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Abstracts 

In order to carry out high-precision machining of aerospace structural components with large size, thin wall and complex surface, 

this paper proposes a novel parallel kinematic machine (PKM) and formulates its semi-analytical theoretical stiffness model 

considering gravitational effects that is verified by stiffness experiments. From the viewpoint of topology structure, the novel PKM 

consists of two substructures in terms of the redundant and overconstrained parallel mechanisms that are connected by two interlinked 

revolute joints. The theoretical stiffness model of the novel PKM is established based upon the virtual work principle and deformation 

superposition principle after mapping the stiffness models of substructures from joint space to operated space by Jacobian matrices 

and considering the deformation contributions of interlinked revolute joints to two substructures. Meanwhile, the component gravities 

are treated as external payloads exerting on the end reference point of the novel PKM resorting to static equivalence principle. This 

approach is proved by comparing the theoretical stiffness values with experimental stiffness values in the same configurations, which 

also indicates equivalent gravity can be employed to describe the actual distributed gravities in an acceptable accuracy manner. Finally, 

on the basis of the verified theoretical stiffness model, the stiffness distributions of the novel PKM are illustrated and the contributions 

of component gravities to the stiffness of the novel PKM are discussed. 
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1. Introduction 

In the high-precision machining of aerospace structural components with large size, thin wall and complex surface, a new type of 

five degree-of-freedom (DoF) numerical control machine, referred to as parallel kinematic machine (PKM), has been paid more and 

more attention from both academia and industry [1-4]. As an important complement of traditional 5-DoF numerical control machines 

with serial topology structures, the parallel kinematic machines (PKMs) with closed topology structures have several advantages in 

terms of high stiffness, good accuracy/dynamic performance, large load-weight ratio and easy integration with long guideways [5-7]. 

Those have been proved by successful applications of famous Tricept [8-10] and Sprint Z3 head [11-12] PKMs, not only in the 

aerospace machining but also in fields like automobile and aviation assembling, wielding, drilling 

The existing 5-DoF PKMs can be classified into two categories. The first category is composed of a 3-DoF position parallel 

mechanism (3-UPS&UP [13], 3-UPS&UP [14], 2-UPR&SPR [15] parallel mechanism for example) plus a 2-DoF rotating head 
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attached to the moving platform, which has been exampled successfully by Tricept PKM. Here, U, P, S and R denote the universal, 

prismatic, spherical and rotational joints, respectively, P denotes the actuated prismatic joint driven by a servomotor. The second 

category is the integration of a 3-DoF pose parallel mechanism (3-PRS[16], 3-RPS[17] parallel mechanism for example) and two long 

guideways, which has been exampled successfully by Sprint Z3 Head PKM. The two categories are especially designed for their 

applicability to high-precision machining of large-scale, thin-wall and complex-surface structural components. However, the 2-DoF 

rotating head in the first category will be designed towards large size and heavy weight in order to match the stiffness of the 3-DoF 

position parallel mechanism and then avoid the bucket effect, which will make a great impact on the dynamic performance of these 

5-DoF PKMs. Herein, bucket effect means that the weakest part will determine the performance of the whole system. While for the 

second category, the two long guideways will influence accuracy and cooperation performance of the 5-DoF PKM. Moreover, the 

parasitic motion in the 3-DoF pose parallel mechanism [18] may lead to the increment of the control cost. Driven by these problems, 

the authors of this paper proposed a novel 5-DoF PKM (hereafter referred to as ‘T5 PKM’) [19], whose servomotors are all arranged 

adjacent to the fixed base to reduce the weight of the 2-DoF rotating head and avoid integration with two long guideways. 

As an important factor evaluating the effects of external force and torque on the displacements of the end-effector, stiffness or 

compliance is one of the vital performances that should be considered for the analysis of above-mentioned 5-DoF PKMs [20-21]. In 

addition, when applying for high-precision machining of large-scale, thin-wall and complex-surface aerospace structural components, 

the stiffness or compliance performance will have significant effect on the accuracy performance of these 5-DoF PKMs [22]. It’s 

worth pointing out that the stiffness or compliance modeling is a research hotspot and an essential foundation for the stiffness or 

compliance analysis, design and estimation in the preliminary and final design stages of 5-DoF PKMs. Literature reviews [23-38] 

show that there are three main methods for the formulation of stiffness or compliance model: numerical approach based on finite 

element analysis (FEA) software, analytical approaches based on structural matrix, and semi-analytical approach based on virtual 

work principle. 

The numerical approach based on FEA software is the most accurate and reliable approach to formulate the stiffness or compliance 

model, in which the components with irregular shape can be modeled precisely and actually [23-24]. However, the stiffness mapping 

between joint space and operated space cannot be demonstrated explicitly. In addition, the FEA models have to be re-meshed and 

re-computed when configuration of end-effector changes, which is inevitable to increase the computational costs. Therefore, the 

numerical approach based on FEA software is not suitable for parameterized stiffness model. It is usually utilized to the stiffness 

estimation in the preliminary design stage and the stiffness verification in the final design stage. 

The analytical approach based on structural matrix uses the kineto-elasto dynamic (KED) method for reference to formulate the 

stiffness matrix of the parallel mechanism. By combining stiffness matrices of standard elements such as beam, shell and solid 

elements [23], the stiffness matrix can be obtained by a general step or flow no matter how complicated the parallel mechanism are. 

For instance, Deblaise [25] and Wu [26] successfully establish the stiffness models of Delta mechanism and a 5-DoF redundant 

mechanism by means of structural matrix, respectively. However, Pashkevich [24] points out that the analytical approach based on 

structural matrix is more complicated in computing multi-dimensional matrix and not suitable for stiffness design of parallel 

mechanisms. In addition, the stiffness matrices of standard elements are not accurate to characterize those of the actual components 

with irregular shape. 

The semi-analytical approach based on virtual work principle is to formulate the force and deformation mapping between joint 

space and operated space in the light of virtual work equation, and then obtain the stiffness model of parallel mechanisms by applying 

Jacobian matrix and Hooke’s Law. The stiffness values of some components are obtained by means of FEA software [20, 27]. This 

approach can be traced back to the work of Salisbury in 1980 [28] that map the stiffness of the joint space of a sprinkler mechanism to 



that of the operated space by means of Jacobian matrix. In 1990, Gosslin [29] formulate the stiffness models of planar 3-DoF and 

spatial 6-DoF parallel mechanisms merely considering the actuator compliances. By taking into account several deformations of 

components caused by payloads, a more accurate stiffness model of a 6-DoF Stewart platform is obtained by Huang and Kao [30]. 

Noticing that the Jacobian matrix of lower mobility parallel mechanisms cannot map the stiffness along/about constrained directions, 

Ceccarelli [31], Zhang [9] and Li [32-33] utilize the virtual spring to describe the limb deformations caused by the constraint forces, 

and then carried out the stiffness modelling of CaPaMan, Tripod-based, 3-PUU and 3-PRC parallel mechanisms. By considering 

theoretically accessible and inaccessible instantaneous motions, the generalized Jacobian matrix of lower mobility parallel 

mechanisms is obtained by Huang [34]. Based upon overall and generalized Jacobian matrices, the stiffness modeling of several lower 

mobility parallel mechanisms has been carried out [22, 35-37]. Recently, Pashkevich [23-24, 38] propose a virtual joint method (VJM) 

to formulate the stiffness models of parallel mechanisms, in which 6-DoF virtual springs are employed to describe the link and joint 

deformations.  

In consequence, it should be pointed out that the semi-analytical approach based on virtual work principle is more suitable for the 

parameterized stiffness analysis, estimation and design comparing to the other two approaches, as it combines the accuracy of 

numerical methods and explicitness of analytical method. From the viewpoint of topology structure, the novel T5 PKM consists of 

two substructures in terms of the redundant and overconstrained parallel mechanisms that are connected by two interlinked revolute 

joints. Hence the deformations stemmed from both redundant substructure and overconstrained substructure are interactive by the two 

interlinked revolute joints. The above-mentioned semi-analytical approach cannot apply directly to the stiffness modeling of T5 PKM 

because of its unique structure. How to deal with the deformation contribution of interlinked revolute joints to the substructures is of 

vital important. In addition, the Jacobian matrix is a key issue in the stiffness modeling of parallel mechanism utilizing the 

semi-analytical approach, yet how to apply Jacobian matrix to the stiffness model of the redundant and overconstrained parallel 

mechanisms still remains an open problem. 

Moreover, for the 5-DoF PKMs with horizontal layout, the deformation caused by the gravitational forces of the machine should 

not be neglected in the stiffness model since it will has great influence on the deformations of the end reference point. However, the 

stiffness model considering gravitational effects is an open issue to be investigated although several attempts have been made to deal 

with this problem [24, 38-40]. In addition, how to verify the validity of the stiffness model considering gravitational effects is also a 

challenging problem. 

This paper formulates a semi-analytical stiffness model of T5 PKM considering gravitational effects, and verifies its validity by 

means of the stiffness experiment. Having outlined the existing approaches and challenges in Section 1, this paper is organized as 

follows. The system description and inverse position analysis are addressed briefly in Section 2. Section 3 formulates the stiffness 

model of T5 PKM, in which the stiffness models of substructure I and II are obtained in Section 4. The stiffness experiment is carried 

out in Section 5 to illustrate the validity of this stiffness model. Section 6 demonstrates the stiffness analysis in the prescribed 

workspace and the gravitational effects to T5 PKM before the conclusions are drawn in Section 7. 

 

2. T5 PKM description and inverse position analysis 

T5 PKM is composed of a fixed base, a moving platform, a platform I, a UP limb, five UPS limbs, two interlinked R joints denoted 

by IR1 and IR2, closed-loop I and closed-loop II. As shown in Fig. 1, The five UPS limbs connect the fixed base by U joints and the 

1st and 2nd, 3rd and 4th UPS limbs join platform I together by IR1 and IR2, respectively, while the 5th UPS limb links platform I by S 

joint. The UP limb joins the fixed base by U joint with its center denoted by point O and connects rigidly to platform I at point A6. The 

prescribed position workspace of T5 PKM is considered as a cylinder whose radius is R and height is h, and the distance between 



point O and the upper surface of the prescribed workspace is represented by H. As is shown in Fig.1(b), point Bi and Ai denote centers 

of U joint and S joint of the ith UPS limb ( 1 ~ 5i  ), respectively. The circumradiuses of the fixed base and the platform I are denoted 

by b and a , respectively. The point B12, B34 are the midpoints of line B1B2 and B3B4 which are perpendicular to each other, and the 

distance between B12 (or B34) to Bj ( 1 ~ 4j  ) is represented by b0. Similarly, point A12, A34 are the midpoints of line A1A2 and A3A4 

which are also mutually perpendicular, and the distance between A12 (or A34) to Aj ( 1 ~ 4j  ) is deboted by h0. 

In order to describe the motion in a distinct way, T5 PKM can be divided into two parallel mechanims in terms of a 3-DoF 

redundant parallel mechanisms and a 2-DoF overconstrained parallel mechanism [19]. Topology strucutre of the 3-DoF redundant 

parallel mechanisms is described by the fixed base, platform I, five UPS limbs, IR1, IR2 and UP limb, which is named as substructure 

I in this paper. The 2-DoF overconstrained parallel mechanism is made up of two parallelogram-based closed-loop I and II with 

topology RUUR, which is called after substructure II in this paper.  

As shown in Fig. 2, in the closed-loop I and II, one axis of the U joint is collinear with that of the other U joint, and the other two 

axes are parallel to the R joints and to those of IR1 and IR2, respectively. Point E1, E2, F1 and F2 denote the centers of R joints, point 

E3, E4, F3 and F4 denote the centers of U joints, respectively. The output link E3E4 and F3F4 of closed-loop I and II are articulated by 

one R joint with its center represented by point D, in which the output link E3E4 is designed as the moving platform of the 

substructure II and T5 PKM shown in Fig. 1(a). What should bear in mind is that T5 PKM is not a hybrid mechanism simply added by 

substructure I and II, the inputs of the substructure II are given by the IR1 and IR2 of substructure I. In consequence, T5 PKM is a 

parallel mechanism form the viewpoint of the topology structure, which is essentially different from Tricept-like and Sprint Z3 

Head-like PKMs. 

 

 

  (a)                                                                 (b) 

Fig.1  (a) 3-D model and (b) schematic diagram of T5 PKM 

 

In order to describe the motions of T5 PKM, several reference frames are established. As shown in Fig. 1(b), a fix reference frame 
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designated as frame O xyz  is fixed to the center point O with the z-axis normal to the fixed base and the y-axis coincident with the 

proximal axis of central U joint. As shown in Fig. 2, a moving reference frame 6A uvw  is assigned to the center point A6 of 

platform I. Its u-axis is parallel to the distal axis of central U joint and the w-axis coincides with the axis of P joint of the UP limb. 

Reference frames Bi – ui vi wi ( 1 ~ 5i  ) shown in Fig. 1(b) are defined at point Bi to describe the configuration of UPS limbs, its 

ui-axis is collinear with the distal axis of the ith U joint while wi coincides with the axis of P joint of the ith UPS limb. By rotating 

frame 6A uvw  about the w-axis with   ( 5 / 4 y p ), the reference frame 6A u v w¢ ¢ ¢-  is established at point A6. As shown in 

Fig. 2, a reference frame 1 1 1D u v w-  is set at point D, whose 1u -axis is parallel to line E3E4 and the 1v -axis is consistent with the 

v¢ -axis. Similarly, a reference frame 2 2 2D u v w-  is located at point D, whose 2u -axis is collinear with the u¢ -axis and the 2v -axis 

is parallel to line F3F4. In addition, a moving reference frame D u v w¢¢ ¢¢ ¢¢-  is defined with its u¢¢ -axis parallel to line E3E4 and the 

w¢¢ -axis normal to the plane of the moving platform. 

Based upon aforementioned definitions, the orientation matrix R of frame 6A uvw  with respect to frame O xyz  can be 

described by rotating about y-axis with   angle and u-axis with   angle successively. Such that, the position vector, 

( )T
x y zr , of point D in frame O xyz  can be expressed by 

( )q d r w                                               (1) 

where 

i i i iq q  w b w a , 1, 2, ,5i    

herein q and w are the length and unit vector of UP limb, resepectively, bi and ai represent vectors of point Bi and Ai in frame O xyz , 

qi and wi are the length and unit vector of the ith UPS limb, d denotes the distance from point A6 to point D,.  

 

 

(a)                                         (b) 

Fig.2  (a) Description of platform I in a plane and (b) schematic diagram of substructure II 

 

Since the vector ai is related to the rotations of IR1 and IR2, and ai can be expressed in frame O xyz  as 
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where a10, a20, a30 are the vectors of point A6 to point A12, point A34, point A5 in frame A6 – uvw, respectively. yR  is the orientation 

matrix of frame 6A u v w¢ ¢ ¢-  with respect to frame A6 – uvw. 
1

Rq  and 
2

Rq  are the orientation matrixes of IR1 and IR2 rotating about 

v¢ -axis and u¢ -axis with 1q  and 2q , respectively. It is worth to mention that 
1

Rq  and 
2

Rq  are the orientation matrixes of frame 

1 1 1D u v w-  and frame 2 2 2D u v w-  respect to frame 6A u v w¢ ¢ ¢- , respectively. hi (when 1,2, , 4i   ) is the vector from point A12 or 

point A34 to Ai in frame A6 – uvw.  

The orientation matrix of frame D u v w¢¢ ¢¢ ¢¢-  with respect to frame 6A u v w¢ ¢ ¢-  is calculated as  

[ ]R u v wq
¢¢ ¢¢ ¢¢                                                (3) 

where ( )1Rot ,u v uq¢¢ ¢ ¢ , ( ) ( )1 2Rot , Rot ,v u w u vq q¢¢ ¢ ¢ ¢ ¢é ù é ùë û ë û  and  v w u¢¢ ¢¢ ¢¢ . 

Supposed that the position vector r  of point D in frame O xyz  and the angles x  and y  achieved by rotating the moving 

platform about x and y axis are known, and then the vector w can be determined by Eq. (1) and the unit vector w6 of the spindle axis 

whose direction is perpendicular to the plane of the moving platform in frame O xyz  can be expressed.  

Based upon Eq. (1), a and b  can be calculated easily and then the orientation matrix R of frame 6A uvw  with respect to 

frame O xyz  is formulated. Then the orientation matrixes 
1

Rq  and 
2

Rq  are formulated by 

( )TT T
6 x y zw w w w R R wy

¢¢ ¢¢ ¢¢ ¢¢                                       (4) 

herein, it is noted that 1 arctan x

z

w

w
q

æ ö¢¢
ç ÷ç ÷¢¢è ø

 and 2 arctan y

z

w

w
 q

¢¢æ ö
ç ÷ç ÷¢¢è ø

. 

Therefore, the inverse position problem of T5 PKM, i.e. calculation of qi is solved by means of Eq. (1) after determining ai 

according to the values of 1q  and 2q . 

 

3. Stiffness modeling of T5 PKM considering gravitational effects 

  Based upon the analysis results of Section 2, T5 PKM can be divided into substructure I and II in terms of the 3-DoF redundant 

parallel mechanism and the 2-DoF overconstrained parallel mechanism, in which IR1 and IR2 shown in Fig. 1 and 2 are included by 

the two substructures in common. The IR1 and IR2 are passive joints in the substructure I while they are actuated joints in the 

substructure II. Therefore, the deformation of T5 PKM can be calculated by the sum of the deformations of the two substructures in 

the light of the deformation superposition principle, in which the deformation contributions of IR1 and IR2 to the two substructures 

respectively must be considered, however the compliance calculation of IR1 and IR2 is an important and challenging issue. In addition, 

the component gravities of T5 PKM are considered as the external payloads exerting on the moving platform of T5 PKM in this paper. 

This treatment will be verified by the stiffness experiment of T5 PKM. 



 
(a)                                          (b) 

Fig.3  Free-body diagrams of (a) substructure I and (b) substructure II  

 

On the basis of screw theory, the stiffness modeling flow of T5 PKM can be concluded in this paper as: 1) the wrench and twist 

mapping models of substructure I and substructure II are formulated considering gravitational effects and then the compliance models 

in their joint space are obtained, respectively; 2) utilizing virtual work principle and considering deformation compatibility conditions, 

the compliance models of the two substructures in their operated space are established by means of Jacobian matrix; 3) based upon 

deformation superposition principle, the stiffness model of T5 PKM are formulated considering the deformation contributions of IR1 

and IR2. 

 

3.1 Wrench mapping model 

The wrenches exerting on T5 PKM are considered as the external payload, internal payload of actuations/constraints and gravity. As 

shown in Fig. 3(a), the equation of static equilibrium of substructure I at point A6 can be written as  
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where 1
Ef  and 1

Eτ  denote the external force and torque applying on point A6, 
1

1
, ,w G L$ , 

2

1
, ,w G L$ , 1

, ,
ˆ

jaw G IR$ , 1
, ,w G C$  and 1

, ,w G P$  

are equivalent gravitational wrenches of outer tube of the ith UPS limb, inner telescopic link of the ith UPS limb, IR1 or IR2, central 

pipe of UP limb and platform I exerting on point A6, respectively. 
1

1
Lm  is the mass of the outer tube, 1e  denotes the unit vector of 

gravitational acceleration, and 1
1l  represents the distance between the mass center of the outer tube and that of U joint. 

2

1
Lm  

denotes the mass of the inner telescopic link, and 1
2l  represents the distance from the mass center of the inner telescopic to that of S 

joint. 1

jaIRm  is the mass of IR1 or IR2. Besides, r  and CA  are density and sectional area of the center pipe of UP limb, 1
Pm  and 

1
Pl  are the mass of platform I and the distance between the mass center of platform I to point A6, respectively. 

In a similar way, the equation of static equilibrium of substructure II shown in Fig. 3(b) is formulated as  

2 4 3
2 2 2 2 2 2 2 2
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= = =
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where 2
,w E$  denotes the external wrench of substructure II applying on point D, 2

,w G$  is the equivalent gravitational wrench of 

substructure II exerting at point D. 2
,

ˆ
wa ka$  and 2

,a kat  represent the unit wrench of actuation and its intensity, respectively. 2
,

ˆ
wc kcc$  

and 2
,c kccf  denote the unit wrench of constraint and its intensity, 2

,
ˆ

wc kcr$  and 2
,c kcrf  represent the unit wrench and intensity of 

over-constraints of substructure II. And  
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herein, 2
Ef  and 2

Eτ  are external force and torque applying on point D, 2
, , ,w G i j$  is the equivalent gravitational wrench of ith 

component exerting on point D. 2
,1im  represents the mass of link 1 2E E , link 1 4E E  ( 2 3E E ), and output link 3 4E E  of closed-loop I, 

respectively. Similarly, 2
,2im  is the mass of link 1 2F F , link 1 4F F  ( 2 3F F ) and output link 3 4F F of closed-loop II, respectively. 2

1, jl  

is the vector from mass center of link 1 2E E  to point A6, and 2
2, jl  is the vector from mass center of 1 4E E  ( 2 3E E ) or 1 4F F  ( 2 3F F ) 

to point D. 2
3, jl  denotes the vector between mass center of output link 3 4E E  ( 3 4F F ) and point D, and 2

,i js  represents the unit axis 

vector of the 1-DoF joints in substructure II shown in Fig. 2(b). 

Based upon above-mentioned analysis, it is obvious that 1
,R jaτ  and 2

,a kaτ  are mutually action and reaction force, and then the 



wrench model of T5 PKM are calculated as 

T 1 2
w w w

 T$ $ $                                              (7) 

where , ,w w E w G $ $ $ , 1 1 1
, ,w w E w G $ $ $ , 2 2 2

, ,w w E w G $ $ $  and [ ]3

3 3 3

d



 


E w
T

E

é ù
ê ú
ê úë û0

. 3E  denotes 3 3´  unit matrix while 

[ ]w´  represents the skew-symmetric matrix relating to vector w . 

 

3.2 Twist Mapping Model 

As shown in [19], the twist t$  of T5 PKM with respect to reference point D is the liner superposition of twists 1
t$  and 2

t$  

produced by substructure I and II respectively, which is 

1 2
t t t $ $ $T                                            (8) 

Based upon the wrench and twist mapping models, the compliance model of T5 PKM can be formulated as follows in the light of 

Hooke’s Law. 

w tC$ $                                              (9) 

herein C  denotes the compliance matrix of T5 PKM.  

Substituting Eq. (7) and Eq. (8) into Eq. (9), C  can be expressed as 

1 T 2 C T CT C                                         (10) 

where 1 1 1
w tC $ $  and 2 2 2

w tC $ $ . 1C  and 2C  are compliance matrixes of substructure I and II with respect to point A6 and D, 

respectively. 

It is concluded from aforementioned compliance/stiffness modeling of T5 PKM that: 1) the gravities of two substructures are 

equivalent to external payloads exerting on point A6 and point D by means of static equilibrium, respectively; 2) the wrench and twist 

models of two substructures are the same as those presented in [19] since the gravities are regarded as the external payloads; 3) the 

stiffness matrix of T5 PKM can be obtained after computing 1C  and 2C  in Section 4, in which the contribution of IR1 and IR2 

should be considered. 

Concerning Eq. (10), several assumptions should be made as: 1) the friction and contact deformation within the joints are ignored; 

2) the deformations of the components satisfy the linear superposition principle; 3) the platform I, output links E3E4 and F3F4 are 

regarded as rigid bodies without deformations. 

 

4. Stiffness models of IR1, IR2, substructure I and II 

4.1 IR1 and IR2 

As shown in Fig. 4, the structures of IR1 and IR2 look like the capital letter ‘T’, the horizontal parts link to the 1st and 2nd (or 3rd 

and 4th) UPS limbs at point kA  and 1kA   ( 1,3k  ), respectively, while the vertical part connects to platform I by rotational 

components at point , 1k kA 
¢  and joins actuated joints of substructure II at point , 1k kA 

¢¢  rigidly. Based upon aforementioned analysis, 



it is reasonable to know that the axial forces 1
,a kf  and 1

, 1a kf  caused by UPS limbs applies on the horizontal part of IR1 and IR2, 

while the force 1
,p krf  and torque 1

,p krτ  caused by platform I exert on point , 1k kA 
¢ . The torque 2

,a kr τ  (equal to 1
,R krτ ) caused by 

substructure II exerts on point , 1k kA 
¢¢ , whose direction is the same as the rotational axis of IR1 and IR2. 

As shown in Fig. 4, the deformations of IR1 and IR2 can be divided into the rigid body motion and the elastic deformation. The 

initial configuration of IR1 and IR2 is represented by state 1, then they move rigidly to state 2. Supposed that UPS limbs stay still 

while IR1 and IR2 begin to deform, which is demonstrated by the red lines in Fig. 4. 

Therefore, the compliance of substructure I caused by five UPS limbs can be written as follows when considering the deformation 

effects of IR1 and IR2. 

2
1 1 1

,1 ,2,
1

a a a i
i

 C C C                                            (11) 

where 1
,1aC  is the compliance matrix of substructure I at point A6 assuming that IR1 and IR2 are treated as rigid bodies. 1

,2,a iC  is the 

compliance matrix substructure I at point A6 caused merely by deformation of IR1 and IR2, which can be measured by means of FEA 

software. It is worth mentioning that the rank of 1
,2,a iC  is 5 since the angular stiffness about rotational axial of IR1 and IR2 is zero. 

 

 

Fig. 4  Force and deformation of IR1 or IR2 

 

When considering the deformation effects of IR1 and IR2 to actuated compliance of substructure II, its compliance matrix will be 

determined by the compliance matrices of IR1 and IR2 at , 1k kA 
¢  and of the components between , 1k kA 

¢  and , 1k kA 
¢¢ , which is  

2 2 2
, 1, 2,ac j ac j ac j C C C                                           (12) 

where 2
,ac jC  is the actuated compliance matrix of closed-loop I and II. 2

1,ac jC  is the compliance matrix of IR1 and IR2 at , 1k kA +
¢ , 

which can be calculated by 1
,2,a iC . 2

2,ac jC  denotes the compliance matrix of component between , 1k kA +
¢  and , 1k kA +

¢¢ . Even though it 

is easy to get analytical result of 2
1,ac jC  and 2

2,ac jC  by multi-beam approximation, FEA software based method is applied here to 

obtain more reliable results. To apply this approach to determine 2
2,ac jC , platform I is fixed and the actuation wrench 2

,wa ka$ , the 
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constrained wrench 2
,wac kcc$  and 2

,wac kcr$  are applied to point , 1k kA +
¢¢ , and then the corresponding linear and angular displacement 

can be evaluated, which are the columns of the compliance matrix 2
2,ac jC . 

 

4.2 Substructure I 

Based upon aforementioned analysis, six dimensional deformations of platform I at point A6 caused by 1
w$  includes 

tension/compression deformation along wi of the ith UPS limb ( 1,2, ,5i =  ), five dimensional deformations of IR1, IR2 and 

bending/torsion deformation of UP limb. The twist of point A6 can be expressed as follows in the light of linear superposition 

principle. 

1 1 1 1 1 1
t ta tb tt w    C$ $ $ $ $                                        (13) 

where 1
ta$  denotes the twist resulted from UPS limbs, IR1 and IR2, 

1
tb$  and 1

tt$  represent the bending and torsional twists caused 

by UP limb, and 1 1 1 1
a b t  C C C C . 

 

4.2.1 Determination of 1
aC  

The forces applying on the five UPS limbs are merely tension/compression and it allows UPS limbs to be regarded as 1-DoF spring 

systems, hence the compliance of the ith UPS limb at Ai can be formulated as 

7

, ,
1

iA a i j
j

c c


å , 1, 2, ,5i   , 1,2, ,7j                                       (14) 

where , ,1a ic  denotes the axial compliance of S joints. , ,2a ic , , ,3a ic , , ,4a ic , , ,5a ic  and , ,6a ic  represent the axial compliance of P 

joints component including inner telescopic link, screw nut, lead screw, bearings and outer tube, respectively. , ,7a ic  denotes the axial 

compliance of U joint. 

 
Fig. 5  3-D model of S joint in the 1st, 2nd, 3rd and 4th UPS limb 

 

The S joint of UPS limbs is composed of three R joints whose axes are linear independent and perpendicular mutually. Taking S 

joint shown in Fig. 5 of the 1st, 2nd, 3rd and 4th UPS limb as example, the reference frames , , ,ia s ja s ja s jaA u v w-  ( 1, 2, , 4ia   , 

1,2,3ja  ) is designated to iA , whose ,1sw -axis is collinear with the iaw -axis of the iath UPS limb, the ,2su -axis is coincident with 

iaA

,1sq

2s

,3sq

bearing 3 

part 2 

bearing 2 

part 1 

bearing 1 

( ),3s iav h
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that of the second R joint and the ,3sv -axis coincides with iah . Supposed that the orientation matrix of frame , , ,ia s ja s ja s jaA u v w  with 

respect to frame , 1 , 1 , 1ia s ja s ja s jaA u v w - -  is ,s jaR , and then the orientation matrix of frame ,3 ,3 ,3ia s s sA u v w  with respect to frame 

,1 ,1 ,1ia s s sA u v w-  can be expressed as 

,1 ,2 ,3s s s sR R R R                                            (15) 

where ( ),1 ,1 ,1Rot ,s s sR w q , ( ),2 ,2 ,2Rot ,s s sR u q  and ( ),3 ,3 ,3Rot ,s s sR v q . ,1sq , ,2sq  and ,3sq  are obtained by means of the 

inverse position analysis in Section 2. 

In consequence, the 3 3  linear compliance matrix of S joint is formulated as 

,1 ,2 ,3s s s s  C C C C                                            (16) 

where T
,1 ,1 ,1 ,1s s s sC R C R , ( ) ( )T

,2 ,1 ,2 ,2 ,1 ,2s s s s s sC R R C R R  and T
,3 ,3s s s sC R C R . The linear compliance of three R joints in each 

reference frame are represented by
 ,1sC , ,2sC  and ,3sC , respectively. It is noted that the third element of the diagonal of sC  is the 

axial linear compliance of S joint, that is , ,1a ic . 

The axial compliance of the inner telescopic link, screw nut, bearings and outer tube are constant. The lead screw is fixed on one 

side and free on the other side, and then its axial compliance is determined by the distance between screw nut and the fixed end as 

, ,4
i sc

a i
sc

q L
c

EA


                                               (17) 

where scL  is the work length, E is elasticity modulus and scA  is sectional area of lead screw. 

Similar with S joint, the 3 3  linear compliance matrix of U joint is obtained as 

T
U in U out U C C R C R                                           (18) 

where inC  and outC  are the linear compliances of the inner and outer rotational components of U joint in each reference frame 

while UR  is the orientation matrix of the proximal axis with respect to the distal axis of U joint. It is noted that the third element of 

the diagonal of UC  is the axial linear compliance of U joint, that is , ,7a ic . 

In consequence, the linear compliance of ith UPS limb is achieved by substituting Eq. (15) ~ (18) into Eq. (14), which will be 

mapped to point A6 in order to formulate 1
aC . 

In the previous work of the authors [19], the twists of UPS limbs mapping to point A6 can be described as 

1
1xa ta q qJ J Δ$                                               (19) 
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herein, 1
pΔ  and 1

aΔ  represent the linear and angular deformations of platform I at point A6, iqD  ( 1, 2, ,5i   ) is the linear 

deformation of the ith UPS limb, 1
, ,1

ˆ
ta R$  and 1

, ,2
ˆ

ta R$  are the unit twists of IR1 and IR2, respectively. 

Taking first order perturbation on both side of Eq. (1), and resulting in 

1 1
p pΔ T Δa a                                               (20) 

where [ ]( )T
3T

1
p e

eq
  T w E ww

w wa , 2e  w u e  and ( )T

2 0 1 0e . 

Bearing in mind the virtual work principle and Hooke’s law, it is easy to formulate 

1 T 1 T 1
ta wa q a$ $ Δ f                                             (21) 

where 1 1
a a qf K Δ  and ( )1 2 5

1 1 1 1diag , , ,a A A Ac c c  K  . 

When IR1 and IR2 are treated as rigid bodies without deformations, six dimensional deformations of substructure I at point A6 

merely considering the deformation contributions of UPS limbs are formulated by substituting Eq. (19) ~ (20) into Eq. (21) as 

( ) 11 T 1 T
,1 1 1a a a a a a


C D J K J D                                        (22) 

where 
TT

3a pD E Ta
é ù
ë û  and ( )1 1 1a q xp x p  a a

+J J J J T . 

When IR1 and IR2 are treated as elastic bodies with deformations, their stiffness matrices 
1IRK ¢  and 

2IRK ¢  are obtained by FEA 

software in frame , 1k kA u v w+
¢ ¢ ¢ ¢ . Therefore, the compliance matrix of substructure I with respect to point A6 only caused by the 

deformations of IR1 and IR2 can be calculated as 

1
2

1 T 1
,2

1
j j ja IR IR IR

j


 C T K T

=

æ ö
ç ÷¢
ç ÷
è ø
å , 1,2j =                                    (23) 

where j j j

j

j

IR IR IR
IR

IR

R a R
T

R

é ùé ù
ê úê úë ûê ú
ê úë û0
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j jIRR RR Ry q , and 0jIR ja Ra . 

In consequence, the compliance matrix 1
aC  is achieved by substituting Eq. (22) and Eq. (23) into Eq. (11). 

 

4.2.2 Determinations of 1
bC  and 1

tC  

It is concluded from Eq. (5) that the passive UP limb is exerted by the constrained wrenches that can be divided into the shearing 

force/bending moment along/about u-axis and v-axis and the torsional moment about w-axis, as shown in Fig. 6. The aforementioned 

one force and two moments will lead to the bending and torsional deformations of UP limb. 

As shown in Fig. 6, the P joint is regarded as the beam element because of its cylindrical structure. One side of beam element is 



named as node 1 who is also the center of U joint, and the other side is named as node 2 who connects rigidly to platform I. To 

formulate the bending deformation of UP limb, structure matrix is used here. The dimension of the element stiffness matrix eK  is 

8 8  without considering the torsional deformation. The angular stiffness about u-axis and v-axis are zero, and the linear stiffness of 

U joint is ( )1 1diag ,U fu fvk kK  , and then the shearing force and bending moment of node 1 is 1 1U pf K Δ  and 1 2 2τ ´0 , where 

1pΔ  denotes the linear deformation of node 1. In consequence, the stiffness matrix of node 2 is formulated as described in [34]. 
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where 12K  and 22K  are the 4 4  sub-matrices of eK , 11 12
T
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ê ú
ê úë û

 . 

Based upon the aforementioned analysis, the position and pose of the end point (node 2) of UP limb must satisfy the deformation 

compatibility condition, and then the following equation can be formulated according to Eq. (19).  
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where 2pΔ  and 2Δa  denote the linear and angular deformation of node 2, and 
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Fig. 6  Free-body diagram of UP limb 

 

Bearing virtual work principle and Hooke’s law in mind, the following equations are formulated  
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herein, 2f  and 2τ  denote the shearing force and the bending moment applied on node 2, 1
wb$  represents the shearing force and 

the bending moment of UP limb. 

Substituting Eq. (24)~(25) into Eq. (26), leads to 
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The torsional deformation of UP limb can be obtained by the superposition of the angular deformation of U joint about w-axis and 

the torsional deformation of P joint. It is easy to derive  

1 1 1
tt t wtC$ $                                              (28) 
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herein, ,w inka  denotes the angular stiffness of the proximal axis of U joint about w-axis, ,outaK  represents the angular stiffness 

matrix of the distal axis of U joint, outw  is the third column of orientation matrix of distal axis component with respect to proximal 

axis component , tl  denotes the torsional length as shown in Fig. 6, and tGI  represents the torsional section modulus of the beam 

element. 

 

4.3 Substructure II 

As stated in Section 2, the substructure II is a 2-DoF overconstrained parallel mechanism from the viewpoint of topology structure, 

whose compliance matrix can be considered as that formulates the compliance matrices of two closed-loops in their each reference 

frame and then obtains the compliance matrix of substructure II by means of the virtual work principle and Jacobian matrix.  

It is obvious from Fig. 7 that the closed-loop I is exerted by three forces along 1u , 1v  and 1w  axis and two moments about 1v  

and 1w  axis in the local frame 1 1 1D u v w- . As shown in Fig. 7, the parallelogram E1E2E3E4 can demonstrate the deformation 

transmission distinctly from IR1 to Point D based upon the mechanical principle. In other words, the deformation of point A6 can be 

transferred to point D in two roads simultaneously in terms of road A6E1E4 D and road A6E2E3D. In consequence, the compliance 

matrix of closed-loop I considering the deformation of IR1 in frame 1 1 1D u v w-  can be formulated as 

 

 



 

Fig. 7  3-D model of close-loop I 
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where 2
1,1C  denotes the compliance matrix of link E1E4 from IR1 to point A6, 

2
2,1C  is the compliance matrix of link E1E4 from 

point A6 to point E1 or point E2, 
2

3,1C  and 2
4,1C  represent the compliance matrices of link E1E4 and E2E3, respectively, 2

5,1C  

represents the compliance matrix of U joint of closed-loop I. 

The virtual work equation of closed-loop I at point D can be obtained as 

3 3 4 4
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, 1 , 1 , , , ,t CL w CL t E w E t E w E$ $ $ $ $ $                                (30) 

Based upon the Hooke’s law, 

2 2 2
, ,1 , ,i iCL j w E t EC $ $                                          (31) 

where 2 2
, ,i it D E t ET$ $  is the deformation compatibility conditions of point E3 and E4, 

3

3

i

i

E
E

 E l
T

E

é ùé ù
ë ûê ú

ê ú
ê úë û0

 , 
iEl  denotes the 

vector from point Ei to point D in frame 1 1 1D u v w . ( 1j   for 3i  ; 2j   for 4i  ) 

Substituting Eq. (31) into Eq. (30), the stiffness matrix of closed-loop I in frame 1 1 1D u v w  can be formulated as 
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1u

1E
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1w
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,4,1wcτ 2

,3,1wcf

2
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2
,2,1wcf

2
,1,1wcf
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U joint 

moving platform 

link E1E4 link E2E3 

link E1E4 

(link E3E4) 



2
2 T 2 1 1

,1 , ,1
1

j jCL E CL j E
j

  K T C T
=
å                                          (32) 

As shown in Fig. 8, the closed-loop II is exerted by three forces along 2u , 2v  and 2w  axis and one moment about 1u  axis in 

the local frame 2 2 2D u v w . Similar to closed-loop I, the deformation of point A6 can be transferred to point D in road A6F1F4 D and 

road A6F2F3D simultaneously. The compliance matrix of closed-loop II considering IR2 in frame 2 2 2D u v w  can be calculated as 

2 2 2 2 2 2
,1,2 ,2 1,2 2,2 3,2 5,2

2 2 2 2 2 2
,2,2 ,2 1,2 2,2 4,2 5,2

CL ac

CL ac

     
     

C C C C C C

C C C C C C
                               (33) 

where 2
1,2C  denotes the compliance matrix of link F1F4 from IR2 to point A6, 

2
2,2C  is the compliance matrix of link F1F4 from A6 

to point F1 or point F2, 
2

3,2C  and 2
4,2C  represent the compliance matrix of link F1F4 and F2F3, 

2
5,2C represents the compliance 

matrix of U joint of closed-loop II. 

Bearing virtual work principle in mind, the following equation can be obtained as 

3 3 4 4

2 T 2 2 T 2 2 T 2
, 2 , 2 , , , ,t CL w CL t F w F t F w F $ $ $ $ $ $                                   (34) 

Based upon the Hooke’s law, 

2 2 2
, ,2 , ,i iCL j w F t FC $ $                                             (35) 

where 1j   for 3i  , 2j   for 4i  . 

 

 
Fig. 8  3-D model of close-loop II 
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Noting that the close-loop I and II is articulated by one R joint, the deformation compatibility conditions of closed-loop II at point 

D can be given as 

2 2
, ,2 ,i it D CL F t FT T$ $                                           (36) 

where 3

3

i

i

F
F
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1 5 0CL
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é ù
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ê úë û

0

0
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iFl  denotes the vector from point Fi to point D in frame 2 2 2D u v w , 5E  is 

5 5´  unit matrix. 

Substituting Eq. (35) ~ (36) into Eq. (34), the stiffness matrix of closed-loop II in frame 2 2 2D u v w  without link 3 4F F  can be 

formulated as 

2
2 T T 2 1 1 1

,2 ,2 , ,2 ,2
1

i iCL CL F CL j F CL
j

    



 K T T C T T                                     (37) 

Taking compliance matrix 
3 4

2
F FC of link 3 4F F   into account, the stiffness matrix of closed-loop II at point D is obtained by 

linear superposition principle. 

 
3 4

12 2 1 2
,2 ,2CL CL F F

 K K C                                       (38) 

The virtual work equation of substructure II at point D considering deformations of closed-loop I and II simultaneously can be 

obtained as 

2 T 2 2 T 2 2 T 2
, , , ,1 , ,1 , ,2 , ,2t D w D t CL w CL t CL w CL $ $ $ $ $ $                                 (39) 

On the basis of Jacobian matrices of closed-loop I, II and Hooke’s law, the compliance matrix of substructure II at point D without 

moving platform in frame D u v w ¢ ¢ ¢  can be described by  
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  The compliance matrix of moving platform 
3 4

2
E EC  is considered by linear superposition principle, and then the complia

nce matrix of substructure II is derived as  

3 4

2 2 2 T
R E E R  C C T C T                                             (41) 
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5. Stiffness experiment 

In order to verify the stiffness model of T5 PKM considering gravitational effects, stiffness experiment is carried out in this 

section. Based upon the kinematic optical design of T5 PKM in [19], its dimensional parameters and prescribed workspace are given 

in Table 1. The inertial parameters are obtained and hereby the virtual prototype of T5 PKM is established by commercial software. 

On the basis of the virtual prototype of T5 PKM, the compliance coefficients, mass and mass centers of required components in the 

Section 3 and 4 are measured shown in Table 2~8. 

 

Table 1  Dimensional parameters and workspace of T5 PKM 

Dimensional parameters(mm) workspace 

b a b0 h0 d H(mm) R(mm) h(mm) max ( )  a 

400 167 136 111 167.5 1200 400 300 40 
a

max is the maximum rotational angle of T5 PKM about x or y-axis 

 

                Table 2  Compliance coefficients of UPS limbs (unit: ( μm/N ) 310 ) 

,1sc  ,2sc  ,3,s grc a 
,3, 5s qc b 

, ,2a ic  , ,3a ic  , ,5a ic  , ,6a ic  ,h inc  ,h outc  

37.520 90.907 12.518 25.980 12.831 10.571 2.500 3.770 5.072 4.055 

a
,3,s grc  is linear compliance of part 3 of S joints from jth UPS limb ( 1,2, ,4j   ) 

b
,3, 5s qc is linear compliance of part 3 of S joints from 5th UPS limb 

 

Table 3  Lead screw parameters and compliance of R joints 

Lead screw Parameters 
Linear Compliance 

( μm/N ) 310  

Angular Compliance  

(rad/( N m× )) 610 -  

scL (mm) scEA (MN) u¢  v¢  w¢  u¢  v¢  w¢  

688 44.12 86.03 299.7 43.01 12.89 ¥  16.52 

 

Table 4  Compliance coefficients of UP limb 

,u inc  ,v inc  ,w inc  ,u outc  ,v outc  ,w outc  EI (MN) tGI (MN) 

0.787 34.843 1.190 4.310 4.762 0.041 2.852 1.103 

 

Table 5  Component compliance coefficients of closed-loop I in substructure II 

 Linear Compliance (μm/N ) 310   Angular Compliance (rad/( N m× )) 610  

 1u  1v  1w  1u  1v  1w  

2
,1acC  1.076 0.357 1.213 0.231 ¥  0.0117 

2
1,1C  48.408 965.38 0.102 0.176 ¥  0.0102 

2
2,1C  0.465 1.938 2.009 ¥  ¥  0.0150 

2
3,1C ( 2

4,1C ) ¥  97.176 1.531 ¥  ¥  0.00172 



2
5,1C  0.0612 0.0642 0.1184 ¥  ¥  0.00473 

3 4

2
E EC

 
23.634 87.346 3.213 0.0274 ¥  0.316 

 

Table 6  Component compliance coefficients of closed-loop II in substructure II 

 Linear Compliance (μm/N ) 310  Angular Compliance 

 2u  2v  2w  2u  2v  2w  
2

,2acC  0.357 1.076 1.213 ¥  0.231 0.0117 

2
1,2C ( 2

2,2C ) 52.388 ¥  18.834 ¥  0.0612 0.0316 

2
3,2C ( 2

4,2C ) 6.929 ¥  ¥  ¥  0.0642 0.0917 

2
5,2C  0.126 ¥  0.104 ¥  0.1184 0.0028 

3 4

2
F FC

 
1.336 9.735 0.721 0.0132 0.0357 0.0142 

 

Table 7  Mass and center of mass of components in substructure I 

1

1
Lm (kg) 

2

1
Lm  (kg) 1

jaIRm (kg) CAr (kg/m) 1
Pm (kg) 1

1l (mm) 1
2l (mm) 1

Pl (mm) 

14.501 7.473 3.434 37.758 20.142 198.65 405.27 25.61 

 

Table 8  Mass and center of mass of components in substructure II 

 Mass(kg) 
Coordinate of Central Point (mm) 

iu  iv  iw  

link E1E2 6.390 0.95 -0.8 -209.83 

link E1E4(E2E3) 0.607 -60(60) 0 -96.46 

link E3E4 3.582 0 0 26.95 

link F1F2 2.839 -4.07 0 -173.89 

link F1F4(F2F3) 0.861 0 65(-65) -98.11 

link F3F4 3.893 0 0 25.95 

U joint in closed-loop I 0.133 -60(60) 0 12.98 

U joint in closed-loop II 0.133 0 65(-65) 12.98 

 

Table 9  Configurations of 12 measuring points in frame O-xyz 

 x(mm) y(mm) z(mm) x (  ) y (  ) 

D1 0 0 1200 0 0 

D2 0 0 1250 0 0 

D3 0 0 1300 0 0 

D4 ( 0  ) 0 -300 1200 0 0 

D5 ( 45   ) 212.132 -212.132 1200 0 0 

D6 ( 90   ) 300 0 1200 0 0 

D7 ( 135   ) 212.132 212.132 1200 0 0 

D8 ( 180   ) 0 300 1200 0 0 

D9 0 0 1200 -40 0 

D10 0 0 1200 -20 0 

D11 0 0 1200 20 0 

D12 0 0 1200 40 0 



 

Fig. 9  Stiffness experiment of T5 PKM 

 

Based upon the stiffness model of T5 PKM formulated in Section 3 and 4, the theoretical stiffness values of the reference point D 

of T5 PKM in the prescribed workspace can be obtained easily utilizing the parameter values given in Table 1 ~ 8.  

To verify the theoretical stiffness model, the experimental stiffness values need to be measured by means of the stiffness experiment 

of T5 PKM. As shown in Fig. 9, the stiffness experiment flow of T5 PKM can be considered as that: 1) actuating the reference point D 

of T5 PKM to a measuring point by means of five servomotors; 2) exerting external forces monitored by a pressure sensor to the 

reference point D by means of the screw jack; 3) measuring the deformations of the reference point D by means of the dial indicator; 

4) obtaining the experimental stiffness values of the reference point D by utilizing the division of the exerted forces and its 

corresponding deformations. 
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Fig. 10  Measuring points of stiffness experiment 

 

Without loss of generality, the 12 measuring points of the reference point D are selected, denoted by D1~D12 shown in Fig. 10, and 

their configurations described in frame O-xyz are shown in Table 9. It is pointed out that several tips in the stiffness experiment are 

carried out in order to decrease the measuring error: 1) exerting the preload for eliminating the effects of the clearances among 

components and joints (200 N, 300N and 400 N preloads are exerted along x-axis, y-axis and z-axis, respectively); 2) taking 50 N as 

the step length, the experimental stiffness curve is fitted by means of the least square method; 3) the stiffness value at any point 

along/about any axis is an average value after repeating four times. 

The experimental stiffness values of the reference point at the 12 measuring points are measured and demonstrated in Fig. 11 with 

the comparison with the theoretical stiffness values, in which the red curve and blue curve denote the theoretical value and 

experimental value, respectively. The errors between the two models are within 5%, and it is concluded that the variation tendency of 

the experimental values is similar to that of the theoretical values. The experimental values are smaller than the theoretical values in 

all configurations which may be caused by the friction and nonlinear contact deformation between two components in T5 PKM 

prototype. 

In conclusion, the theoretical stiffness model of T5 PKM is proved as valid by means of the stiffness experimental approach. In 

other words, the stiffness modeling flow of T5 PKM is effective, and the approach that treating the component gravities as external 

payloads in the theoretical model can be employed to describe the actual distributed gravities in an acceptable accuracy manner. 

 



 

Fig 11  Stiffness comparison between theoretical and experimental stiffness values  

 

6. Stiffness analysis 

The stiffness distribution of T5 PKM in the prescribed workspace is presented as follow. 

As shown in Fig. 12, the stiffness distribution of T5 PKM in three plane ( 1200z  , 1350z  , 1500z  mm) is presented when 

0x j  and 0y j . It is easy and visual from Fig. 12 to find out that: 1) the linear and angular stiffness all decrease with increment 

of z value; 2) the linear stiffness pxk , pyk  and pzk  are distributed plane-symmetrically; 3) the distributions of pxk  and pyk  are 

symmetrical about plane 0y   and 0x  , respectively, the values of pxk  and pyk  get their minimums near their symmetrical 

plane and obtain their maximums close to the workspace boundary; 4) the distribution of pzk  is symmetrical about plane 0y  , the 
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value of pzk  is much bigger than those of pxk  and pyk ; 5) the distributions of xk , yk  and zk  are symmetrical about plane 

y x  ; 6) the variations of xk  and yk  are contrary to that of zk . 

 

 

Fig. 12  Stiffness distribution in there planes ( 0xj = , 0yj = ) 

 

It is noted that the stiffness model of T5 PKM is determined by compliances of IR1 and IR2, substructure I and II, hence these three 

parts should make appropriate stiffness contributions to the stiffness of T5 PKM in order to avoid bucket effect as mentioned above. 

As shown in Fig. 13, the gravity of T5 PKM has a significant impact on the linear deformation px  along x-axis and the angular 

deformations y  and z  about y and z-axis, therefore, the gravity of T5 PKM should not be ignored in the stiffness modeling. 

When concerning the gravitational contribution of substructure I and II, it is explicit that substructure I has greater effect to reference 

point D since it accounts for larger proportion of gravity and is further away from reference point D. As shown in Fig. 14, the gravity 

contributions of UP limb and platform I, UPS limb to the deformation of reference point D are demonstrated distinctly. In plane 

1350z   of the prescribed workspace, px , y  and z  caused by UP limb is much bigger than the others, which means that it 

is essential to properly reduce the weight of UP limb without affecting the stiffness performance.  

Therefore, the aforementioned stiffness modeling and analysis can lay a solid foundation for the parameterized stiffness design of 

T5 PKM in a separate research paper. 
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Fig 13  Deformations of reference point caused by gravity within prescribed workspace 

 

 
Fig 14  Deformations of reference point caused by gravity of 1- UP limb, 2- Platform I, 3-UPS limb I at 1350z   

 

7. Conclusion 

In order to carry out the high-precision machining of aerospace structural components with large size, thin wall and complex 

surface, this paper proposes a novel T5 PKM based solution and formulates the theoretical stiffness model of T5 PKM considering 

gravitational effects that is verified by experiments. The conclusions are drawn as follows. 

(1) On the basis of 5-DoF PKMs exampled successfully by Tricept-like and Sprint Z3-like PKMs, this paper introduces a novel 

5-DoF PKM whose servomotors are all arranged adjacent to the fixed base so as to reduce the weight of the 2-DoF rotating head 

and avoid integration with two long guide ways. The complete parallel structure makes it a promising solution for high precision 

machining. 

(2) The semi-analytical stiffness modeling of T5 PKM is demonstrated in this paper, which firstly formulates the compliance models 

of Substructure I and II in their joint spaces, then maps these compliance models to the operated space by virtual work principle 

and Jacobian matrix, and finally obtains the stiffness model of T5 PKM based upon the deformation superposition principle. In 

the process, several common issues for other PKMs are solved including accurate stiffness modeling of R, U and S joints, 

reasonable stiffness extraction of components using FEA software and precise stiffness modeling of over-constrained 

mechanisms. 

(3) The component gravities are treated as external payloads exerting on the end reference point by static equivalent principle during 

wrench analysis. The consideration of component gravities enables the semi-analytical stiffness model of T5 PKM to be more 

practical and reliable. The two interlinked R joints are the critical components so that their deformation contributions are taken 

into account to develop the compliance models of Substructure I and II, respectively. 

(4) The stiffness experiment of T5 PKM is carried out to verify its theoretical stiffness model, and the reason why the experimental 

stiffness values are smaller than theoretical stiffness values is discussed. Thus the stiffness modeling in this paper would be 

referred by researchers when they deal with similar problems. 
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By employing the theoretical stiffness model verified, the stiffness distributions of T5 PKM are illustrated and the contributions of 

component gravities to the stiffness of T5 PKM are discussed. These are used to analyze and evaluate the stiffness performance of T5 

PKM. As the counterpart, the algebraic characteristics (such as singular values and eigenvalues) of the stiffness matrix are usually 

employed as the objective function or constraint conditions within the whole optimal design process. In addition, the analytical 

stiffness model in this paper would contribute to the digital design of PKMs by means of computer and the programming languages. 
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