QUEEN’S

UNIVERSITY
BELFAST

ESTP1845

Local form-subordination condition and Riesz basisness of root
systems

Mityagin, B., & Siegl, P. (2019). Local form-subordination condition and Riesz basisness of root systems. Journal
d'Analyse Mathématique. Advance online publication. https://doi.org/10.1007/s11854-019-0053-3

Published in:
Journal d'Analyse Mathématique

Document Version:
Peer reviewed version

Queen's University Belfast - Research Portal:
Link to publication record in Queen's University Belfast Research Portal

Publisher rights
© 2017 Hebrew University Magnes Press.
This work is made available online in accordance with the publisher’s policies. Please refer to any applicable terms of use of the publisher.

General rights

Copyright for the publications made accessible via the Queen's University Belfast Research Portal is retained by the author(s) and / or other
copyright owners and it is a condition of accessing these publications that users recognise and abide by the legal requirements associated
with these rights.

Take down policy

The Research Portal is Queen's institutional repository that provides access to Queen's research output. Every effort has been made to
ensure that content in the Research Portal does not infringe any person's rights, or applicable UK laws. If you discover content in the
Research Portal that you believe breaches copyright or violates any law, please contact openaccess@qub.ac.uk.

Open Access
This research has been made openly available by Queen's academics and its Open Research team. We would love to hear how access to
this research benefits you. — Share your feedback with us: http://go.qub.ac.uk/oa-feedback

Download date:13. Mar. 2024


https://doi.org/10.1007/s11854-019-0053-3
https://pure.qub.ac.uk/en/publications/63eaa2a9-2212-4e6c-abf7-25d61e18b5ea

LOCAL FORM-SUBORDINATION CONDITION AND RIESZ
BASISNESS OF ROOT SYSTEMS

BORIS MITYAGIN AND PETR SIEGL

In memory of our colleague and friend Michael Solomyak.

ABSTRACT. We exploit the so called form-local subordination in the analysis
of non-symmetric perturbations of unbounded self-adjoint operators with iso-
lated simple positive eigenvalues. If the appropriate condition relating the size
of gaps between the unperturbed eigenvalues and the strength of perturbation,
measured by the form-local subordination, is satisfied, the root system of the
perturbed operator contains a Riesz basis and usual asymptotic formulas for
perturbed eigenvalues and eigenvectors hold. The power of the abstract per-
turbation results is demonstrated particularly on Schrédinger operators with
possibly unbounded or singular complex potential perturbations.

1. INTRODUCTION

Let T be a Schrodinger operator in L?(IR)

T —%4—@(3:)4—1/(90) (1.1)

where @ is a sufficiently regular real single-well potential behaving as |z|?, 8 > 1,
at infinity and V' is a complez, possibly unbounded or singular, perturbation. The
spectrum of 7' is discrete under mild restrictions on V', guaranteeing basically that
V is indeed a “small” perturbation of the self-adjoint operator
d2

A= —@4—@(3:). (1.2)
However, it is quite unclear under which conditions on V the eigensystem of T
shares the good properties of the eigenfunctions of A, forming an orthonormal
basis of L?(IR). More specifically, for which V does the eigensystem of T' contain a
Riesz basis?

Notice that the Riesz basisness of eigensystem is particularly strongly linked with
the spectral stability /instability (pseudospectra/resolvent norm far from spectrum)
of the spectrum of T'. The spectral instability is well-known to occur for Schrodinger
operators with complex potentials like the rotated oscillator of Davies

d2
da?
for which the eigensystem does not contain even a basis. Such results are obtained
in several works and are typically based on the norm estimates of the resolvent
(pseudospectra) or eigenprojections, see e.g. [5, 6, 7, 18, 19, 20, 36, 23]. Nonetheless,

+i2?, (1.3)

Date: 14th March 2017.

2010 Mathematics Subject Classification. 47Ab5, 47TA70, 34110, 34L40.

Key words and phrases. non-self-adjoint operators, Riesz basis, Schrodinger operators with
complex and singular potentials.

We acknowledge the support of the University of Bern (B.M., October-November 2015) and
the Ohio State University (P.S., May 2016) for our visits there. The research of P.S. is supported
by the Swiss National Science Foundation Ambizione grant No. PZ00P2_154786.

1



2 BORIS MITYAGIN AND PETR SIEGL

by proving the unboundedness the eigenprojection norms in [30], one shows that
the eigensystem for the shifted oscillator

2

d
*@ +.Z‘2+iSC, (14)

contains no basis also; moreover, let us notice that Q(z) = x* clearly dominates
the imaginary perturbation V(z) = iz. On the other hand, it was showed in [29]
that the eigensystem of

2

2

d
*@ +Z2+15($), (15)

does contain a Riesz basis; the latter holds also for an infinite number of §’s, namely
for Y, cp vid(x — ay) with v € (1(Z) and {z} C R, see [29, 26, 27, 28, 30]. The
perturbations in (1.4) and (1.5) seem to be of a different nature, nevertheless, their
strength is the same if described in classical terms of relative boundedness or p-
subordination; see e.g. [22, 24, 21] for these notions. More specifically, when viewed
in the sense of quadratic forms,

bi[v)] = bia Y] = i/Rwlib(l’)Ile’» ba[W] = bis(w [W] = il9(0)[, (1.6)

both b; and b are p-subordinated with p = 1/2 to the form a + 1, associated with
the self-adjoint harmonic oscillator (with an inessential shift by 1). Namely, there
is C' > 0 such that, for all ¥ € Dom(a) = {¢p € WL2(R) : z(x) € L*(R)},

B[]l < Clalg] + [WIP)P 0P, i=1,2, p= (1.7)

5 )
where

ali] = /|2 + / 22[ib(x)[? da. (18)

These two examples clearly show that the classical sufficient conditions for the Riesz
basisness of the eigensystem based on p-subordination, see e.g. [12, Thm.XIX.2.7]
or [24, Thm.6.12], cannot provide satisfactory answers for (1.1).

The goal of this paper is to analyze deeper the perturbation problems, both
on the abstract level and on concrete example (1.1). Our approach is based on a
condition that measures the strength of the perturbation in a more subtle way than
the ordinary p-subordination. In detail, we work in the following setting.

Let A be a self-adjoint operator with compact resolvent in a separable Hilbert
space H. Let the eigenvalues {u }ren of A be positive, eventually simple and satisfy

Ay = e, |r] =1,

1.9
3,7>0a HH>O7 dNy >0, Vk/’ZN07 Hi+1 — Mk Zﬁk’y_l; ( )

by {ur} we denote normalized eigenvectors of A related to {ux}. The key as-
sumption on the form b, representing the perturbation, is the so-called local form-
subordination condition
M,

moene’

The main abstract result, Theorem 3.4, states that if conditions (1.9) and (1.10)
are satisfied, then the eigensystem of the perturbed operator T' contains a Riesz
basis of H; the operator T is defined via the form sum a + b, where is a associated
with A. (For details on the definition of T', see Section 2; for the completeness of
the eigensystem of T' in H, see Proposition 2.1). Moreover, the eigenvalues of T
are eventually simple, the usual asymptotic formulas for the corrections of {uy}
and {¢r} hold and remainder estimates, expressed in terms of o and =, are given,
see Theorem 3.2.

JaeR, 2a+v>1, IM, >0, Ym,neN, |b(thm, )| < (1.10)
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The applicability of conditions (1.9) and (1.10) is demonstrated on Schrédinger
operator T from (1.1) viewed as a perturbation of the self-adjoint A from (1.2).
The condition (1.9) is satisfied for this A with v = 25/(8 + 2), see Proposition 6.1.
On the other hand, for § > 2, the form b generated by the potential V' satisfies the
condition (1.10) if e.g. V. =V; + V5 + V3 + V; where

Je>0, |22 T Vi(a) € LO(R),
dpe(l,00), VaeLP(R),

-1
—”325 ) Vs e WTR(R), (1.11)

) € £4Z), FHax} CR, Vi=> wd(z—ax),
kEZ

ds € [0,

see Theorems 6.4, 6.9 and Corollaries 6.5, 6.10 for precise statements (with 5 < 2
allowed). Moreover, for V € L'(R) with a controlled decay at infinity, see Theo-
rem 6.6, we prove that the first corrections of py, read (with the precisely determined
constant Cg)

AD :an_ﬁ/V(x) d;v—&—o(n_ﬁ) , N — o0. (1.12)
R

Although our main motivation are Schrodinger operators T' from (1.1), the ab-
stract results are applicable to other problems. In particular, see Section 5.2 for
infinite finite band matrices and Section 5.3 for perturbations of —d? /dz? on a finite
interval with Neumann boundary conditions. For the latter, some classical results,
e.g. the Riesz basisness of the eigensystem for the separated boundary conditions,
see [12, Chap.XIX.3], follow immediately when formulated in our setting. The ef-
ficiency of our approach can be further illustrated on that the amount of effort
needed to prove the Riesz basisness for —d?/dz? from above perturbed e.g. by the
infinite number of complex J-interactions (which can hardly be treated by ODE
methods) is basically the same as when perturbing by a bounded potential; see
Section 5.3. As —d?/dax? on (—1,1) with Dirichlet boundary conditions is a limit
of A from (1.2) with Q(z) = |z|? for 8 — 400, it is not surprising that by taking
formally 8 = +o0 in the formulas, e.g. (1.12), and conditions derived for A with
B € (1,00), we recover those for the limit —d?/dz? on (—1,1), see Remark 6.7.

Regarding the relations to previous works, the special version of condition (1.10)
with v = 1 was introduced in [29]; the relation to the operator version of (1.10)
used in [2, 3, 34, 35] is discussed in [29] as well. Comparing to previous papers, we
allow here a faster condensation of {ux} at infinity, namely pug ~ k7 with v > 0
is possible, ¢f. [3] with the restriction v > 1/2. At the same time, the proof
on the main abstract Theorem 3.4 on the Riesz basisness is simplified by using
only the equivalent condition for a Riesz basis, see [16, Thm.VI1.2.1], together with
the Schur test for infinite matrices, see e.g. [33], [17, Thm.5.2]; thereby we avoid
the Kato’s lemma on projections [21, Thm.V.4.17a] used in [2, 3, 29]. Moreover,
condition (1.10) is sharp in the sense that it cannot be weakened to 2a+y = 1, see
Section 5.1. As for Schrédinger operators T, the form-local subordination allows
for treating more singular potentials (in LP with 1 < p < 2) than in [3] and also
the distributional ones. The asymptotic formula for the first eigenvalue correction,
see (1.12) or (6.74), should be compared with precise two terms asymptotics of
eigenvalues in [27, 28, 30] for the harmonic oscillator (Q(x) = z?) perturbed by
d-interactions (instead of L'-potentials).

The paper is organized as follows. In Section 2 we recall the definition of the
perturbed operator T based on the form sum. Moreover, using the classical per-
turbation theory, we derive basic properties of T, in particular the completeness
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of its eigensystem. Main abstract results, Riesz basisness, asymptotic formulas for
eigenvalues and eigenvectors, are stated and proved in Section 3. In Section 4, we
prove several technical lemmas used in the proofs in Section 3. Section 5 consists
of several examples, showing the optimality of our assumptions and applicability
of the main theorems in simpler examples. Finally, Section 6 is devoted to the
analysis of the Schédinger operators (1.1).

2. PRELIMINARIES

The definition of the (abstract) perturbed operator T is based on representation
and perturbations theorems from [21, Sec.VI]. Let A be a self-adjoint operator
satisfying (1.9) and b be a form satisfying (1.10). The operator A is associated
with the form

alf] = a(f. f) = |A% f|?, Dom(a) = Dom(A%), (2.1)

see [21, Thm.VI.2.23] for the second representation theorem. We show below that
the form ¢ := a + b is sectorial and closed. Thus, using the first representation
theorem, see [21, Thm.VI.2.1], t is associated with the unique m-sectorial operator
T, which is our perturbed operator. In particular, Schrédinger operator T from
(1.1) with V € LL (R) is obtained by choosing A as in (1.2) and b as the form by
generated by V', see (6.68); for the distributional potentials see (6.93).

To show that ¢ is sectorial and closed, notice that when condition (1.10) is

satisfied, the form b is p-subordinated to a with some p = p(a,7) € [0, 1),
Vf € Dom(a), [B[f]| < C(a[f)?|FI?*P; (2.2)

see Lemma 4.2 for details. Hence b is relatively bounded with respect to a with the
bound 0 in particular, i.e.

Ve >0, 3C. > 0, Vf € Dom(a), BlJ]| <ealfl+CefIP  (23)

Thus the form ¢ = a + b is indeed sectorial and closed and it determines uniquely
the m-sectorial operator T' with compact resolvent, see [21, Thm.VI.3.4]. Moreover,
the norm of the resolvent of T' decays along every ray except RT, namely,

. Wy _ =1 — Q.
e (0.2r),  lim (¢ —T)} =0; (2.4)
the proof is based on the relative boundedness with the bound 0 and
1

1= < G Somm))

: (2.5)

where Num(T") denotes the numerical range of T, see [21, Thm.V.3.2].
The operator T' can be also described as follows. We introduce the operators

_1
K(2)f =) (2= m) 2 {fiu)vn, =€ p(A), (2.6)
keN
where, for 0 # w € C and s € R, the s-power of w is taken as w® := |w|*ei¥ar8 W
with —7 < argw < 7. Notice that
K(2)?=(z- A7 zepA). (2.7)

Then the operator T reads
T = A3 (I — B(0))Az, (2.8)
where B(z), z € p(A), is the operator uniquely determined by the bounded form
b(K(z), K(2)*). (2.9)
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In more detail, B(z) is determined from the relation (B(z) f, g) = b(K(2) f, (K(z)*g)
for all f,g € H. For all z € p(A), we have
z2—T=K(2)""I - B(2)K(2)™* (2.10)
and this relation yields a suitable factorization of the resolvent of T', namely
(z—=T)"' = K(2)(I — B(2))"'K(2), (2.11)

provided I—B(z) is invertible and z € p(A); see also [4, Lemma 1], [21, Chap.VI.3.1].
Points z for which I — B(z) is invertible certainly exist since we get straightfor-
wardly from (2.3) and (2.7) that

Ve >0, 3C. >0, V2<0, ||B(z)|<e+ IC;I (2.12)

Thus |B(#)]| < 1if z < 0 and |#| is sufficiently large, hence I — B(z) is invertible
for such z’s.
The inequality (1.9) implies that, for sufficiently large k, we have

de >0, Jkg € N, Vk > kg, Wi = Ck’y, (213)

see Lemma 4.1 for details. Thus for all z € p(A), K(z) is in the Schatten class Sa,
with any r satisfying 7y > 1. The factorization (2.11) and the fact that (I —B(z))~*
is bounded for some z < 0 implies that

1
Vz e p(T), Vr > o (z—T)"'es,. (2.14)

Combining (2.14), (2.4) and [12, Cor.X1.9.31], we obtain the following.

Proposition 2.1. Let conditions (1.9), (1.10) hold and let T be as in (2.8). Then
the eigensystem of T is complete in H.

Finally, we remark that 7™, the adjoint of T', is the operator associated with the
adjoint form t* = a+ b*, see [21, Chap.VI.1.1] and [21, Thm.VI.2.5]. We have from
the definition of the adjoint form and (1.10) that

_ M,

So the analogues of results derived for T' under assumptions (1.9) and (1.10) are
valid also for 7%, in particular, the eigensystem of T is complete.

(2.15)

mene’

3. ABSTRACT PERTURBATION RESULTS
3.1. Localization of eigenvalues of 7. For N € N and h > 0, we define sets

Iy = Io(N, h) ::{zEC:—h<Rez<uN+gN7*1,\Imz|<h},
K _ Koo Koo
Iy := {ZG(C:,uk—g(k—l)V 1<Rez<uk+§k”’ 1,\Imz\<§k“’ 1}, (3.1)
M= | JI, To:=0I, Ty:=0l keN.
keN

Proposition 3.1. Let conditions (1.9), (1.10) hold and let T be as in (2.8). Then
there exist N > Ny and h > 0 such that

o(T) = o, (T) C o(N,h) U | J Iy, (3.2)
k>N
where Iy are as in (3.1). Moreover, with these N and h, Riesz projections

1
Sy =

27 Jp,

1
(z—=T)"'dz, P,:=-— [ (z—=T)"'dz, n> N, (3.3)

2mi T
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are well-defined and
rank Sy = N, rank P, =1, n > N. (3.4)
Proof. Our first aim is to find N and h such that (z — 7)~! is bounded for all

z ¢ Io(N, h) U (UgsnII;). With the help of the resolvent factorization (2.11), it
suffices to prove that || B(z)| < 1/2 for all such z. Let f = Y77, f;j1; € H, then

2

IB()fI12 = Z| el =35 1”;””))

bgi £ (3.5)

’fmluk — _1 J%lmg = =2

<2 (> — LI
(S ms )

From Lemma 4.4, see (4.8) for the definition of o, ,, we obtain

sup ZW O(o20,4(n)), n— oc. (3.6)

Hence, we can indeed choose N > N such that, for all z ¢ II and Rez > uy, we
have | B(2)|| < 1/2.

The next step is the estimate of || B(z)|| for Re z < —hy. Splitting the final sum
n (3.5) as in (4.20)—(4.21), we have

max{ Ny, N}~ > 1

|B(2)[] < M, ( { - o} + k:%;ﬂ k“(mﬁhl)) : (3.7)

It follows from Lemma 4.1, see also (2.13), and 2« + v > 1 that
i RN (3.8)

hNoa1 B
thus
1

h}@% ;H e =0. (3.9)

Hence there is hy > 0 such that, for all z with Rez < —hq, we have ||B(2)| < 1/2.
In the third step, we estimate || B(z)|| for z with Re z € [—ha, uy + §N?"!] and
|Im z| > ho. As in (3.7), we get the estimate

1B(2)] sm( s ! ) (3.10)

WS k2 (e — pvg1)? + B3

and conclude that

o0

> 5 ! —— = 0. (3.11)
Py /(i — pn+1)? + h3
Thus we can choose hy > 0 such that ||B(z)|| < 1/2 for all z with Re z € [—heo, un +
£NY"' and |Imz| > he.

In summary, taking h := max{hi, ha}, we have that ||B(2)| < 1/2 for all z ¢
Iy (N, h) U (Ugs N1Tg), thus (3.2) is proved.

hz—)OO
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The standard argument, based on [12, Lemma VIL.6.7], shows that

1
v — [ (2= A TI—tB(z)) Hz—A)"2dz, 0<t<1,
2mi T,
is a continuous integer-valued function, thus it is constant and (3.4) follows. O

3.2. Asymptotics of eigenvalues and eigenvectors of T'. It follows from Propo-
sition 3.1 that the eigenvalues {\,,} of T become eventually simple (for n > N) and
localized around those of the unperturbed operator A. The rest of the spectrum is
localized in IIy. Therefore for n > N, we have Tr P,, = 1, see (3.3), thus

)‘n_ﬂn:%Tr Z(<Z_T)_1_(Z_A>_1)dz
1 ; (3.12)
=g Ir g (z—pn)((z=T)"" = (2= A)"Ydz, n>N.

As in e.g. [13, 14, 26, 27, 28, 30], the further analysis of \,, with n > N relies on
the formula (3.12). The eigenvectors {¢,}n>n of T, satisfying T'¢, = A, ¢y, are
found using

bn 1 (z —T) "4, dz

~omi o

N (3.13)
=tnt o= [ (=T)7" = (2= A4) yndz, n>N.

27 Jp,

Theorem 3.2. Let conditions (1.9), (1.10) hold and let T be as in (2.8). Denote
by {An}nen the eigenvalues of T' so that A, € II,, forn > N. Then

J

A=+ Y AP+ jeEN, n>N, (3.14)
k=1
where )
O iT]r/ (2 — i) K () B K (2) dz, k> 1, (3.15)
e Th
and
. Jj+1
|/\$1k)| =0 (n'y_lagaﬁ(n)k) , |r,(lj)| =0 (W) , n—oo. (3.16)
Moreover, the vectors
1 J .
bni=5= | (- T) "Wpdz=vn+ Y oM +p0, jeN, n>N, (3.17)
I k=1
where
(k) - 1 K
oy = 2 g K(2)B(2)"K(2)v, dz (3.18)
and
||¢$Lk)|| = O(U2a,v(n)k)7 ||p1(zj)H = O(UQa,"/(n)j+1)v n — oo, (3.19)
satisfy (with some N1 > N)
Ton = Ann, ¢Gn#0, n>N; > N. (3.20)

Proof. If n > N and z € I, we have ||B(z)]|| < 1, see Proposition 3.1 and its proof.
Thus we can expand (I — B(z))~! into a convergent sum and thereby get

(z—T)" = (2 — A)~t = K(2) <Z B(z)m> K(2). (3.21)
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Inserting (3.21) into (3.12) and (3.13), we obtain (3.14), (3.15) and (3.17), (3.18).
The claim (3.20) follows from (3.17) and (3.19).

The main part of the proof is the explanation that the operators in (3.15) are
indeed trace class and that the estimates (3.16), (3.19) hold. In what follows, we
denote the r-Schatten class norm by || - ||. The estimates are done mostly in the
same way as in [27, Sec.2.4].

We start with K(z)B(z)K(z), so k=1 in (3.15) and (3.16). Using

B(2); = ) _(B(2)j, ¥m)tbm, (3.22)

we obtain

K(2)B(2)K(2)ih; = Y e b(;f;’(fm)ﬂm)

m=1

Um, 2 €T (3.23)

The integration leads to

1
Gy (z = (K (2) B(2) K (2)tj, ¢} dz
T (3.24)
1 (z - Mn)b('(/}j7 wl) .
= - dz=1b wnﬂpn 6,77,5 ne
2 e, )z ) 0 O Ot
Thus the operator in (3.15) reads
1
o [ G i) KGBEKG) A = b b)), (325)
T
and so it is of rank one and hence trace class. Moreover, |/\£Ll)| =0(n2%), n — oo,
0 (3.16) holds for k& = 1.
Next we show that B(z) € S; for all z € T',,, n > N, and
sup |B(2)]|2 = O(02a,4(n)), n— oco. (3.26)
z€ly,
Indeed, using again (3.22), for z € 'y, n > N, we obtain
(W, )
IB(2)|3 = Z [(B(2)¢m, B(2)¢m)|* = Z T T
2 T wyllz ]
) (3.27)
= 1
< M2 - _ O o 2 .

in the last step, we use Lemma 4.4. Hence we have K(z)B(2)*K(z) € S; for
k> 2and all z € I', with n > N. From |TrC| < ||C|1, see [12, Cor.X1.9.8],
IK(2)|I? = 1/|z — pn| if 2 € Ty, (3.27), |Tn] = O(n?~1) as n — oo and [12
Lemma XI1.9.14], we have

1
AP < 7/F |2 = pnl 1 () [P B(2)]15 |d2]

=O(n” “Logg V(n)k), n — 00.

(3.28)

(J)

Moreover, for the remainder r5;’, 7 > 2, we have

r) Z— fin dz
| |<mzj+l / 12— il I E ) PIB )2 ) 0

=0Mn"~ 02a77(n)3+1), n — 0o,
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thus (3.16) is proved. Finally for the eigenvectors, we get from (3.18), (3.27) that

1
loS) < %/r I ) PIB ()5 1dz] = O(020,4(n)%), 1= oo,

- 3.30)
| 1 | (
D21 Y 5 [ IKEPIBEIE 2] = 0oy (0)*). 1 ox,
m=j+1 L
0 (3.19) is proved as well. O
Remark 3.3. In particular, we have
o0 2
MY = b ), AP = Y )l
J=1,j%n M — Hj (3 31)
j=tzn Hn T Hi

Proof. Formulas for )\512) and (;5511) follow from (3.15) and (3.18), respectively, by
the calculation of residues. To derive the formula for )\511), we can use (3.25); like
e.g. in [11, Lemmas 8, 9], it is important to integrate before taking the trace (or
norm in the proof of Theorem 3.2) since all but one term in (3.24) are zero after

the integration. O

3.3. Riesz basis property of the eigensystem. Proposition 3.1 shows that
there are only finitely many eigenvalues of T' in IIy, namely {A\,}\",, N’ < N,
with algebraic multiplicities {m, }Y" . Zi\ll m, = N. The remaining eigenvalues
{An}n>n are simple. Hence the eigensystem of T' contains at most a finite number of
root vectors associated with {/\n}ﬁil and the rest consists of eigenvectors related
to {An}n>n. For n > Nj, these eigenvectors can be selected as {¢,}n>n, from

Theorem 3.2.

Theorem 3.4. Let A be a self-adjoint operator with compact resolvent in a Hilbert
space H, let (1.9) hold and let a be the sesquilinear form associated with A. Let b
be a sesquilinear form satisfying (2.8) and let T be the operator associated with the
formt=a+0b. Let Ny > N be such that (3.20) holds for all n > Ny and let Sy,
be the spectral projection of T from (3.3) with N = Nj.

Then the set {¢n }2,, where {¢n YNL | is a basis of Ran(Sy, ) and ¢, withn > Ny
are eigenvectors of T from (3.17) related to simple eigenvalues A\, n > Ny, is a
Riesz basis of H.

Proof. The proof is based on [16, Thm.VI.2.1] and Schur test for infinite matrices,
see e.g. [33], [17, Thm.5.2]. We need to verify that {¢,} is complete in H, there
exists a complete system {¢, } that is biorthogonal to {¢,} and we have

VEeH, D [(f.on)> <o, D |(fidn)l* < oo (3.32)
n=1 n=1
The system {¢,, } is complete by Proposition 2.1. As the biorthogonal system,
we can select vectors ¢, from the eigensystem of T with
- 1 1
=— 0 = — —T*) " Y, d Nj. 3.33
¢TL < :L’qbn)(;sn) d)n 27_(_1 /Fn(z ) ¢n Z, n > 1 ( )

Due to (2.15), we obtain as in Theorem 3.2 that

J
on=tvn+y onM 4 jeN, (3.34)
k=1
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where .
6 = 5 | KEBE)K s (3.35)
and
65D = O(02a,, ()F), 1959 ]| = O(020,,(0)TY), 0 — o0 (3.36)

notice that then (¢%, ¢,,) = 14+ O(da4.~(n)) as n — oo. Moreover, the system {¢,, }
is complete in H; see remarks below Proposition 2.1.

The crucial step is to show (3.32). We analyze the sum with {¢,} only. In
view of (2.15) and (3.34)—(3.36), the reasoning for the second sum is completely
analogous. Clearly, it suffices to consider the sum for n > N; only. We give the
detailed proof for the case 2a¢ < 1, the other case is similar.

First select 5 € N such that 2(j + 1)(2a + v — 1) > 1, then, using (3.19) and
(4.8), we get

o0 oo

Yo KL< Do PP < oo (3.37)

n=Ni+1 n=N1+1
Thus it remains to estimate |(f, (k)>|2 for k=1,...,j. We first derive that
k

B(Z)kd}jo = Z <H<B(z)wjll7wjl>> (CI (3.38)
ik \l=1
and hence from (3.18)

¢(k) o / Z wnval Hl 2 (wjl—17w]-l)wjk dZ (339)

e S ) T = )

Decomposing f = Zm—l fm¥m, we obtain from (3.39) and (1.10) that

1(f, 6] < ME— / Z |fjk|.|dz|ki1 _
" om = tallz = i InGg LSy 12 — w32
k—1
S 1 | fm
< MF S B P/ B (3.40)
b JE::I ]2a|zn _ ,LL]| Z |zn Mm‘mana

1 |dz|

27 - ,unl7

where z, € I, is such that the maximum of the integrand in the first integral
in (3.40) is attained; notice that z, depends on f. From Lemma 4.3 and |T',,| =
O(n"~1) we get further that there is a constant C' > 0 such that

2
| fm
[(f, 8%V < Coggq (n) 2D (ZWW> . (3.41)

The final step is to estimate the sum of |{f, 5{“) | for n > Ny. Since 2a+v—1> 0,
see also (4.8), it suffices to consider the case k = 1 only. For the latter, we get

o0 o] o0 2
(12 | fm| _ 7112
> <oy (il ) comiite,
n=N1+1 n=1 \m=1
where M is an operator acting in £2(N) with matrix elements
1
My = —————, m,neN (3.43)

men®|zn — fn|
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and f = {|fm|} € £2(N). To estimate ||M|| we employ the Schur test. By applying
Lemma 4.4 and its slight modification for the second sum, we get

o0 oo
1 1 Cy logen Cy
M| — = < — < —,
n;' mnlma 7;:1 nam2a|zn _ /Lm| - no p2aty—1 = pa
= = (3.44)
oo (oo}
1 1 C3 logem C
Z|an|*zzg—§i%§ia
— ne = nPOme |z, = puy| T m® mPety me

thus the Schur test yields that ||[M] < oco. The latter, (3.42), (3.41) and (3.37)
show that (3.32) holds for {¢,}. O

Remark 3.5. Let conditions (1.9), (1.10) hold and let, in addition,

3 1
2a+v> 3 if a<s,

(3.45)
v > % if a> %
Then the system {¢, }52; from Theorem 3.4 is a Bari basis, namely
[ee]
> Mo — énll* < oo (3.46)
n=1
Proof. Inserting (3.17) into (3.46), we infer that, for n > Ny,
1 = dall® < 21801 + 63011%) = O(02a,5(n)?), 1 — 0. (3.47)
Thus conditions (3.45) imply that (3.46) holds by (4.8). O
4. TECHNICAL LEMMAS
Lemma 4.1. Let {ux}ren satisfy (1.9) and let j,k € N, k> j > Ny. Then
K (kil)’y*(.]il)’yv 7217
e — Ky =~ . (4.1)
Tk -5, 0<y <1l
Thus,
K .
ukfujZ;((kfl)”*ﬂ), v > 0. (4.2)
Proof. From (1.9), we get
k k
pe == Y (wi—pia) >k Y (i—1)77"
i=j+1 i=j+1 (43)
[i@—1p"tde, v >1, '
> K
fjk V" ldax, 0<y<l1.
The proof is concluded by the direct integration and simple manipulations. O

Lemma 4.2. Let A and b satisfy (1.9) and (1.10). Then for every T € (0,2a +
v —1), there exists C > 0 such that, with p = max{0,1 — 7/v},

¥f € Dom(a), [blf]| < ClalfDPfIPP. (4.4)

Proof. We write f = Z;i1 fj¥;. Using Lemma 4.1, see also (2.13), we can verify
that the following lower bound for a[f] holds with some C; > 0

alf] = wilfil? = Y P (4.5)
j=1 j=1
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Using condition (1.10) and Holder inequality, we get (with 2(a+ ) > 1, v > 20)
2 2
£ s 1
=32 5Tt 0)| < M Z ) = 2l 5oz
=

J,k=1 j=1
- (4.6)

5

c- 28| £ 12 - 1 vy £ 12 2(1-27)
Z] |5 ZW = ZJ | f;] £
j=1 j= 17

The inequality in (4.4) follows by combining (4.5) and (4.6) and putting 23 :=y—7
when o < 1/2 and 5 := 0 when a > 1/2. O

Lemma 4.3. Letn €N, v>0 andw+~vy > 1. Then

o0

> m = O(0u4(n)), (4.7)

k=1,k#n

where

n~¢ "*tllogen, w<1
Own~(n) = ’ - 4.8
+ () {n st (45)

Proof. The absolute constant is denoted by the letter C' and can vary from line to
line. In all estimates below, we assume that n € N is sufficiently large. Clearly,

- 1 5 1 - 1

B L - - —w=y+ly (g
2 o =] < 2w =) T 2 g =y T O ). (49)
]]g;}L k=1 k=n+42

The first term on the right of

(4.
n—1 1
kZ::l ke —kv) (

9) can be estimated as
]
1

3 n—1 1
; " k_z[;] k(7 — k)
: (4.10)
n n—1
1 1 1 1
<C|l—=)>) —+—
- n ke + n« ny — kv
k=1 k=[]
and similarly the second term of (4.9) as
Y e (X e
n+2 n+2 ) 2n+1 (411)
1 1 — 1
sc(nw > et Y ).
k=n-+42 k=2n+1

For a monotone, continuous, non-negative function f in interval [a,bd], a,b € N,
a < b, we have

b b
S 760) < f(@)+ 70 + / f(@) de; (4.12)
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f(a) can be omitted if f is increasing and similarly f(b) can be omitted if f is
decreasing. Thus applying (4.12), we get

nlTv, w<l,

"1 1 " dx ’
E —§1+—+/ — < CH(logn, w=1, (4.13)
kv nw 1z
k=1 1, w>1,
> 1 1 > dx C
< n / B Q. (4.14)
k—gn:Jrl kotr = 2n+ D)@ty o,y a9t T opety—l

n—1 n—1
1 1 d
> < + / L (4.15)
nY — kY — nr—(n—1)7 n_q nY —az7
k=[%] 2
C =v d logn
< 14 / Y ) <o (4.16)
nY—1 11 1=y ny—1
2n 2
1 1
< ¢ 1+/ dy ) _ plosn (4.17)
kY —ny = ny7t 142 Y7 —1 ny—1
k=n+42 n
Combing all the inequalities above, we receive (4.7). O

Lemma 4.4. Let conditions (1.9) and w + v > 1 hold. Then

= 1
sup —— = 0(ouw~(n)), n— o0, 4.18
w3 =~ Olea() (4.18)
Rez>pn

where o, ,(n) is as in (4.8) and II as in (3.1).
Proof. Define sets in C

R

Ej::{z¢H:Rez€[uj,1+2

. _ Ko .
(=1 =577} G EN (419)
note that we can cover the region {z ¢ Il : Rez > pu,} by U;>,Z;. In all estimates
below, we assume that n is sufficiently large, in particular n > Ny + 3.

As we do not have information on {Mk}kNip we split the sum in (4.18),
0o 1 (NU oo 1
S - (2 3 e a
okl =2\ ) Rl =2

and do a rough estimate of the first finite sum. Namely, using Lemma 4.1 in the
last step, we get

N() 1—w
1 Ny, N,
sup E < max{No, Ny "} =0(n™"), n—oo. (4.21)
sgn = Rl — 2| fin = [N
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The second sum in (4.20) is estimated with the help of Lemmas 4.1 and 4.3,
- 1 = 1

sup Z m < Sup sup Z

ey kv — 2
z¢I1 k=No+1 j>n z;€E; k=No+1 |/14k ]|

Rez>pn
-3
< sup Y ASE— (4.22)
i>n %: “(pj—1 = ) ,CEJ;?, ke (pw — M3+1)
j+3
+ sup sup
j>n 2;€5; k_z;z k“|uk -z

From the definition of sets =;, see (4.19), the last term on the right of (4.22)
is O(n'=*77) as n — oco. The remaining terms in (4.22) are estimated using
Lemma 4.1 in the first step and Lemma 4.3 in the second step

o

1 +Zw1

sup — L
i2n \ v B =) S R (e — 1)
j-3 (4.23)
K 1 1
< —sup +
el X G Z (RS VR PR VEY
=0(0w~(n)), n— o0
Putting (4.20)—(4.23) together, we get (4.18). O

5. SIMPLE EXAMPLES

We analyze perturbations of several simple operators. First in Section 5.1, fol-
lowing the constructions in [2, Sec.6.3] and [3, Sec.8.1], we provide examples of
self-adjoint operators A and perturbations B showing that the condition 2a+~ > 1
cannot be weakened to 2« + v = 1. Next, we consider perturbations of finite band
infinite matrices and —d?/da? on a finite interval with Neumann boundary condi-
tions, see Sections 5.2, 5.3, respectively. In both subsections, we give conditions on
the self-adjoint operator and the perturbations guaranteeing that the assumptions
(1.9) and (1.10) hold and thus the results of Section 3 are applicable. In partic-
ular, the eigensystem of the perturbed operator T contains a Riesz basis of the
underlying Hilbert space.

Some of the conclusions in Sections 5.2, 5.3 are certainly not new, see e.g. [1]
for eigenvalue analysis of tridiagonal matrices, [12, Chap.XIX.3] or [25] for Riesz
basis property of perturbations of —d?/dz? in boundary conditions or [8, 9, 10] for
perturbations by singular potentials; nevertheless, the goal of these sections is to
demonstrate the flexibility of our approach. For instance, —d?/dz? with an infinite
number of complex J-interactions can be treated with the same amount of effort as
the perturbation by a bounded potential.

5.1. Optimality of condition (1.10). Consider H = ¢*(N), its standard basis
{er} and define Aey := pgeg, k € N, where ui, = k7, v > 0. We denote by

1
dy = 5(#% — pok—1) = 202Ky £ O(KTY), k= oo, (5.1)
and define the perturbation
Beop_1 := —ditresr, Besy :=ditpeor_1, kEN, (52)

where {t;} C (0,1) and t;, — 1 as k — oc.
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While condition (1.9) is clearly satisfied, regarding (1.10) we get
[{Bem, en)| < min{||Ben |, | Ben|l} < |Bem|? || Bea|? < Clmn)™ T, (5.3)

so a = (1 —~)/2; hence 2a + v = 1. We show below by elementary explicit
calculations that the eigensystem of T':= A 4+ B does not contain even a basis.

Since the perturbation B is block-diagonal, it suffices to analyze the 2-dimensional
blocks corresponding to span{esg_1, €2},

1+ dg, 0 -1
Ty := Ay, + By, = (1?1 >+d< > 5.4
g g g < 0 pak—1 + di Pl 1 (54)

Eigenvalues of T} can be of course calculated explicitly, see [2, Sec.6.3] and [3,
Sec.8.1] for details, namely

TvgiE = (pog—1 + di, £+ di7i)gi5,

1 1+ H (5.5)
i (). a-(i22)

The norms of spectral projections PkjE of T related to eigenvalues pog_1 + di £ di 7k
are explicit as well. We denote by {(g,:f)*} the biorthonormal vectors to {g,f},
i.e. {9y, (91,)") = v, then

o1 (5.6)

+ + + + +
1B = 11 () an 1 = 11(gx )" g || = T
T — 1

Hence for {t}, tx — 1, the eigensystem of 7" does not contain a basis of £?(N).

5.2. Finite band infinite matrices. Let H = (?(N), v > 0 and

ag 0 0 0 . o B0 0
0 az 0 0 . O R O N
A=10 0 a 0 [, B=| o oV o B |, (67
0 0 0 a4 . 0 0 bi(i_l) bz(LO)
where, with some M > 0,
ar =k, B <Mk, je{-1,0,1}, keN. (5.8)

Clearly, A considered with the maximal domain satisfies assumption (1.9) with
Y = ek, k € N, where {e;} is the standard basis of ¢2(N), and up = k7, k € N.
The form b = (B-,-), generated by B, satisfies

16(m, Yn)| < Cmin{m® n*} < Cm3n?, (5.9)
where C' > 0 is independent of m,n. Thus, condition (1.10) is satisfied if
w<y-—1 (5.10)

The tri-diagonal perturbation B can be replaced by a finite band matrix with off-
diagonal sequences {b,(j)}zozl, j€{=jo,---,Jo}, satisfying

and it is easy to see that condition (1.10) is satisfied if (5.10) holds.
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5.3. Perturbations of —d?/dz? on a finite interval with Neumann bound-
ary conditions. Let [ € (0,00) and consider the self-adjoint operator A and the
associated form a

d2
A = ——= D A = 2,2 — : / :I: =
aly] = [[¥'|*,  Dom(a) = {¢ € WH*(=1,1)}.
Eigenvalues of A and related orthonormal eigenfunctions read
1

— k=0

kr\” V2l ’

Mk = (21> ; k€N, Ui(z) = 1 (5.13)

i cos(vpr(r +1)), k€N,

thus condition (1.9) is satisfied with v = 2. We analyze several perturbations of this
A, in boundary conditions, by d-interactions, by L! and singular potentials. Results
and proofs for perturbations of —d?/dx? with Dirichlet boundary are completely
analogous.

5.3.1. Robin boundary conditions. Consider the form
br[Y] i= vy || —v_ (=), ve €C, ¢ € Dom(a). (5.14)

The m-sectorial operator Tr associated with the form ¢ := a+bg is actually —d?/da?
with Robin boundary conditions

d2
Cda?’
see e.g. [21, Ex.VI.2.16]. Since {t,} from (5.13) are uniformly bounded, we have
SUD,, nen, |OR (Ym, ¥n)| < 00, thus by satisfies condition (1.10) with a = 0.

Ty = Dom(Tr) = {1 € W2(~1,1) : /(1) + var(£l) = 0,}, (5.15)

5.3.2. d-interactions. The §-potential placed at xy with a complex coupling v gen-
erates the form

bs[Y] := v (zo)?, veEC, xzo€(~1,1), + €Dom(a). (5.16)

It satisfies condition (1.10) with o = 0 since |bs(Ym, ¥n)| < |v|/1, see (5.13). In
fact, condition (1.10) is satisfied with o = 0 also for an infinite number of ¢’s

iwﬁ(x —ap), {wm}el{(N), {zx}c(=11). (5.17)
k=1
Indeed, the corresponding form reads
el = S vl () € ), (k) € (<LD), € Dom(a) (5.18)
k=1
and we have [03°(Vm, ¥n)| < V][0 ) /1; see (5.13).
5.3.3. L'-potential. A function V € L'(—1,1) generates the form

l
by [y] == /4 V(z) [¢(2)|?dz, < € Dom(a). (5.19)

Since by (Vm, ¥n)| < VL1 (=1,0)/1, see (5.13), condition (1.10) is satisfied with
« = 0. Notice that the classical formula is recovered by using Riemann-Lebesgue
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lemma, namely, the first correction /\511) to eigenvalues of A, see Theorem 3.2, reads
1
PY 7/ V(2) cos?(y/tim(z + 1)) dz
—1

! l
= %l/_l Vi(z)dx + Qll/_lV(.T) cos(2/pin (z +1)) da (5.20)

1 l
2

V(z)dz +o(1), n — oo.

5.3.4. Singular potentials. Consider V € W ~%2(—[,1) with some s > 0, so
3C >0, 3520, Yo € WH(=1,1), [(V,0)| < Cllgllyraipllell' ™. (5.21)
The associated form, a generalization of (5.19), reads

bv(9,¥) = (V.d1), .9 € Dom(a). (5.22)

For {¢.,} from (5.13), we have ||¢,,|| = O(1) and ||[¢,|| = O(m) as m — oo, thus
we get from (5.21) that

< Ci(m+n)® < Co(mn)®.

P [|17°

(5.23)
Hence by satisfies condition (1.10) if s < 1/2.

6. PERTURBATIONS OF SINGLE-WELL SCHRODINGER OPERATORS

Our main examples are perturbations of self-adjoint Schrédinger operators A in
L?(R) with the associated quadratic forms a

2
A=—254QW),  Dom(d) = (b € W*(R): Qu e L(R)),
alg] = [¥/I +Q*¢I*,  Dom(a) = {v € W'*(R) : Q¥4 € L*(R)}.

The real potential @ is assumed to satisfy the following.

(6.1)

Assumption I. Suppose that Q € C?(R)NC3(R\ [~1,!]) with some [ > 0, Q > 0,
Q(0) =0, @ is even, increasing on (0,00), @' is non-decreasing on (0, c0),

Q(k+1)(x) 1
oy ~O0(5) e koo 62)

and

35>1, lim 2@

T—00 |x|5

~1. (6.3)

Under Assumption I, Schrodinger operator A in (6.1) is self-adjoint, bounded
from below and has a compact resolvent; see e.g. [32, Thm.XIL.67].

Recall that (6.2) with k¥ = 0 and Gronwall’s inequality imply that () cannot grow
faster than a polynomial, nonetheless, we assume the precise behavior at infinity in
(6.3). Moreover, (6.2) implies further that, for every o € (0,00) and k € {0, 1,2}

k) (g
CZQ(k)((x)) =0(1), = — oo, (6.4)

see [38, §22.27]. For k =0, (6.4) follows from (in the non-obvious case o > 1)

QD) QW o [T o) e
ng(z) Q0 d¢ O(/x S) o), — o0; (6.5)
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the other cases are similar. The additional condition (6.3) implies more; namely,
for every o € (0, 00),

lim Qloz) =0
T——+00 Q(x) z—400 (o’aj)rg Q(m)

Recall also that since @' is non-decreasing on (0, 00), we have
Qly) - Q(x) <Q'(Y)(y —x), x,y>0. (6.7)

We define the (positive) turning points z,, and the associated quantity a, for Q’
by relations

(6.6)

Q(z,) =p, z,>0, a, = Q' (z,). (6.8)
Notice that the assumption (6.3) implies
1 5
B
T LA iGN (6.9)
p—>+00 :CP« p——+o00 xﬁ

6.1. Eigenvalues of A. The spectrum of A contains only simple discrete eigenval-
ues {ur tken € Ry which are known to obey, see [39, Sec.7.7],

/xuk (1 — Q)% do = (k + ;) T+ Ok, k— oo (6.10)

—zp,
The result (6.10) holds also if (6.3) is replaced by
lim Q(z) = +o0. (6.11)
T—00

More can be said under the additional condition (6.3).

Proposition 6.1. Let Q satisfy Assumption I. Then the eigenvalues {p} of the
operator A in (6.1) satisfy

N
[s = <7T/<:> (1+ o(1)), k — oo, (6.12)
Qp
27 [ w 71
1 — B = o ( gk (1+0(1)), k — oo, (6.13)
B B
where
26 /1 1 /1 dt
== Qs =2 (1—t%)2dt, V=2 ————. 6.14
Y B+2 B 0( ) I o (1—t5)§ ( )

Before we give the proof of Proposition 6.1 we show two following.

Lemma 6.2. Let Q satisfy Assumption I. Then

. L QEn\T
2 (1‘ Q<x>> 4=,

. Q@
e[ (1-G0) e-

Proof. Since @ is increasing, we have Q(zt)/Q(z) < 1 for all ¢t € [0,1], thus the
dominated convergence theorem and (6.6) justifies the first limit in (6.15).

To show the second limit, we analyze separately the cases 0 < t < 1/2 and
1/2 <t < 1. For the former, we have from (6.6) that

(-2 (-4 0 o

(6.15)
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for the latter, we get from the mean value theorem, (6.7) with Q(0) = 0 and (6.6)

that
(%) = (cm) - (Q(Cf(u)tﬂ
§<%%g?0)2%(f1ﬁ'

Hence there is a constant C' > 0 such that for all sufficiently large zx and all0 < ¢t < 1

(6.17)

1
)\ 2 C
(1 _ 9 )> < -, (6.18)
Q(z) (1—t)2
which is integrable on (0, 1) and the second limit in (6.15) is justified by the domi-
nated convergence theorem and (6.6). O

Proof of Proposition 6.1. Simple manipulations with (6.10) leads to
1 1
1 t 2
2/1,% Ty / (1 - Q(x”")) dt = k(1 +0(1)), k — oo. (6.19)
0 Q(‘T#k)

Hence (6.12) follows from (6.19), (6.9) and (6.15).
To show (6.13), we define the function

)= [0 Qe (6.20)
and start with the identity obtained from (6.10)
9luii1) = 9(ux) = S(1+0(1)), k= oo. (6.21)
Observing that
lim =% _ 1 (6.22)

ez = Q) ay
we can check that g is differentiable and, after a change of variables,

1

g'(n) = ;;“% /01 (1 - %(g)))_z dt. (6.23)

The mean value theorem yields (with nx € (uk, pes1))

9(krt1) = 9(ix) = g’ (i) (1 = pin), (6.24)
and therefore, using (6.21), (6.23), (6.15), (6.6) and (6.9), we obtain

= = (14 o(1)) = 2T (14 o(1)) (6.25)
/'[/k?'i‘l ,LLk; 29,(77k) Q% /’(‘k M .
Then (6.13) follows by employing (6.12). O

6.2. Eigenfunctions of A and their weighted L%-norms. Since @) is even,
orthonormal eigenfunctions {¢}, related to eigenvalues {uy}, are even or odd
functions. Moreover, even with (6.3) replaced by (6.11), {ty} can be chosen such
that they satisfy (see e.g. [38, §22.27] and [15])

V(@) = —up(@)(1+ Ozl g 2), >0, (6.26)

1
[ |
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where uy, = u(x, py) with

emste= (&

/ (k—Q(s))2ds, 0<az<my,

)2 K1 (—iC), (6.27)

¢ =((a,p) = (6.28)

z/ (Q(s)—u)%ds7 T > Ty

K 1 is the modified Bessel function of order 1/3. Using the asymptotic formulas for
Bessel functions, we get further that, see e.g. [15],

Wi (z) = m(l Fsin20 + Ry (C), ¢>1, (6.29)

where |R1(¢)] < 1/(2¢), and

A 0<az<z,—0,
(n—Qx))3
lu(z)| < A4 §<z<x,+6 (6.30)
u(x) < T Ty =0T 1, .
(1= Q(x, —6))% ! !
AL QemmE s —
2(Q(z) — p)a

where A; = 2.7 and numbers ¢, d; are defined by equations
((ry—9) =—iC(z, +61) =1. (6.31)
It can be shown, see e.g. the appendix of [30], that
5,6, =0, %), 67167 =0(a)). (6.32)
Further, it is known, see [15, Lemma 5], that

R [ wdx 1
/0 u(x)dx—/o m(Hom ). (6.33)

Under the assumption (6.3) we therefore obtain from (6.15) and (6.9) that
2 i

| || —7rQ/5,ulC (I1+0(1)) :71'923 <S;;k> (1+0(1)), k— oo, (6.34)

where g, (2 are as in (6.14).
Finally, we recall the pointwise estimates for {1}, see [39, Sec.§],

[Yu(@)] = Ofad) = 0 (k757), (6.35)
k()] = Oty = 0 (K57 ), (6.36)
Il = Olufan au®) = O (K559 ), k=00 (637)

the first equalities hold also if (6.3) is replaced by (6.11); notice that the point
x € R is arbitrary but fixed in (6.35) and (6.36).

Next, we estimate the weighted L?-norms of {¢;}. For 8 = 2 and without the
weight, we recover the known results for Hermite functions, see [37, Lemma 1.5.2],
where in fact both-sided estimates are given. For ¢ = 2, and @, w satisfying similar
conditions like here, both-sided estimates (in fact limits) are established in [30].
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a, be as in (6.8) and let {1y} be as in (6.26). Suppose that the weight w € C*(R)
is positive, even, increasing on (0,00) and satisfy

Then

(6.38)
lw rl| Lagey = O (w(@w) ¥kl o)) »
Furthermore, as k — oo,

Proposition 6.3. Let Q satisfy Assumption I with (6.3) replaced by (6.11), let x,,,

k= oo (6.39)
0 (e,
)

1<qg<4,
1
4

(6.40)

q>4.
If (6.3) is satisfied in addition, then, as k — oo,

O (k) | 1<q<4,
_ 1
[l agey = § © (k™= (log k)¥ ), q =4,

(6.41)
4—4B8—4q9+qB
O (ko) g> 4
Proof. We suppress the subscript k£ in the sequel and keep p only. The letter C

denotes a constant, which can vary in every step, however, it is independent of u.
The case ¢ = oo is reduces to (6.37), so we analyze 1 < ¢ < oo only.

Since @’ is non-decreasing on (0, 00), we get from (6.33) that

oo .’,KM d
/ quxEC’/ CE
0 0

_dr 1 Qde
(h=Q) auto (n—-Q)2
Thus, we have from (6.26) and (6.42) that

. 6.42
o (6.42)
lw el oy < Cllull ™ wullpam) < Cagp™|lw ull o).
In the following, we split the integral and employ (6.30) in estimates,

(6.43)
o Tu z,—0 z,+01 T3,
I VA S A
0 0 1:% x T

+/ |lwulfde.  (6.44)
H76 H+51 I%M

o < wyu: For all sufficiently large p, we have re < xy — 6. To see this, we
use that @ is increasing, Q(z,/2) = p/2 and by the mean value theorem and
Q' (x)/Q(z) = O(1/x) we get
Q(xu - 6) _

—q_ Q(xu) - Q(xu —9)
Q(zy)

)
=1+0 ( ) , [ — 00.
Q(zy) Ly
Hence, using (6.30) and Q'(z)/Q(z) = O(1/z) in the last step, we obtain
T
J

(6.45)
C q q
2 lwu|? dz < w(z,) xuq < Cw(z,)tz,p 1 < Cw(mu>qa;1ﬂl_4
(n— Qrs))?
o xy <x<wmy— J: since ' is non-decreasing,

i (6.46)
/:u—é

z,—0
[wu|?dz < Cw(xu)qagl/
u 2 Ja
2

Q' dx
o (:U'_Q)%.

(6.47)
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We can replace ax by ay, since from (6.7) and Q'(z)/Q(z) = O(1/x), we get

ap Ty Te)T
Lo, QY | Qi C 019
ay — w2Q'(zy) ruQr,) — 2
Further,
1<qg<4:
z,—0 !
s Q dz 4 — q 1—4 1—4
- < Q) <ot (6.49)
/xg (h—@Q)i — 4 ’
g =4: by (6.4) and (6.32),
T,—0 )
QN dr I I -3
= log < Clog — < Clog(pa,®). (6.50
L, =G = aaeyam = e = st 030
g >4 : again by (6.4) and (6.32),
z,—0 /
» dx —4 C 2_4
/ Q q S q 1—1 S g_l S Ca/ﬁ 6~ (651)
en (W= @Q)F 7 4(u— Q- 0))3 (a.0)
In summary,
s pt= i, 1<g<A4,
/ wult dz < Cuw(z,)9a { log(uan®), ¢ =4, (6.52)
T p 2_4g
: ai °, q > 4.

e, —0 <z <x,+ 01 Notice that since w satisfies (6.38), we have
Vo € (0,00), w(ox)=0(w(x)), x— +o0, (6.53)
see (6.4) and (6.5). Then by (6.30), (6.4) and (6.32)
zu+01 5+6 1 g
/ |wu|?dz < Cw(mu)q% < C’w(ar;ﬂ)qa#é 6. (6.54)
P Q' (xy, —0)304
ex,+0 <z < T3, like for T, it can showed that T3, > x,,+0; for all sufficiently
large pu. Then, using (6.30), we get

Z3
/ 2 |wu|qu§0w(x#)qa;1/
xT x

wtd1

w%# /d
_Qde - (6.55)
wto1 (Q - U) 4

here w(z3,) is replaced by w(z,) since we have (6.53) and x5, = O(x,). To see
the latter, we use that @’ is non-decreasing on (0, 00) and (6.7) with Q(0) =0,

T3 G e x, + 5
i 2+ Q7 (G Q7 (1) < IR 3 (6.56)
T, T, Ty, 2
Further,
1<qg<4:
x%u Q/ dzx 4 — q 1—4 1—4
< (Qzs,) —p) 1 <Cu 3 (6.57)
/fL"“,JF(Sl (Q - M)% 4 M
q =4: by (6.32),
x%u Q/ dx 1% H 3
= log < Clog < Clog(uay® 6.58
[ 6= =t s sy —awy < ki < Closluar ) (639

q>4:by (6.4) and (6.32),
/I%u Q’dxq S(174
T, +01 (Q - ‘u)Z 4
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In summary,

P, 1<g<4,
/15 wul? dz < Cu(z,,)ia;" 105(;5@,;%), g=14 (6.60)
ai °, q>4.
o x3, <u: first, using Q' (2)/Q(z) = O(1/x), we get
. L 2Q()? NP
/x (Q—p)2 dsngl(x) <1_Q(x)) > Cp2z. (6.61)

"

Since w does not grow faster than a polynomial, see (6.53) and Gronwall’s inequality,
we have from (6.30) that

/:O lw(a)u(x)|9 dz < C#_%/x

B B

oo

1 1
w(z)e CrFdy < emOHF o, (6.62)

Putting all estimates from above together, we get

1_1 11 4 1
sl < Cute) (o Furt+al b Wi ), o6
where
1, 4,
() = a7 (6.64)
log(pa,®), q=
Finally, for 1 < ¢ < 4,
1_ 1 1 1_1 1_1 1 1, .4—¢g
I A R (1+(aﬁu7)47) (6.65)
and, for ¢ > 4,
1_1 1_1 11 1 _
an T e T = el T (T el D) (6.66)

thus (6.39) and (6.40) follow since Q'(z)/Q(x) = O(1/x) implies a,/p = O(1/xz,).
If (6.3) holds in addition, we obtain (6.41) from (6.40) by employing (6.9), (6.12)

)

(6.7) and Q'(x)/Q(z) = O(1/x) as © — 0.

O
6.3. Perturbations by functional potentials V in weighted LP-spaces. We
define the following spaces

L(p,7):={v: (1 + 2372 |u(x)| € LP(R)}, 1<p<oo, T€R, (6.67)

as in [2, 29]; notice that L(p,0) = LP(R).
The form associated with the perturbation by a functional potential V' reads

by ] == /RV\W, Dom(by) := {1 € L*(R) : V|¢|* € L}(R)}. (6.68)

Theorem 6.4. Let Q satisfy Assumption 1 and let A be Schrddinger operator
from (6.1). Suppose that V € L(p,7) with 1 < p < oo, 7 > 0, and, depending on p,
one of the following conditions is satisfied

2 1
T<(5—1)<1—) if 1<p<2,
3 2p (6.69)

T —+ = if 2<p<oo.
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Then A and the form by from (6.68) satisfy conditions (1.9) and (1.10) with

2, 1-
ﬁ%—l—Tpﬁ—T, 1<p<2,

2 1
B Lo p=2, (6.70)

= s o= —-
EE 52
; p>2
where € > 0 can be taken arbitrarily small.
Proof. Tt follows from Proposition 6.1 that condition (1.9) is satisfied. To show
that condition (1.10) holds, we use the estimates for LZ-norms of {¢;} from Propo-

sition 6.3 with the weight w(x) = (1 + 22)7/2. The rest is straightforward, like the
proof of [29, Thm.3],

bV (Y, )| < / w V] W]t [¥n] dz < ™ VIl Lo @) [ wihmnll L)
R (6.71)
1 1
< Cllw2 | L2a®) w2 n || 220 (r) s
where 1/p 4+ 1/qg = 1. Condition (1.10) is satisfied due to (6.39) and (6.41). O

Putting together Theorems 6.4 and 3.4 we obtain the following claim on the
eigensystem of perturbed Schrédinger operators 7.

Corollary 6.5. Let A be as in (6.1) and V € L(p,T) with p € [1,00] and 7 > 0
satisfying (6.69). Then the eigensystem of T, being the form sum of these A and
V, contains a Riesz basis of L*(R).

6.3.1. L'-potentials with a controlled decay. We consider a potential V € L*(R)
with the decay |z|~17¢ for some € > 0 at infinity. More precisely, we suppose that
V= Vl + ‘/Qa
Vi € L*(R), supp V; is compact, (6.72)
3 >0, (1+22) 2 Va(z) € L2(R).

Since such a V is integrable on R, it follows from Theorem 6.4 that the form
associated with this V' satisfies condition (1.10) with o = (4 — 8)/(6(8 + 2)). We

show in the following that the latter improves if (6.72) is satisfied, moreover, we

)

derive a more convenient formula for the first correction )\;1 from Theorem 3.2.

Theorem 6.6. Let Q satisfy Assumption 1, let A be Schrodinger operator from (6.1)
and let V satisfy (6.72). Then the form by from (6.68) satisfy condition (1.10) with

1
oa=——.
B+2

Moreover, the terms {)\%1)} from Theorem 8.2 for T being the form sum of A and
V' satisfy

X Sl
A = o (571) / V(z)dz+o (niﬁ) , n— oo, (6.74)
B B R

where Qg, Qg are as in (6.14).
Proof. We show below that

(6.73)

/ Vu?de = Ll Vdz (1+o0(1)), p— oo (6.75)
0 w2 Jo
Hence, using that u? are even, (6.34), (6.26) and

by (Y 0)] < ( / |V||¢m|2)é ( / |V||¢n|2)é, (6.76)
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we obtain that by satisfies condition (1.10) with « in (6.73). The claim (6.74)
follows from (3.31), (6.75), (6.34) and (6.12).
It remains to prove the key step (6.75). We analyze the integral in (6.75) sepa-
rately in several regions.
e 0 <z <z Asp — 0o, we have
1 1 Qx _
—— - = — - (1) —~=0("). (6.77)
(h=QEN*  wd b (u— Q@) (i + (- Q)

Hence formula (6.29) and V € L}(R) give

VE L ™[t : —1

/ Vu*de = — V(1 +sin2¢+ Ri(¢))de+O(p™ "), p—oo. (6.78)
0 nz Jo

Next we show that

TyE
/ Vsin2¢dz = o(1), p— o0 (6.79)
0
and
.'L\/ﬁ i 1
/ VRi(()dx =O(u"2x,"), p— o0, (6.80)
0
therefore
v T TvE 1
/ Vu?dr = — Vdz+o(p™2), p— oo (6.81)
0 w2
For any € > 0, find V. € C§°(R) such that ||V — V,||p1®) < . Then
N N
/ Vsin2¢dz| < el|V|Lim) + ’/ Vesin2¢ dz| . (6.82)
0 0
The integration by parts yields

COS(QC( )V (0)

/ﬁ0052<< 14 . V.Q' ) d (6.83)
(h=Q) 2(n—-Q)>2
=O(™2) + Olaypn™2) =0(u™?), p— oo,

TE
/ Vesin2( dx =
0

where we use that V(z /) = 0 for all sufficiently large p and (6.2) in the last step.
Since € > 0 is arbitrary, we conclude with (6.79).
Since |R1(¢)| < 1/¢, see (6.29) and below, and ( is decreasing, we have

N v 1%
/ VRL(C)]dx < IVIzw) < ||l l||L1(1R) . (6.84)
0 C@ym) ~ (p—np2)2(z, — )
By the mean value theorem,
1
_ L1y B
= Q7 W) Q7 (uh) 2 (6.85)
m
thus (6.80) follows from (6.84), (6.85) and (6.2).
ez <z <zu: From (6.30) and V € L'(R), we have
i 5 |V]d
/ ’ \V\quJJSAf/ ’ Lxl
N N (n—Q)z (6.86)

—0( ) [P Vide=ouh), v oc,
LN



26 BORIS MITYAGIN AND PETR SIEGL

o Ty <x < wyy Since the support of V; is compact, only the integral with V5
contributes for large p. Due to the controlled decay of V3, see (6.72), we have

x;u xéu
/ T Vu? dz = O(m;l_e)/ “utdr, p— oo (6.87)
e

Tp
2

The integral of u? is estimated in the proof of Proposition 6.3, namely,
z,—0 z,+01 z%M . 2
/ +/ +/ w? dz = O(a,'p?) + O(a,®), p—oo. (6.88)
Ty z,—08 Ty +01
Thus, we get from (6.7) that
xr3 "

/ & V]u? dz = O(uféx;E), = 0. (6.89)
T

e x3, <: Again, there is no contribution of V; for large 11 and (6.72), (6.30) and
(6.61) yield (with some C' > 0, see also (6.62))

o0 1
/ V|u? doe = (’)(a:;lfsefc"”“), [ — 00. (6.90)
x%”
Putting all these estimates together, we indeed get (6.75). O
Remark 6.7. For special choice Q(z) = |z|%, B > 2, we obtain more precise

asymptotics for {u,} from (6.10). Thus we can conclude further that, for V' as in
(6.72), the eigenvalues {\,} of T satisfy as n — oo

2

28
T 1 A2 1 T BEE 2

n==— - — (= “7 ). (6.91

A (Qg <n+2>> +Q% <Qﬁn> /RV(J;)da:+0<n B+> (6.91)

When taking formally the limit 5 — +oo, the correction (6.74) due to V' becomes
(5.20) with I = 1; notice that the formula (5.20) is valid also for the perturbation
of —d?/dx? with Dirichlet boundary conditions.

6.4. Perturbations by singular potentials. Let V € W~%2(R) with some s >
0, so

3C >0, 35 >0, Vo € WH(R), [(V.9)] < Clldlliyragw ol (6.92)

and define the form
bv(¢,9) = (V.¢1), ¢,¢ € Dom(a). (6.93)
An extension of Theorem 6.4 for singular potentials is Theorem 6.9 below, where

sufficient conditions on V' so that by satisfies (1.10) are stated. In the proof, the
following estimates of L?-norms of {¢} } are used.

Lemma 6.8. Let Q satisfy Assumption 1 with (6.3) replaced by (6.11), let {u} be
the eigenvalues of A and let {¢x} be as in (6.26). Then

[kl zacey = O (i Iklloy ), & — oo. (6.94)

Proof. By the Gagliardo-Nirenberg interpolation inequality with a@ = 1/2, see [31,
Lecture II], and since 1y, is an eigenfunction of A, we get

1 1
il zacey < CUVEN Ly 1] oy
1 1 1 1 1
< O (WE 1600 uqey + 1QF 0kl Fagmy ) 1600 ey

Finally, Q% satisfies the conditions on the weight w in Proposition 6.3 and so (6.94)
follows from (6.95) and (6.39) with w = Q=. O

(6.95)
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Theorem 6.9. Let @ satisfy Assumption 1 and let A be Schrédinger operator
from (6.1). If V.€ W—52(R) with

g—1
< _— .
0<s< 5 (6.96)
then A and the form by from (6.93) satisfy condition (1.10) with
2/ 1—-28s
— , = - 6.97
TT ey “TaB+2 (6.97)
If the support of V' is compact and
1
0<s<s, (6.98)
then A and the form by from (6.93) satisfy condition (1.10) with
23 1—8s
__F _ _ 6.99
TS+ YT B2 (6.99)

Proof. The letter C' denotes a constant, which can vary in every step, however, it
is independent of m and n. We employ (6.92), Holder inequality, (6.94) with ¢ = 4
and finally (6.12), (6.41)

by (@, Ya)| < C (Wt + [¥ntmll* + 1mtn ) [$menll .
<cC (M?n + i+ 1) l[9om [l La®) 1 ¥nll L4 )
. (6.100)
< C (tmpn) [¥mllLs @) ¥nll Law)
< C(mn) 257) logmlogn.
Thus condition (1.10) is satisfied with « as in (6.97).

If the support of V' is compact, we use the pointwise bounds for || and [¢}],
see (6.35), (6.36). Similarly as above, we obtain from (6.92) that

Bs=1
|bV(¢ma ¢n)| < C(mn) B+2 (6.101)
and so condition (1.10) is satisfied with « as in (6.99). O

Notice that for 8 — 400 in (6.96), we recover the condition s < 1/2 derived in
Section 5.3.4 for perturbations of —d?/dz? on finite interval.

Corollary 6.10. Let A be as in (6.1) and V € W~52(R) with s satisfying (6.96)
or (6.98) if the support of V' is compact. Then the eigensystem of T, being the form
sum of these A and V, contains a Riesz basis of L*(R).

Finally, we consider the perturbation of A by d-interactions like in Section 5.3.2,
see also (1.11). Let

(W] =Y wlp(an)?, {w} €€(Z), {xx} CR, 1 €Dom(a). (6.102)

kEZ

It follows from (6.37) that

B—4
165° (Y, ¥n)| < Cllvler z) (mn) 5@+, (6.103)

thus A and b§° satisfy condition (1.10) if § > 1. Hence, by Theorem 3.4, the
eigensystem of 7', being the form sum of A in (6.1) and b§° in (6.102), contains a
Riesz basis of L*(R).
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