

classical transference satisfies the identities W, (AD) = (2)AL, = € T.
Thus

YA (A)A) = 7 (v
= ¢s(2)7 ()AL = T (M) (W7 ()AT ® ).

On the other hand,
)N =7 (M)A @ 1),
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It follows that the map

A = ()M
is bounded, and hence 9" is a Herz-Schur multiplier giving ¢ € B(G). The
fact that ¢s € B(I") for every s € G is implicit in the definition of the space
3(G).

(ii) The inequalities ||1)*| gy < [[%[lm, € T', follow from the proof of
(i). The inequalities |[vs|pr) < [|%]lm, s € G, follow from Corollary 3.12
and the fact that [|vs] gy = | Fy(8)len, s € G.

(iii) Suppose that ||{x||m < C for every k € N. Then it follows from (27)
that | Fy, (5)] < [ Fyyllm = [9xllm for almost all 5 € T. As [|Fy, (s)]] =
1(t)sll 51y we obtain [delloe < 1t ]lm < C.

Let &,n € L?(G x ') and f € LY(G,C.(T')). A direct verification shows
that

(S8, (7 < XY ()€ m) = (7 % ) (@ f)E,m)

:t/wwmﬁwvmwaw%w—wMamwwmw.
On the other hand,

(& 2yt 9) (L y)E(s =tz —y)n(s, z)| < Clf(E9)l1E(s — 82 = y)lIn(s, )],

and the L'-norm of the latter function is equal to C(|f| * |¢[,|n]). By the
Lebesgue Dominated Convergence Theorem,

(51) (S5, (7 x XY (g ) = (7% x X)W )E, ).

Now let f;; € LY(G,C.(T)), 4,5 = 1,...,m. By (51), the operator matrix
(Sgk((wg x A%)(£)))i; converges weakly to (7% x A\?)(1f)); ;. The fact that

the map s — 15 is continuous implies that 1) is weakly measurable. Since
”Sfﬁkch < C for all k, we conclude that ¢ € F(G) and that ||¢]|lm < C. O

In view of Theorem 6.5, it is natural to ask the following question.

Question 6.6. Can §y(G) be characterised as a topological closure of B(G)®
B(T)?

Let CB,+(C*(I') 14,9 G) be the space of all completely bounded maps on
C*(T') Xq,0 G which admit a weak™ continuous extension to C*(I") Ng’;) G.
Set

S={5Y v eF(G)}.
As usual, if J is a family of linear transformations acting on a vector

space, we denote by J' its commutant. We recall that, for g € B(T'), we let
Sg denote the map on C}(I") given by Sg()\r(f)) = \(gf), f € LY(T).

Theorem 6.7. We have
(52) S = CBy+(C*(T) X0 G)N{SY,5% :u € B(G),v € BT)Y}.
In particular, S is a mazimal abelian subalgebra of C By (C*(I') 4,9 G).
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Proof. Note that S is a commutative subalgebra of CB,«(C*(I') X0 G)
and, by Theorem 6.5 (i), contains the maps of the form S? and SY, where
u € B(G) and v € B(I"). It follows that it is contained in the commutant
on the right hand side of (52).

Let A = C*(I"). To establish the reverse inclusion, suppose that ¢ €
C By (C*(T) Mo G) commutes with the operators of the form SY and SY,
where u € B(G) and v € B(I'). Since G is abelian, VN(G) possesses prop-
erty S, (see e.g. [19, Theorem 1.9]). By Theorem 4.3, for each t € G, there
exists a completely bounded map F; : VN(I') — VN(T') such that

o(7’(a)A]) = 7°(Fi(a))N], a€ VN(T).

If ve B(T), f € LY(T) and a = A'(f) then

T (B (A (M)A = (S0(7°(a)A) = SR (7% (a)A])) = 7° (vF (AT ()AL,
Thus, F;(AF(vf)) = th()\F(f)) for each v € B(T'). Let F; be the restriction
of Fy to C7(I'). Then Fy is a map from VN(I')* to B(I'). In particular,
Fr(A(T) € B(T') and Fy'(vu) = vFy(u) for any u € A(I') and v € B(T'). It
follows that F}*(u) = ¢u for some function ¢, : I' — C. As ¢yu € B(I") for
all u € A(T'), by [37, Theorem 3.8.1], ¢y € B(I'). Hence, for u € A(T"), we
have

(FAT(F) w) = (), F () = AT(S), ) = (AT (W), )

and Fy(A'(f)) = AU (¢ f). The proof is complete. O

Our next aim is to identify the joint commutant of two families of com-
pletely bounded maps on K(L?(G)), in terms of multipliers of Herz-Schur
type. Recall that, for a € L°(G), we denote by M, the operator on L?(G)
given by M, f = af, f € L*(G), and set

C={M,:ac Cy(G)}.

We let id be the identity representation of C. For ¢t € G, let §; : Cp(G) —

Co(@) be given by Bi(h)(s) = h(s —t), h € Co(G). By abuse of notation,
we denote by 3; the corresponding map on the C*-algebra C. Note that

(53) Bi(T) = \{TX, Tec,
and that (C,G, ) is a C*-dynamical system. Note also that
(54) Bu(Ma) = M,u*a, W e M(G),CL S LOO(G).

Note that C x4 G is a C*-subalgebra of B(L?(G x G)).
Let F : L?(G) — L?(') be the Fourier transform, so that F¢(x) =
Jo(x. 8)E(s)ds, & € L'(G) N L*(G), x € T'. Then

(55)  F*MF =X and FA(f)F =M;, teG,felL\D)

where f : G — C is the function given by f(t) = Jp (t,x) f(z)dx. In partic-
ular, F7*C}(I')F = C. Moreover, if f € L*(T') then

(56) Froy(\'(f)F = BU(FAL(f)F),



42 A. MCKEE, I. TODOROV, AND L. TUROWSKA

giving

Fray(T)F = B(F*TF), TeC:HD),ted.
Let F = I®F*; thus, F is a unitary operator from L?(G'xT) onto L*(G x Q).
It is well-known that

]}(C*(F) >4a79 G)]}* =C N,B,id G.

Let A = (ut)teq be a family of measures in M (G), such that the function
Yp is in F(G). Then 9, gives rise to a Herz-Schur (C, G, 8)-multiplier given
by

(M)A = T(F N (9)F)N\i = w(F*Fy, A (9)) F)N = 1( M) M-

This observation was our motivation for the chosen terminology for con-
volution multipliers. Note that the convolution multipliers are of different
nature than Herz-Schur (C, G, §)-multipliers considered in Section 5.2.

The pair (id, A\%) is a covariant representation of (C, G, 3) (see (53)); in
addition, id x A% is a faithful representation of Cx5G on L?(G) and its image
coincides with the algebra IC(L?(G)) of all compact operators on L?(G) (see
[36] and [45]).

For ¢ € F(G), let & : K(L*(G)) — K(L*(G)) be the (completely
bounded) map given by

Ep((id xAC)(FTF*)) = (id xAC)(FSI(T)F*), T €C*(T) xa0 G-

We extend &, to a weak* continuous map on B(L?*(G)), denoted in the same
fashion. For r € G, let p& € B(L?*(G)) be the corresponding right regular
unitary on L2(G), that is, p¥f(s) = f(s + 1), s,7 € G, f € L*(G). For a
measure p € M(G), consider the map O(u) € CB(B(L?*(G)), given by

(57) OT) = [ pTyC.du(r), T € BIAG))
It is easy to see that
(58) O(u)(Ma) = Mya = Mpsa, a € L7(G),

where (p-a)(s) = [5a(s + r)du(r) and fi is the measure on G given by
A(E) = u(—E). Note that ©(p) is a VN(G)-bimodule map and leaves D¢
invariant.

Recall that, for every u € B(G), the function N(u) given by N (u)(s,t) =
u(t—s), is a Schur multiplier [5] (see also Remark 3.9). Thus, the correspond-
ing map ¥, : B(L*(G)) — B(L?(G)) is a completely bounded Dg-bimodule
map that leaves VN(G) invariant.

Proposition 6.8. Suppose that ;n € M(G) andu € B(G). Let 1, and 1), be
the elements of F(G) given by Y, (s,x) = ji(x) and Pyu(s,x) = u(s), s € G,
xzel'. Then

(i) €, = O(f), and

(it) Ep, = Yy
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Proof. Let f € C.(G,C.(T')) be given by f(s) = fo(s)g, for a certain g €
C.(T") and a certain fy € C.(G). Let i : Co(G,Cc(I")) = C*(I') X9 G be
the embedding map given by

i(h)E(t) = /Ga_t(AF(h(s)))Agg(t)ds, £€ LG xT),heC.(GxT).

We have
i(f)E(t) = /G oo\ (9)) fo(s)M0E (1) ds
and, by (55) and (56),

Fi()Fet) = / Fra oA () F fols)\E()ds
(59) - / B (F (T () F) fols)AE(t)ds

=/5 Ne(t)ds

Let T,T),, : G — C be the maps given by T(s) = My, (s, and T,(s) =
My, (s)urg> s € G; clearly, T, T), € LY(G,C). Let j : LY(G,C) = C xgid G be
the canonical injection. By (59), Fi(f)F* = j(T) and Fi(,f)F* = j(T,.).

(i) Note that

S5, @() = i(Wuf) = i(fo® (ig))-
We have
Ep (MgA(fo)) = Ep, ((1d XYY (H(T))) = Ep, ((id xX7)(Fi(f)F))
= (dx\9)(FSy, () F > (id xA) (Fi(fo @ ig) F*)

= (id%AY)(§(T) = Mg\ (fo)-
By (58) and the modularity of ©(u) over VN(G) we now have

€4, (MaX% (f0)) = Myug\° (fo) = M gA (fo) = () (MzA% (o))
Since the operators of the form M;A%(fy) span a dense subspace of K(L%(G)),
it follows that &y, = O(f1).

(i) Similarly to (i), we have
€y (MgX% (fo)) = (id xAY) (Fi(ufo @ g)F") = MgA (ufo).

Since, by [15], AG(ufy) = ¥ ()\G( 0)), and ¥, is a C—blmodule map, we
obtain that &y, (MzA%(fo)) = Wu((MzA%(fo)). The statement now follows

by the density of the linear span of the operators of the form Mg)\G( fo) in
K(L*(@)). O

Definition 6.9. Let (0,7) be a covariant representation of the dynamical
system (A,G,a). We say that F' : G — CB(A) is a Herz-Schur (0,7)-
multiplier if the map

O(a)ts — O(F(s)(a)ts, s€ G, a€ A
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can be extended to a weak*-continuous completely bounded map on the weak™
closed hull of (0 X T)(A x4 G).

Let §iq.1¢(G) be the set of admissible functions 1) : G x I' — C such that
the corresponding Fy : G — CB(C) is a Herz-Schur (id, \%)-multiplier for
the dynamical system (C, G, f3).

Theorem 6.10. Let & = {&y : ¢ € Figrc(G)}. Then
£ = CBIK(L2(G))) N {O(u), W < j € M(G),u € B(G))'
In particular, £ is a mazimal abelian subalgebra of CB(K(L*(G)).

Proof. The fact that £ is contained in the right hand side follows from the
fact that £ is a commutative subalgebra of C B(KC(L*(G))) and, by Proposi-
tion 6.8, contains the maps O(u) and ¥,,, where v € B(G) and p € M(G).

To prove the reverse inclusion, we modify the arguments in the proof of
Theorem 4.3. Let ® € CB(K) commute with ¥,, and ©(u), for all p € M(G)
and all v € B(G). The map ® has a unique extension to a weak™ continuous
completely bounded map on B(L?(G)), which will be denoted by the same
symbol. Let t € G, a € L®(G) and T = M ). Set

J={ue B(G) :u(t) =1}.
Then for u € J we have
Uy (MDA = u(t) M AE = M AE.
As oV, = ¥, P, we obtain
Uy (®(T)) = &(T).

By [1] and the remark before Theorem 4.3, we conclude that ®(T)\%, € Dg.
Therefore, there exists a; € L>(G) such that ®(M\) = My, A, Let
Fi(a) = at, t € G. Then F} is a linear map on Dg. Since @ is completely
bounded and weak* continuous, F} is so, too.

Since ® commutes with O(u), u € M(G), we have

CI’(Mwa)\?) = MwFt(a))‘?’

giving Fy(p - a) = p - Fy(a). The map F; is the adjoint of a bounded linear
map U, : LY(G) — LY(G) such that Wy(u* f) = p* Uy(f), p € M(G),
f € LY(G). By [37, 3.8.4], there exists v; € M(G) such that Fi(a) = v; * a,
a € L>(G). Let (t,z) = in(x), t € G, v € T. Then ¢ € Figq \¢(G) and @ is
the weak™ extension of &. O

Remark 6.11. Assume G is arbitrary and let 58, : C — C be given by
Bi(Ma) = AFMAZ,. Then (C,G,pB) is a C*-dynamical system. For a
measure 1 we consider the map O(u) € CB(L?(G)) given by (57). We have
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O(u)(C) C C. Moreover, for each r € G we have (3, 0 O(u) = O(u) o B,
50001 = A7 ([ o90usdu(s)) A%
G

= /GpSG)\SMa)\flpsld,u,(S) = @(M)(ﬁr(Ma))'

Hence ©(pu) gives rise to a completely bounded map on C xg, G, i.e. the
function F, given by F(t)(M,) = O(u)(M,), is a Herz-Schur (C,G, S)-
multiplier. For A = {p;}iec we let Fa(t)(M,) = O(ue)(M,). The class of
Herz-Schur multipliers F includes the convolution multipliers examined in
the present section, whose study will be pursued elsewhere.
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Note. After the completion of the paper, two preprints have appeared that
have made essential use of the notions and results of the present work: in
[21], Herz-Schur multipliers were used to characterise the weak amenability
of crossed products, while in [22], they were utilised to provide characteri-
sations of nuclearity and the Haagerup property.
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