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The Rician Complex Envelope
under Line of Sight Shadowing
Jonathan W. Browning, Student Member, IEEE, Simon L. Cotton, Senior Member, IEEE,
David Morales-Jimenez, Member, IEEE and F. Javier Lopez-Martinez, Senior Member, IEEE

Abstract—This paper investigates a Rician complex envelope
which is subject to line-of-sight (LOS) shadowing. In particular,
exact closed-form expressions are obtained for the joint envelopephase distribution, the distribution of the phase, and that of
the quadrature and in-phase signal components. Using the
new formulation for the phase distribution, we find that for
increasing shadowing severity, the phase becomes progressively
more disperse. Interestingly, the phase is shown to be unimodal.
This illustrates that the relationship which is known to exist
between the envelope of Rician fading which undergoes LOS
shadowing and Hoyt fading does not extend to the phase. We
also provide two applications of our new results which investigate
the average bit error probability and the average symbol error
probability for phase-based modulation schemes operating in
LOS shadowed fading channels. The results are shown to provide
excellent agreement with Monte Carlo simulations.
Index Terms—Envelope-phase distribution, phase distribution,
shadowed fading.

I. I NTRODUCTION
ICIAN fading is one of the most important and well
understood signal propagation mechanisms in the literature. Its complex signal envelope is modeled by the combination of a dominant or line-of-sight (LOS) component and
a single cluster of scattered waves. Under certain propagation
conditions the LOS component can fluctuate due to shadowing,
which is induced by obstacles in the local environment.
This phenomenon has been studied in the context of land
mobile satellite channels [1], underwater acoustic channels
[2] and device-to-device communications under human body
shadowing [3]. Notably, a range of first order statistics relating
to its shadowed signal envelope have been derived e.g. the
probability density function (PDF) [1] and cumulative distribution function (CDF) [4]. While these expressions are useful
for developing many communications performance measures
of interest, unfortunately they do not account for the phase
properties of signals which undergo Rician fading with LOS
shadowing.
At present, little is known about the phase of Rician fading
channels which are subjected to LOS shadowing. Understanding the properties of the phase distribution is essential for the
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design of wireless systems. For example, when information
is transmitted in the phase of a carrier, it can be used to
determine the probability of error for M-phase signaling over
fading channels using diversity [5]. Characterizing the phase is
critical in the optimal design and synchronization of coherent
receivers [6] and in the detection of M-ary phase-shift keying
(PSK) signal constellations [7]. While the phase distributions
for Rician [8], Nakagami-m [9], and η-µ [10] fading models
have previously been investigated, such distribution remains
unfortunately unknown when the Rician complex signal undergoes LOS shadowing.
In this letter, we derive a new closed-form expression for
the phase distribution of Rician-faded signals undergoing LOS
shadowing. This provides insights into how LOS shadowing
affects the phase of the received signal, a question of practical
relevance which has not been previously addressed in the
literature. To obtain an analytical expression for the phase
distribution, we derive the distributions of the quadrature
and in-phase signal components, and the joint envelopephase distribution, providing novel closed-form formulations
of independent interest. Particularly noteworthy is the joint
envelope-phase distribution: although results are available for
Nakagami-m [9], η-µ [10], κ-µ [11], no studies or results
are so far available for any LOS shadowed fading models.
Subsequently, our results are applied to investigate the average
bit error probability and the average symbol error probability
of phase-based modulation techniques used in systems which
are susceptible to LOS shadowed fading.
II. C OMPLEX S IGNAL M ODEL
Let S = R exp(jΘ) represent the complex signal envelope, where R is the received signal envelope and Θ is the
phase. Letting X and Y represent the in-phase and quadrature
components respectively, it follows that, S = X + jY ,
R2 = X 2 + Y 2 , Θ = arg(X + jY ), X = R cos(Θ) and
Y = R sin(Θ). Rician fading undergoing LOS shadowing
has previously been modeled with the amplitude of the LOS
component randomly fluctuating, following a Nakagami-m
distribution [1]. Here we adopt a definition of the complex
signal envelope where the LOS component is shaped by a
Nakagami-m random variable [12], ξ, with m as the shape
parameter and E[ξ 2 ] = 1, where E[·] is the expectation
operator. This random variable simultaneously impacts both
the in-phase and quadrature components, producing a random
LOS fluctuation. The received signal power can be modeled
as
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where XI and YQ are mutually independent Gaussian random
processes with E[XI ] = E[YQ ] = 0, E[XI2 ] = E[YQ2 ] = σ 2 , p
and q are real numbers, which model the power of the LOS
component.
The PDF of the envelope R, can be obtained from [12] by
letting µ = 1 (the number of multipath clusters) which gives
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where 1 F1 (·; ·; ·) is the Kummer confluent hypergeometric
function [13, eq. 13.1.2] and r̂2 = E[R2 ]. The severity of
the shadowing shaping the LOS component is characterized
by m, the Nakagami-m shape parameter; shadowing of the
LOS component increases as m → 0, while such shadowing
vanishes as m → ∞. The Rician K factor represents the
ratio between the total power of the LOS component d2 , with
d2 = p2 + q 2 , and the total power of the scattered components
2
+q 2
r̂ 2
2
2σ 2 , that is, K = p 2σ
= (1+K)
. By defining
2 ,where 2σ
q
K
φ = arg(p + jq) as a phase parameter, p = 1+K
r̂ cos(φ)
q
K
and q = 1+K
r̂ sin(φ).
III. PDF S OF I N -P HASE & Q UADRATURE C OMPONENTS
We begin by letting Z = X or Z = Y and λ = p or
λ = q as required to represent either the in-phase or quadrature
components of the received signal. The model presented in (1)
implies that when Z is conditioned on ξ, it follows a Gaussian
distribution [7, eq. 2.3-8] (substituting 2σ 2 ) given by
√
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(3)

From (3), the PDF of the in-phase and quadrature components
can be obtained by averaging over ξ. The result is given below.
Theorem 1. For K, m, r̂, λ ∈ R+ , z ∈ R the PDF of the
in-phase (Z = X, λ = p) or quadrature (Z = Y, λ = q)
component is given by (4), where Γ(·) is the Gamma function.
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Fig. 1. Quadrature PDF given in (4) (solid lines) alongside Monte Carlo
simulation (circles) for K = 2, r̂2 = 2.5, m → 0 and m = 0.1, 0.5, 2, 80.
For comparison, the Gaussian quadrature PDFs of the corresponding Rayleigh
(squares) and Rician (asterisks) fading are also included.

To validate the accuracy of our new expressions, comparisons with some complementary Monte Carlo simulations are
also included in the figures. In our simulations, we form (1)
using 107 realizations of XI , YQ and ξ. In Fig. 1 it can
be seen when m → 0 (i.e. the LOS component vanishes)
that the shape of the resulting PDF becomes more Gaussianlike with zero mean, corresponding to the Rayleigh case.
As m → ∞ (i.e. the LOS component is not affected by
shadowing), it reduces to a Gaussian distribution with mean
λ = q, corresponding to Rician fading when there is no
shadowing of the LOS component.
IV. J OINT ENVELOPE - PHASE PDF
We now derive the joint distribution of the envelope and
phase. Aside from being instrumental to the study of the phase,
the following result has independent value, as it may be used
to determine higher order statistics for single or multi-branch
diversity systems [14].
Theorem 2. For K, m, r̂, r ∈ R+ , φ, θ ∈ [−π, π) the joint
envelope-phase PDF is given by (5) with
∆(θ, φ) =

Proof: See Appendix A.
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Proof: See Appendix B.

An immediate corollary of Theorem 2 is that the envelope
and phase are not independent, as can be observed from the
joint PDF (5). Let us now explore some special cases.
 Letting
m → ∞ in (5) and using the fact that 1 F1 a; b; 0 = 1 [15]
results in the Rician joint envelope-phase PDF [8],
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Following from this, and letting K = 0, we recover the
Rayleigh joint envelope-phase PDF [16, eq. 2.201].
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V. P HASE PDF
Now integrating the joint envelope-phase distribution given
in (5) with respect to the envelope, the phase PDF is obtained.
Theorem 3. For K, m ∈ R+ , φ, θ ∈ [−π, π) the phase
PDF is given by (8), where 2 F1 (·, ·; ·; ·) is the Gaussian
hypergeometric function.


Proof: See Appendix C.

Some plots of the phase PDF given in (8) are shown in
Fig. 2, alongside the results of Monte Carlo simulations. From
Fig. 2 we observe that, as m decreases (i.e., as shadowing
becomes more severe), the phase becomes progressively more
dispersed, approaching a uniform distribution in the limit (as
m → 0), consistent with the phase distribution of Rayleighfaded (non-LOS) signals. On the contrary, as m increases (i.e.,
the LOS fluctuations become smaller), the phase is more concentrated around its mean and its distribution approaches that
of a Rician-faded signal without LOS shadowing. Although
not shown here to maintain clarity, as m → ∞ and K → 0
the phase PDF degenerates to the uniform case. From Fig. 2,
it is evident that the phase distribution is unimodal, reaching
a maximum when θ = φ and minimum when θ = π + φ,
which is in stark contrast with the bimodal phase distribution
of Hoyt-faded signals [17]. This demonstrates that the known
relationship between Rician fading with LOS shadowing and
Hoyt fading [18] does not hold for the phase.
VI. P ERFORMANCE A NALYSIS
It is recalled here that the phase distribution is a fundamental
statistic used to determine the average bit error probability
(PBE ) and the average symbol error probability (PSE ) in
phase-based modulation schemes [5]. For example, considering binary phase-shift keying (BPSK) the PBE can be obtained
Z π
as
BP
SK
PBE
=2
fΘ (θ) dθ;
(9)
π/2

further details of the equivalent calculations for quadrature
phase-shift keying (QPSK) and 8-PSK can be found in [5].

Fig. 2. Phase PDF given in (8) (solid lines) alongside Monte Carlo simulation
(circles) for K = 2, with φ and m varying.

The PSE for different M -ary PSK modulation schemes can
be found through the evaluation of the following definite
Z π
integral [5]
PSE = 2
fΘ (θ) dθ,
(10)
π/M

where M is the modulation order. It is clear from (9) and (10)
that when BPSK modulation is used, PBE = PSE . Typically,
(9) and (10) are evaluated numerically due to the complexity
of the integrations involved. However, using the derived result
for the phase PDF, for the case when φ = 0, a simple closedform expression for the PBE (or equivalently PSE ) when using
BPSK modulation can be found as follows.
Corollary 1. For K, m ∈ R+ , φ = 0 when using BPSK
modulation the PBE can be obtained as
√
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Proof: The proof is provided in Appendix D.



The PBE for different M -ary PSK modulation schemes
obtained using (9) is shown in Fig. 3. As we can see, the
closed-form expression given in (11) matches exactly with the
plots obtained through numerical evaluation and simulation
for BPSK (i.e. M = 2) modulation. We observe that with
a stronger LOS component (e.g. K = 6), the shadowing
severity, m, has an appreciable impact on the PBE . We also
see that, by increasing the modulation order, M , the impact of
the LOS shadowing is reduced, albeit with the consequence
of an overall higher PBE . With a weak LOS component (e.g
K = 0.25), it is clear that m has a reduced effect on the PBE
and as K → 0 it approaches the uniform case (i.e. Rayleigh).

4

100

10-1

10-2
0

0.5

1

1.5

2

2.5

3

Fig. 3. PBE evaluated using (9) (solid lines) alongside the closed-form
expression for the BPSK (11) (triangles) and Monte Carlo simulation for
K = 0.25 (asterisks) and K = 6 (circles), φ = 0 with m varying, for
BPSK, QPSK and 8-PSK modulation schemes.

100

for the quadrature, joint envelope-phase and phase distributions were derived. It was found that the shadowing of
the LOS component has a remarkable impact on the phase,
which is significantly more spread (or concentrated) around its
mean as the shadowing is more (or less) pronounced. It was
demonstrated that the relationship connecting the envelopes
of Rician fading which undergoes LOS shadowing and Hoyt
fading does not hold for the phase.
It is worth remarking that our new results will find use
in the characterization of phase-based modulation techniques
and in the performance analysis of wireless communication
systems. To this end, we have provided two example applications, which evaluated the average bit error probability
and average symbol error probability under different phase
modulation schemes. For both applications, shadowing of the
LOS signal was shown to have a noticeable impact. This
was most predominant in situations where a strong LOS
component exists which is subject to fluctuations caused by
shadowing. Notably, despite the presence of a strong dominant
component, increasing perturbation of the LOS signal can lead
to significantly degraded performance irrespective of the phase
modulation scheme used. Based on this observation alone, the
importance of including LOS shadowing effects into the design
of wireless systems which are likely to be susceptible to this
physical propagation phenomena (such as those listed in [1][3]) cannot be overlooked.
A PPENDIX A
The PDF of Z is obtained by unconditioning (3) with respect
to ξ, whose PDF is given by
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fξ (ξ) = 2

10-2
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Fig. 4. PSE evaluated using (10) (solid lines) alongside the closed-form
expression for the BPSK (11) (triangles) and Monte Carlo simulation for
K = 0.25 (asterisks) and K = 6 (circles), φ = 0 with m varying, for
BPSK, QPSK and 8-PSK modulation schemes.

In Fig. 4, it can be seen that when the shadowing severity is
increased (i.e. lower values of m), the PSE becomes elevated
even for fading channels with a strong LOS (i.e. K = 6).
This is particularly evident from Fig. 4 for the case when
K = 6 and there is severe LOS shadowing (m < 0.5). In
this instance, there is a significant rise in the PSE achieved
for all three of the modulation orders considered. This clearly
demonstrates the importance of accounting for LOS shadowing
in systems where this phenomena is likely to be encountered
in order to achieve an accurate prediction of communications
performance.
VII. C ONCLUSION
The complex signal envelope of Rician fading, subject to
LOS shadowing was presented and closed-form expressions
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Following a sequential application of the identities in [19,
eq. 3.462.1] and [19, eq. 9.240], (13) can be obtained in
closed-form as given in (4).
A PPENDIX B
From the model definition in (1), it can be seen that,
when conditioned on ξ, X and Y are independent Gaussian
random variables, with PDF given in (3). Following from
this, their joint conditional PDF fX,Y |ξ (x, y; ξ) can be written
as, fX,Y |ξ (x, y; ξ) = fX|ξ (x; ξ) × fY |ξ (y; ξ). Now using a
Jacobian transformation, the conditional joint envelope-phase
distribution is found as, fR,Θ|ξ (r, θ; ξ) = |J|fX,Y |ξ (x, y; ξ),
where |J| = r is the Jacobian of the transformation. Expressing x and y in terms of r and θ, averaging over ξ, with
PDF in (12), and sequentially applying the identities [19, eq.
3.462.1] and [19, eq. 9.240], in a similar manner to that used
in Appendix A, the joint envelope-phase PDF (5) is found.
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A PPENDIX C
By integrating (5) with respect to R the phase PDF is found.
This is achieved by splitting (5) into two separate integrals,
which we denote here as A and B,
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The resultant Gaussian hypergeometric function, 2 F1 (·, ·; ·; ·),
within (17) can be further simplified using the relationship
[19, eq. 9.121.1],
2 F1 (a, b; b; z)

= (1 − z)−a .

(18)

Adding A and B together, followed by some tedious mathematical manipulations yields the exact closed-form expression
given in (8).
A PPENDIX D
The PBE can be obtained for BPSK when φ = 0, by
using (16) and (17) and replacing the Gaussian hypergeometric
function with its series definition [19, eq. 9.14.1]
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Adding (22) and (23) forms the exact expression given in (11).

Both (14) and (15) can be solved by first applying a
quadratic transformation (t = r2 ) and using the identity [19,
eq. 7.621.4],
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Firstly, (20) is found by using [19,eq. 3.621.3], knowing
(2n)!! = 2n (1)n , (2n − 1)!! = 2n 21 n and (18). Secondly,
(21) is obtained using [19, eq. 3.621.4] with further mathematical manipulations and (19),

(21)
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