QUEEN’S

UNIVERSITY
BELFAST

ESTP1845

Robust fault tolerant control for a class second-order nonlinear
systems using an adaptive third-order sliding mode control

Van, M., Ge, S. S., & Ren, H. (2017). Robust fault tolerant control for a class second-order nonlinear systems
using an adaptive third-order sliding mode control. IEEE Transactions on Systems, Man, and Cybernetics, Part
B: Cybernetics. https://doi.org/10.1109/TSMC.2016.2557220

Published in:
IEEE Transactions on Systems, Man, and Cybernetics, Part B: Cybernetics

Document Version:
Peer reviewed version

Queen's University Belfast - Research Portal:
Link to publication record in Queen's University Belfast Research Portal

Publisher rights
Copyright 2017 IEEE. This work is made available online in accordance with the publisher’s policies. Please refer to any applicable terms of
use of the publisher.

General rights

Copyright for the publications made accessible via the Queen's University Belfast Research Portal is retained by the author(s) and / or other
copyright owners and it is a condition of accessing these publications that users recognise and abide by the legal requirements associated
with these rights.

Take down policy

The Research Portal is Queen's institutional repository that provides access to Queen's research output. Every effort has been made to
ensure that content in the Research Portal does not infringe any person's rights, or applicable UK laws. If you discover content in the
Research Portal that you believe breaches copyright or violates any law, please contact openaccess@qub.ac.uk.

Open Access
This research has been made openly available by Queen's academics and its Open Research team. We would love to hear how access to
this research benefits you. — Share your feedback with us: http://go.qub.ac.uk/oa-feedback

Download date:03. May. 2024


https://doi.org/10.1109/TSMC.2016.2557220
https://pure.qub.ac.uk/en/publications/e4b544de-1b72-4314-8069-f319bd19f0a6

Robust Fault Tolerant Control for A Class
Second-Order Nonlinear Systems Using an
Adaptive Third-order Sliding Mode Control

Mien Van, Shuzi Sam Ge, Fellow, IEEE , Hongliang Ren, Member, IEEE

Abstract—Conventional sliding mode control (SMC) has been
extensively developed for design of fault tolerant control (FTC)
systems. However, the used of conventional SMC has several
disadvantages such as large transient state error, less robustness
and large chattering, that limit its application for real
application. In order to enhance the performance, a novel passive
fault tolerant control (AFTC) based on a chattering-free adaptive
third-order sliding mode control (ATOSMC), which integrates a
novel third-order sliding mode surface (TOSMS) with a
continuous strategy and an adaptation law, is proposed.
Compared to other state-of-the-art approaches, the proposed
controller has a great fault-tolerant capability to accommodate
several types of actuator faults with an enhancing on robustness,
precision, chattering reduction and time of convergence. The
proposed analytical results are then applied to the attitude
control of a spacecraft. Simulation results demonstrate the
superior performance of the proposed algorithm.

Index Terms—Fault diagnosis, fault tolerant control, high-
order sliding mode control, nonlinear systems, sliding mode
control.

I. INTRODUCTION

AULTS, caused by actuators, sensors or other components,

frequently occur in practical engineering systems, which

might lead to unacceptable performance or in serious
cases it might instability and damages or even shut-down of
the system [1-2]. In modern technological systems, there is a
high demand on performance, safety, and reliability of
systems. It is desired that if a fault occurs, the control system
can automatically detect the fault and accommodate its effect
on the system such that it can continue working while
providing an acceptable performance. Therefore, fault tolerant
control (FTC) is very important for modern technological
systems.

Various FTC approaches have been developed to improve
system reliability and to guarantee system stability in all
situations [3-13]. In general, FTC systems can be divided into
two categories: active and passive approaches [10]. In active
approach, FTC is designed based on fault information [3-9,
11-12]. FD is the first step to provide the fault information.
The AFTC scheme is then designed based on the obtained
fault information in order to compensate for the effect of the
fault. The system performance of the AFTC is, therefore,
decreased due to the time delay of online fault diagnosis and

controller reconfiguration. In passive FTC (PFTC) systems,
one controller is used for both the normal case and the fault
case without the need to detect the presence of a fault [13-15].
This approach although requires partial knowledge of a
possible system fault, it is simple to implement and provide
fast response to the effects of faults.

Because the presence of the fault in the system can be
considered as an additional uncertainty nonlinear function in
the system, intelligent learning techniques such as neural
networks (NNs) or fuzzy logic systems (FLSs) have been
employed due to its approximation capabilities [5-6, 9, 16-18].
The intelligent learning techniques have the capability to
approximate the unknown fault functions in the system;
however, they introduce a number of weighting parameters or
fuzzy rules that make the implementation difficult. Sliding
mode control (SMC) [19] is an efficient control method that
has been widely used for both linear and nonlinear system due
to its robustness against uncertainties and disturbances [20-
23]. It has been applied for design of FTC system [3, 24-27].
However, the uses of traditional SMC scheme have several
disadvantages that limit its application for FTC. For example,
the conventional SMC does not converge to the equilibrium
point in finite time because a linear sliding surface is used.
Recently, an advance of sliding mode control known as
terminal sliding mode control (TSMC) [28], which use
nonlinear sliding surface instead of linear surface, have been
developed for FTC system [11, 14, 29-30] to guarantee finite
time convergence. Although the aforementioned SMC or
TSMC-based FTC robust against the uncertainties and faults,
it was reported that the system dynamics might be vulnerable
to faults or uncertainties during the reaching phase, where the
system states have not yet reached the sliding manifold. To
obtain a sliding mode through the entire system response, the
advanced of conventional SMC, namely integral sliding mode
(ISM), was proposed and further developed in [31-35].
However, all the aforementioned sliding mode controls still
have drawbacks such that they produce a large steady state
error, slow transient response and the high-frequency
oscillations of the controller output, known as chattering. To
tackle the first and second obstacles, a new PID-based SMC,
in which the PID sliding surface [36-39] or its modified
version, called second-order sliding mode surface (SOSMS)
[40], have been developed. Compared to the conventional
SMC, the PID-based SMC offers several advantages such as



faster transient response, less tracking error and less steady-
state error. To remove the chattering, several solutions have
been proposed. One solution is to use the boundary layer
method that includes saturation function [14, 23] or sigmoid
approach [28] instead of sign function. This approach,
however, can only guarantee the existence condition of the
sliding mode outside a small boundary layer around the sliding
manifold, which will increase the steady state tracking errors.
Because the chattering depends on the magnitude of the
switching gain, that is chosen to be bigger than the bound of
the disturbance, a second solution is to design a disturbance
observer (DO) to estimate the disturbances [41-42]. After
disturbance compensation based on DO, the switching gain
only needs to be larger than the bound of the disturbance
compensation error, which is usually much smaller than that
of the disturbance; consequently, the chattering is reduced. A
third solution proposed to decrease the chattering is the high-
order sliding mode (HOSM) techniques [43-46]. Unlike the
SMC, which works on the first time derivative of the sliding
mode variable, HOSM works with discontinuous control
acting on the high-order time derivative. By moving the
switching to the higher derivatives of the control, the control
signal becomes continuous, so the chattering is eliminated.

In this paper, a PFTC based on a novel chattering-free third-
order sliding mode control (TOSMC), which integrates a
third-order sliding mode surface (SOSMS) and a continuous
strategy, is first proposed. Compared to other state-of-the-art
methods, the proposed control scheme possesses several
significant properties that are very important for fault tolerant
control system such as strong robustness, higher precision and
fast convergence. In addition, like the manner of full-order
sliding mode control (FOSMC) [46], the proposed technique
based on the TOSMC imposes the system behavior as a
desirable full-order dynamics, not a reduced dynamics.
However, in the proposed TOSMC approach, the bound of
uncertainty, fault and their derivatives must be known in
advance for the design of the sliding gains. To overcome this
difficult, an adaptive law is employed to adapt the gains,
yielding a novel adaptive TOSMC (ATOSMC) is proposed.

The rest of this paper is organized as follows. Section II
formulates the problem. The design of the proposed PFTC
based on TOSMC and ATOSMC are presented, in section III.
The simulation results for tracking control of an attitude
control of a spacecraft are given in section IV so as to verify
the effectiveness of the proposed algorithms. Finally, the
conclusions are given in Section V.

II. PROBLEM STATEMENT

Consider a class of second-order nonlinear control systems:

& =x

& = f(x)+G(x)utd M

where x4 :(xl,...,xn)T eR", x, :(Xn+1,...,X2n)T eR" and

represent the system states,

X:(XI,XZ)T

u= (ul,...,um) eR™ with m>n are the control inputs,

d= (dl,...,dn )T eR"  represent the possible model

uncertainties  and/or  disturbances, f(x) e R" and

G(x) e R™™ are smooth function with f(0)=0, and ()T

denote the transpose of a vector or a matrix.

In this paper, we consider the actuator fault since it often
occurs in the nonlinear systems. For the dynamic system (1-2)
in the presence of fault, the actuators are divided into two
groups F and H, within which we assume that during
operation, all of the actuators in H must be healthy while those
in F are allowed to fail. System (1) becomes:

o @
% =f(x)+Gy X)uy +Gg X)up+d

In this paper, we consider the design of uy . Suppose that

some or all of the actuators in F work abnormally, (2)
becomes [3]:

& =x,

% =f(x)+ G(x)utGg (x)Aug+d )

where Aup =up-ug, and ug and ug denote the actual
and the designed control values for these actuators in F.

III. PFTC BASED ON THIRD-ORDER SLIDING MODE CONTROL

A.PFTC based on a third-order sliding mode control
(TOSMC)

The basic idea of the proposed PFTC in this paper is to treat
the faulty term ¢@(x,Augp )=Gg(X)Aug as an additional

disturbance and organize a control law based on TOSMC to
compensate for the effect of both uncertainty and fault. The
design procedure of a TOSMC consists of two main steps. The
first step involves constructing the appropriate sliding surface
which should have the prescribed desirable dynamical
characteristics. The next step is to design a control law that
forces the system states to reach the sliding surface in a finite
time.

For the first step, the sliding variable is defined and its first
and second derivative can be obtained as follows:

s=x;+A[ x,dt (4)
&R +1x, (6)

T . - .
where s = (Sl,...,sn) eR" is the first-order sliding variable,

A >0 is a design parameter.
Then, the third-order sliding mode surface (TOSMS) is
designed as



STOSM = & at-bs = ﬁé +1X2 + a(X2+7\,X1)
+b(x1+xjx1dt) (7
=% +(A+a)x, +(Aa+b)x; +bA[xdt

T . .
where stogm :(SITOSMs"-aSnTOSM) eR" is third order

sliding variable, and a,b > 0 are design parameters.

The following assumptions are made for the design of FTC
based on TOSMC:

Assumption 1: The system uncertainties and faults are
satisfied under the following condition:

Joxw)+d| <1 (8)

where Iy >0 is a constant.

Assumption 2: There exists a positive constant Ky such that

d
HE((L)(X,uﬁd) <ky 9)

Based on the assumptions 1 and 2, the design of PFTC
based on TOSMC is stated in Theorem 1.

Theorem 1. Consider the nonlinear systems described by
(3), if the proposed TOSMC law is designed as (10), in which

Ugq is designed as (11) and u,, is designed as (12), then the

stability of the proposed TOSMC system can be guaranteed
and the tracking error will converge to a neighborhood to zero
in finite time.

utosmMc = _G+(X)(ueq+ un) (10)
Ugq =(f0x)+ (A +a)x, + (Ra-+b)x; +bA[ xqdt) (11)
&+Tu, =0 (12)
v =—(kg + kg +17)sign(StosMm ) (13)

where G*(x)=GT(x)[G(x)GT(x)T1, U, (0)=0; 7 is a

positive constant, ky is a constant defined in (9); two
constants, T >0 and kp are selected to satisfy the following
condition:

kp >Tly (14)

Proof: From system (3), the sliding manifold (7) can be
rewritten as follows:

stosm =& +(A+2)x, +(Aa+b)x; +bA [ xdt
=f(x) + Gx)u +@(x,u) +d+ (1 +a)x,
+(Aa+b)x; +bA [ xdt

(15)

Substituting the control law (10) into above equation gives

sTosm = ¢(x,u) +d+Up (16)
The solution of (12) is given by
un ()= (un(to) + 1/ T)ky +kr +msignGsrosw))e ™

=1/ T)(kg +ky +m7)sign(stosm)

From (14), (16) and (17), the following relationship under
the condition u,(0) =0 can be obtained:

kr 2Tl 2T lua )] 2T |up (V)]
i.e., the following inequality will be kept forever:
T |un®)] <k (18)

From (16), the derivative of sliding manifold is obtained as

Kosm = %((P(X,u) +d )+ &

=i((p(x,u)+cl)+u—Tun

” (19)

d .
= a((P(X,u) +d )= (kg +kr +7)sign(Stosm ) —Tup

Consider the Lyapunov function candidate

1 T
VTosm =§STOSM STOSM (20)

Taking derivative of the Lyapunov function and using (20),
one can obtain:

T
V%‘OSM =stosm $fosm

d
—(o(x,u)+d
=stosm " | dt (o) +d)

—(kq +kr +m)sign(srogm ) —Tu,,

o2y

d
= E(Q(X,u) +d ) Stosm

= (kg +Kr +7)|st0sm |~ TUnStOSM
d
= (EQP(X,U) +d ) Stosm —Kd [STosm |j

+(~Tunsrosm —kr [stosm |)— 1|stosm |

< _77||STOSM ||
<0



Therefore, the TOSMC system guarantees the stability of the
tracking error, even if parametric uncertainties and external
disturbances and faults exist. This completes the proof.

B. PFTC based on adaptive third-order sliding mode control
(ATOSMC)

Although the TOSMC produces less chattering compared to
the conventional sliding mode control, the design is based on
the restrictive requirements that the assumptions 1 and 2 are
guaranteed. It means that the upper bounds of the unknown
uncertainty, fault and their derivatives must be known in
advance. However, for practical applications, these bound
values are difficult to obtain. If the bound is unknown, a large
value should be chosen for the sliding gain in order to satisfy
the existence condition of the sliding mode (21). Because the
controller designed as in (12) and (13) can reduce but not
totally eliminate the chattering, the big sliding gain will
generate a big chattering, consequently decreasing the system
performance. To tackle this challenge, adaptive method is
employed into TOSMC, vyielding an adaptive TOSMC
(ATOSMC).

The overall controller scheme is now designed as

UATOSMC = _G+(X)(ueq+uad) (22)

where ugq is designed same as that in (I1). u,q is the

adaptive term that is designed as

(23)
24)

&y +Tugg =0,
Uy =—(Kg +7)sign(Stosm )

where the adjustable gain constant K, is the estimated value
of (kg +kr ), and updated by

1
K =~Jsrosu| 25)

where y >0 denotes the adaptation gain. Choosing a suitable
adaptive value y can also effectively avoid high control

activity in the reaching mode. The smaller value of adaptive
value y  will provie a faster convergence system, but

generates a bigger value than the desired one.
Define the adaptation error as Kyg{ = Ka —(kd +kr )
Consider a Lyapunov function candidate

1 T 1 o7
VaTosm :ESTOSM STOSM +57 ’%‘5 KV{?\ (26)

By taking the derivative of Vatogm , we obtain

T T
Vrosm =stosm ' Sosm + 7R3 I§§

d n
=E((p(x,u)+d )stosm —(Ka +7)|stosm |

—TunStosm +7(Ka (kg +kr ))'%

@7n

Substituting the adaptation law (25) into (27), it yields
T T

\&TOSM =stosm $osm 7 R/z?\ 'ég

o(x,u)+d )Stosm — (Ka + ) |stosm |

—TunStosm +7(Ka (kg +kr ))Kg;

:E(

= E((P(x’u) +d )Stogm

= (kg + kg +7)|stosm |~ TUnStosm (28)

d
= (E(tp(x,u) +d ) Stosm —Kd [STosm |j

+(—TUn5TOS|v| —kr |stosm |) —7|Stosm |

S—77|5Tos|v||
<0

Using the Lyapunov theorem, the sliding surface Stogy and

adaptation error R/g are stable and convergence. This
completes the proof.

Remark 1: To avoid the parameter drift problem in practical
applications when using the adaptive law (27), the dead-zone
technique is used to modify the adaptive law as

0 if |STOSM | <¢g
K

=11 . (29)
;|STOSM | if|stosm|> €

where & >0 is the size of the dead zone. This value is usually
chosen as the desired error the system would be obtained.

C.Accelerometer and velocity estimator

The developed TOSMC in (12-15) and ATOSMC in (25-
28) require the measurement of position, velocity and
accelerometer. However, in the nonlinear systems defined in
(3), only the position measurement or position and velocity
measurement is available. Hence, an accelerometer (and
velocity estimator) is essential for practical implementation of
the controller. Basically, the velocity and acceleration signals
can be calculated by backward differentiator (BD) technique,
as [47]:

Xty — Xit-L)
S0 =

1 (30)



&, - Xit) _le(t—lz_) * Xj-21) 31)

L
However, it should be noted that the measured position signal
contains quantization noise due to the employed encoder [48],
which when differentiated would induce significant estimation
error. To effectively estimate the velocity and accelerator,
second-order exact differentiation (SOED) [45] is introduced
in this paper:

& =uv,,
2/3 .
v ==& 20— x| sign(zy —9)+7
&=y (32)

172 .
v ==&z, —u | sign(z, —vy) + 2,

& =-¢&;sign(z, —v))

Using suitably chosen parameter &;, the SOED can achieve

2y =Xy,2) =Xp,2, =& (33)

Remark 2: It should be addressed here that the SOED (32)
can achieve finite time error convergence no matter what the
kind of controller used. This means that the proposed
controller and the observer (32) can be designed separately, so
that the combined observer-controller output feedback
preserves the main features of the controller with the full state
available.

IV. RESULTS AND DISCUSSIONS

In order to verify the effectiveness of the proposed
algorithm, its overall procedure is applied for tracking control
of attitude control of a spacecraft.

Consider the following dynamics for spacecraft attitude
stabilization control as described in the same form as (1)-(2)

which  £(x) = %), (0, ;0] .
T
X:(Xlaxz)Taxl =(X19X29X3)T =(¢909V/) 5
T
Xy = (Xg, X5, %) =((f¢6&9&) u= (U, Uy, Us,Ug) T, and

d =[d1,d2,d3]T . Here, ¢, 0, and v are Euler's angles with
respect to X, Y, z axes of the spacecraft, respectively, u

with  n=3, in

denote actuators, providing the force torques by reaction
wheels or thrusters in four directions, and f(x) and G(x)

components are described by following:

-1,
fl (X) =)y X6CX3CX2 — )y X5 SX3 SX2 +

[Xs X6
X
+ ay X5 CX] SX3 SX2 + [ X5 CX3 SX] + [ X60X3 CXl
) 2 L 5 (34)
+5a)os(2x3)c X% += e X38(2%)

1
— Wy XgSX3SX SX| —Em352x252x3s(2x1)

TABLE I
SELECTED PARAMETERS OF THE CONTROLLERS
Controller | Parameters | Value
o diag{l,1,1}
o, diag{0.8,1.1,3}
a 1.4
NFTSMC p 9
q 7
Ad 20
4 1000
C 10
Cy 7
o 9/23
FOSMC a 9/16
T 0.5
kg + kg 20
n 0.5
a 10
b 5
TOSMC 1 10
ly +ki,T 20, 0.5 (same as FOSMC)
Y 0.5
ATOSMC - 0.01

—%w&s(sz)sxzsz (% )—%wgczxzs(le )}

f2 (X) =ay X6 SX3CX1 + )y X4CX3SX1 + (24 X6CX3SX2 SXl
+ @) X5 SX3CXo SX| + (0 X4 SX3SX CX; (35)

X4 X6 + (24 X4 CXl SX3 SXZ + @y X4CX3 le

— @)X SX3CXy —%w&s(sz )% (x3)exy

—%wgcxzsxls(2x3 ) +%w§s(2x2 )ox



f3(X) = @ X4 5% SX35%y — 0 XCX{ CX3SXy — @ X5CX( SX3CXo

+ () X6 SX3 SXI — )y X4CX3CX1 (36)
X4 X5 + (24 X4 CX3 CXI — @)y X4 SX3 SX2 SXl
I, -1 1
+ XI — @) XsSX3CXy —Ewgs(2x3)cx2cxl
z
w122 3 9
50)0 S X3SXIS (2)(2 ) —50)0 S (2X2 )SXI
0.67 0.67 0.67 0.67
G(X)=|0.69 —0.69 —0.69 0.69 (37)
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Fig. 5. Effects of the design parameters, A, a and b on the control
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variant, and ¢) A=10, a=10 and b : variant.

Here Iy, Iy, and |, are the inertia with respect to the three

body coordinate axes, ay denotes the constant orbital rate, and

¢ and s denote the cos and sin functions, respectively.
Details of these parameters can be referred to [3]. The initial
condition and disturbance are set as

x(0) =[~0.7,-0.07,1.5,0.3,1.3,-0.2] and
d= O.S[Sin(t), cos(Zt),sin(3t)] .

In order to verify the effectiveness of the proposed PFTC
based on TOSMC and ATOSMC controllers for attitude
control of a spacecraft, we compare it with the recent
developed sliding mode controllers based on nonsingular fast
terminal sliding mode control (NFTSMC) [11] and FOSMC
[46]. The design of PFTCs based on NFTSMC and FOSMC
are described in the Appendix A and B, respectively. The
parameters of the controllers are fairly selected as shown in
Table 1. The values are selected based on the trial and error
evaluation.

In order to evaluate the capability of the controllers in
compensating for the effects of faults, we supply an actuator

fault AU =[(20+6cos(t))(10s), 0.85U,(20s), 0" ; it means

we generate in the first actuator a bias fault
Au; =20+ 6cos(t) at 10s, and 85% partial loss fault in the

third actuator at 20S.The tracking performances of the
controllers under the fault Au are shown in Figs. 1-3. Figs. 1
and 2 show the time history of six system states, while Fig. 3
shows the time history of the four control inputs. From Figs. 1
and 2 it can be seen that the proposed TOSMC and ATOSMC
controllers have a great fault tolerant capability compared to
the NFTSMC and FOSMC controllers, i.e, the TOSMC and
ATOSMC provide superior robustness, fast convergence and
higher accuracy. The results are coincided with the theoretical
analysis and can be explained as follows. Different from the
NFTSMC and FOSMC controllers, the sliding surface of the
proposed TOSMC imposed the system behavior as a desirable
full-order dynamics (like a manner of FOSMC) and contained
the type of PID sliding surface as in (4), which would
generates faster transient response, less tracking error and less
steady-state error as analysis in the introduction part, so that
the performance of the proposed TOSMC is better compared
to the NFTSMC and FOSMC controllers. In addition, by
observing the comparison results in 1b) and 2b), the
ATOSMC provides better tracking accuracy compared to
TOSMC due to the sliding gains are suitable adapted. In
addition, from Fig. 3, the TOSMC and ATOSMC provides
smooth control efforts compared to the FOSMC. The
convergences of the sliding gains of ATOSMC are shown in
Fig. 4.

It should be noted that all the design parameters, A, a and
b of the proposed sliding surface (7) have a certain effect to
the performance of the control system. The big values of A,
a and b provide faster a convergence but generate a big
oscillation. The effects of these parameters on the system
performance are illustrated in Fig. 5.



V.CONCLUSION

A PFTC based on ATOSMC has been developed for a class
of second order nonlinear systems. The structure of the
proposed controller is based on the combining of a TOSMS
with a continuous strategy and an adaptation law. Compared
to other state-of-the-art approaches, the proposed controller
has great fault-tolerant capability to accommodate several
types of actuator faults with strong robustness, chattering free,
fast convergence and does not require prior knowledge of the
bound of the uncertainties and faults. The proposed methods
are then applied to the attitude control of spacecraft. The
results verify the superior performance of the proposed
method compared to other state-of-the-art methods.

APPENDIX A
The PFTC based on NFTSMC for system (3) can be
designed as follows [11]:
First, the nonsingular fast terminal sliding mode surface is
selected as:

[a] [p/q]

SNFTSM =X +O1X[ ' +02X) (38)
where  Sygrgw €R" is the  sliding  variable,
o, =diag(cy;,05,... ,0,) € R and
o, =diag(c,;,05,..,04,) € R™" are positive  definite

matrices, respectively, P and Q are positive odd numbers

satisfying the relation 1<p/q<2 and a>p/q,

x4 = (|xl|a SIGN(X)),-.or | X | sign(xn))T eR", and

X2[p/q] - (|)&1p/q Sign(&),...,b‘gﬂp/q sign(ﬁ?))T ceR".

Under assumption | and according to the NFTSMC design
procedure [11], a PFTC can be designed as

n
u=-G (X)(ueq_NFTSM +Ure_NFTSM) (39)
where
L g 12~(p/9)
Ueg _NFTSM =——|X2|
(%) p
! (40)
-1 2—(p/
oyl —E|X2| P4 )
0'2 p
and
Ure NFTsM = (2g +77)SigN(SnETSm ) (41)
where pq is a constant and be selected to satisfy

o(xu)+d < py.
For the stability and convergence, the interested readers can
refer to [11] for more detail.

In order to alleviate the chattering phenomenon, the
sign(Syprgm ) function is replaced by a sigmoid function

eU/ SNFTSM

(27],

———— in this paper; where y is a constant.
eV SnFism 4 ]

APPENDIX B

The PFTC based on FOSMC for system (5) can be designed
as follows [46]:
First, the sliding surface is designed as:

sFosm =& +Cy [x,| % sign(xy) + ¢ [x;| sign(x)) 42)

where Spogy € R" is the sliding variable, ¢, ¢, ,, and a,

are constants.
Based on [45], the PFTC control law can be designed as
follows:

Urosm = _G+(X)<ueq7 FOsM *Ure FOSM ) (43)

where
Usq Fosm = fX)+Ca[xo| ™2 sign(xy) +¢ x| sign(x))  (44)
and

W rFosm +TUre Fosm =@

_ (45)
@ =—(Kg +kr +7)sign(Sosm )

For the stability and convergence, the interested readers can
refer to [46] for more detail.
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