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The Egalitarian Shapley Value: A generalization based on

coalition sizes

Dhrubajit Choudhury∗ Surajit Borkotokey† Rajnish Kumar‡ Sudipta Sarangi§

Abstract

In designing solution concepts for cooperative games with transferable utilities, consolidation of

marginalism and egalitarianism has been widely studied. The α-Egalitarian Shapley value is one such

solution that combines the Shapley value and the Equal Division rule, the two most popular extreme

instances of marginalism and egalitarianism respectively. This value gives the planner the flexibility

to choose the level of marginality for the players by varying the convexity parameter α. In this

paper, we define the Generalized Egalitarian Shapley value that gives the planner more flexibility in

choosing the level of marginality based on the coalition size. We then provide two characterizations

of the Generalized Egalitarian Shapley value.

Keywords: Shapley value; Equal Division rule; Solidarity; Egalitarian Shapley value.

MSC(2010): 91A12; JEL: C71, D60.

1 Introduction

Values in cooperative games with transferable utilities (TU games) prescribe allocations of players’ co-

operative outcomes based on different intuitive and fairness axioms. In this paper, we introduce the

Generalized Egalitarian Shapley value for TU games that consolidates marginalism and egalitarianism

on the basis of the size of coalitions. Many of the values found in the literature revolve around these two

properties of marginalism and egalitarianism. Important examples are the Shapley value [15] and the

Equal division (ED) rule respectively. Values that are designed to consolidate marginalism and egalitar-

ianism extend solidarity to the weak or non-productive players in a group. The α-Egalitarian Shapley

value due to [10] is a convex combination of the Shapley value and the Equal Division rule determined

by the convexity parameter α ∈ [0, 1]. This value gives the planner the flexibility to choose the level of

solidarity in the allocation by varying the parameter α ∈ [0, 1]. In this paper, we provide a generalization

of this value that takes coalition size into account, especially by considering situations where small groups

are egalitarian while larger groups follow marginalism.

In our society, egalitarianism is often observed in small coalitions while marginalism is observed in

large coalitions. Take the typical start-up or the so-called “flat organizations” that can be found in hi-

tech hubs such as Silicon Valley. At the beginning, these firms are small, lack hierarchical structures and

follow an egalitarian compensation scheme for the small set of founding members. As the organization

grows, new employees are often paid according to their contribution to the firm. This type of norm

is also visible in resource allocation that occurs between in-groups and out-groups. For instance, Fehr

et al. [8] provide evidence for in-group egalitarianism in children and argue that it has deep roots in

human development.1 It is observed that in small sized coalitions within a community or a tribe or clan,

players are more friendly, homogenous and socially involved. As a result there is more egalitarian resource

sharing among them. However, when more people enter into the coalition making it sufficiently large and
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1He et al. [9] find similar patterns in reciprocity and cooperation in tightly knit clans in rural China.
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heterogeneous, productive players prefer not to share their earnings equally with non-productive or less

productive players.

Motivated by the above discussion, this paper introduces a new class of values, termed the Generalized

ααα-Egalitarian Shapley values or simply the ααα-GES values, that incorporate the level of egalitarianism for

players based on the size of coalitions. We provide two characterizations of this class of values. Theααα-GES

value is defined on a decomposition of the game space with respect to a vector ααα = (α1, · · · , αn) ∈ [0, 1]n,

where these αks, one for each coalition size are non-decreasing and correspond to the size of the coalitions.

Thus, it gives the planner more flexibility in deciding the level of solidarity for players. Along with the

standard axioms of TU games, we characterize the ααα-GES value using the axiom: null player in a non-

negative environment property. This axiom requires non-negative allocation to a null player when every

coalition containing this player has a non-negative worth. The null player in a non-negative environment

property is a weaker version of the null player in a productive environment property introduced in [4]. The

null player in a productive environment property shows solidarity to the null player if the grand coalition

generates non-negative worths. The null player in a non-negative environment property, on the other

hand, shows solidarity only when all the coalitions that include the null player generate non-negative

worths.

The rest of the paper proceeds as follows. In Section 2 we present the definitions and results necessary

for the development of the paper. In Section 3 we introduce and characterize the ααα-GES value. Section 4

concludes.

2 Preliminaries

Let N = {1, 2, ..., n} be the player set with n players. Denote the size of a coalition S by the corresponding

lower case letter s. To simplify notation, we write S ∪ i for S ∪ {i} and S \ i for S \ {i} for each S ⊆ N
and i ∈ N . Also we denote by the small letters s, t etc., the size of coalitions S, T etc., respectively.

A cooperative game with transferable utilities or simply a TU game is a pair (N, v) where the function

v : 2N → R is such that v(∅) = 0. For each S ⊆ N , v(S) denotes the worth of the coalition S. If the

player set N is fixed, we represent a TU game by v only. Denote by v0 the null game, defined as v0(S) = 0

for all S ⊆ N . The class of all TU games over the player set N is denoted by G(N) which forms a vector

space of dimension 2n − 1 under the standard addition and scalar multiplications of set functions. For

every coalition S ⊆ N with S 6= ∅, the game eS : 2N → R given by,

eS(T ) =

{
1, if T = S

0, otherwise
(2.1)

is called the identity game. The identity games form a standard basis of G(N). Any v ∈ G(N) can be

uniquely represented as v =
∑
S 6=∅ v(S)eS . A value on G(N) is a function Φ that assigns a payoff vector

Φ(v) ∈ Rn to each v ∈ G(N) for a fixed player set N . The Shapley value (representing marginalism) [15]

and the Equal division (ED) rule (representing egalitarianism) are respectively given by

ΦShi (v) =
∑

S⊆N\i

s! (n− s− 1)!

n!
v(S ∪ i)− v(S). (2.2)

ΦEDi (v) =
v(N)

n
. (2.3)

For α ∈ [0, 1], the α-Egalitarian Shapley value due to [10], which is a convex combination of these, is

given by

Φα−ESi (v) = αΦShi (v) + (1− α)ΦEDi (v), (2.4)

where the parameter α ∈ [0, 1] makes the reconciliation between marginalism and egalitarianism. Various

axiomatizations of the Shapley value, the Equal Division rule and the α-Egalitarian Shapley value can

be found in the literature (see [1, 2, 3, 4, 11, 15, 16, 17, 18]).

Next we provide some definitions and list some of the axioms that have been used to characterize these

three values, focusing on the ones most relevant to us.
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Definition 1. A player i ∈ N is a null player in v if v(S ∪ i) = v(S) for every coalition S ⊆ N .

Definition 2. A player i ∈ N is a nullifying player in v if v(S) = 0 for every coalition S with i ∈ S.

Definition 3. Two players i, j ∈ N are called symmetric with respect to the game v if for all S ⊆
N \ {i, j}, v(S ∪ i) = v(S ∪ j).

The axioms for a value Φ : G(N)→ Rn are listed below.

Axiom 1. Efficiency: For any v ∈ G(N), we have
∑
i∈N Φi(v) = v(N).

Axiom 2. Null player property: For each v ∈ G(N), we have Φi(v) = 0 for every null player i ∈ N in v.

Axiom 3. Nullifying player property: For each v ∈ G(N), we have Φi(v) = 0 for every nullifying player

i ∈ N in v.

Axiom 4. Null game property: For all i ∈ N , Φi(v0) = 0.

Axiom 5. Symmetry: For every pair of symmetric players i, j ∈ N with respect to the game v ∈ G(N),

we have Φi(v) = Φj(v).

Axiom 6. Linearity: For all u,w ∈ G(N), every pair γ, η ∈ R, and every player i ∈ N , we have

Φi(γu+ ηw) = γΦi(u) + ηΦi(w); (2.5)

Φ is additive if in particular (2.5) holds for γ = η = 1.

Axiom 7. Desirability 2: For all v ∈ G(N) and all i, j ∈ N if v(S ∪ i) ≥ v(S ∪ j) for all S ⊆ N \ {i, j},
then Φi(v) ≥ Φj(v).

Axiom 8. Null player in a productive environment property: For all v ∈ G(N) and i ∈ N such that i is

a null player in v and v(N) ≥ 0, we have Φi(v) ≥ 0.

Axiom 9. Strong differential monotonicity: For all v, w ∈ G(N), i, j ∈ N , such that v(S∪ i)−v(S∪j) ≥
w(S ∪ i)− w(S ∪ j) for all S ⊆ N \ {i, j}, we have Φi(v)− Φj(v) ≥ Φi(w)− Φj(w).

Axiom 10. Positivity: For any v ∈ G(N) and for all S, T ⊆ N with T ⊆ S such that v(S) ≥ v(T ), we

have Φi(v) ≥ 0.

The most standard characterization of the Shapley value requires efficiency, symmetry, linearity and null

player property [15]. The ED, on the other hand has been characterized by efficiency, symmetry, linearity

and nullifying player property[16]. The characterization theorems of the α-Egalitarian Shapley value due

to [5] are listed below for later reference.

Theorem 1. (Proposition 1 in [5], p. 59) A value Φ satisfies efficiency, linearity, symmetry and the

null player in a productive environment property if and only if there is an α ≤ 1 such that Φ = Φα−ES.

Theorem 2. (Theorem 2 in [5], p. 59) A value Φ satisfies efficiency, additivity, desirability and the null

player in a productive environment property if and only if there is an α ∈ [0, 1] such that Φ = Φα−ES.

Theorem 3. (Theorem 4 in [5], p. 60) For n 6= 2, a value Φ satisfies efficiency, strong differential

monotonicity and the null player in a productive environment property if and only if there is an α ∈ [0, 1]

such that Φ = Φα−ES.

A value that satisfies efficiency, symmetry and linearity is called an ESL value [7]. We mention the

following proposition from [14] for later reference.

2In [13] the Desirability axiom is termed as Fair Treatment.
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Proposition 1. (Proposition 2 in [14], p. 184) A value Φ on G(N) is an ESL-value if and only if there

exists a unique collection of real constants BΦ = (αs : s ∈ {0, 1, 2, ..., n}) with αn = 1 and α0 = 0 such

that for every game v ∈ G(N),

Φi(v) =
∑

S⊆N :i∈S

(s− 1)!(n− s)!
n!

{
αsv(S)− αs−1v(S \ i)

}
. (2.6)

That is

Φi(v) = ΦShi (BΦv) (2.7)

where (BΦv)(S) = αsv(S) for each coalition of size s. This value Φ is denoted by ΦESL.

Note that in Proposition 1, α1 = · · · = αn−1 = α corresponds to the α-Egalitarian Shapley value. We

will further use the following lemmata.

Lemma 1. (Lemma 5 in [5], p. 4) Every value Φ that satisfies efficiency, additivity and desirability also

satisfies linearity.

Lemma 2. (Proposition 6 in [6], p. 171) For n 6= 2, if a value Φ satisfies efficiency, strong differential

monotonicity and null game property then it also satisfies additivity.

3 A Generalized Egalitarian Shapley value for TU games

In this section, we propose a Generalized Egalitarian Shapley value for the class G(N) by decomposing

it into its subspaces based on the coalition size. Interestingly enough, this class of values incorporates

the subclass of all the α-Egalitarian Shapley values including the Shapley value and the Equal Division

in particular. We proceed as follows: Consider an arbitrary k that ranges over the sizes of the coalitions,

namely {1, 2, ..., n}. Let us introduce two subspaces of G(N) as follows:

G<k(N) = {v ∈ G(N) : v(S) = 0 for all s ≥ k} and G≥k(N) = {v ∈ G(N) : v(S) = 0 for all s < k}.

Then using the standard notation for the direct sum of linear spaces, we getG(N) = G<k(N)⊕G≥k(N). It

follows that every game v ∈ G(N) can be written as v = v<k +v≥k where v<k ∈ G<k(N), v≥k ∈ G≥k(N)

such that v<k(S) = v(S) for all s < k, v<k(S) = 0 for all s ≥ k and v≥k(S) = v(S) for all s ≥ k,

v≥k(S) = 0 for all s < k. Consider the following intuitive procedure.

Start with the vector ααα = (α1, α2) such that 0 ≤ α1 ≤ α2 ≤ 1, a fixed k and apply Φα1−ES for G<k
and Φα2−ES for G≥k. Consider the quantity Ψα

k given by

Ψα
k = Φα1−ES(v<k) + Φα2−ES(v≥k) (3.1)

Now, take 1 < k1 < k2 ≤ n and set Gk1≤,<k2 = {v ∈ G(N) : v(S) = 0 for all s < k1, s ≥ k2}. It

follows that G(N) = G<k1 ⊕ Gk1≤,<k2 ⊕ G≥k2 . Consequently, every v ∈ G(N) can be expressed as

v = v<k1 + vk1≤,<k2 + v≥k2 , where

vk1≤,<k2(S) =

{
0, if s < k1 or s ≥ k2

v(S), if k1 ≤ s < k2.
(3.2)

Similarly, by taking ααα = (α1, α2, α3) ∈ [0, 1]3 where 0 ≤ α1 ≤ α2 ≤ α3 ≤ 1 with k = (k1, k2), the quantity

Ψααα
k now looks like:

Ψααα
k = Φα1−ES(v<k1) + Φα2−ES(vk1≤,<k2) + Φα3−ES(v≥k2). (3.3)

Recall that k varies with the size of the coalitions and therefore, taking k = (1, 2, ..., n), the n-tuple with

all sizes of the coalitions of N , we obtain the following:

G(N) = G<2 ⊕G2≤,<3 ⊕ ...⊕Gn−1≤,<n ⊕G≥n.
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Also, for each v ∈ G(N) we have,

v = v<2 + v2≤,<3 + ...+ vn−1≤,<n + v≥n.

Note that, for any α ∈ [0, 1], Φα−ES(v≥n) = ΦSh(v≥n).

Let ααα = (α1, α2, ..., αn) ∈ [0, 1]n be such that 0 = α0 ≤ α1 ≤ α2 ≤ ... ≤ αn = 1. The Generalized

Egalitarian Shapley value or the ααα-GES value denoted by Φααα−GES is then given by,

Φααα−GESi (v) = Φα1−ES(v<2) +

k=n−1∑
k=2

Φαk−ES(vk≤,<k+1) + Φαn−ES(v≥n). (3.4)

After simplifications, (3.4) can be expressed as follows:

Φααα−GESi (v) =
∑
S:i∈S

(n− s)!(s− 1)!

n!

{
αsv(S)− αs−1v(S \ i)

}
(3.5)

3.1 Characterization of the Generalized Egalitarian Shapley value

Following [5], where the α-Egalitarian Shapley value is characterized using efficiency, null player in a

productive environment, [(linearity and symmetry) or (additivity and desirability) or strong differential

monotonicity] we consider a weaker variation of the null player in a productive environment property to

characterize the Generalized Egalitarian Shapley value. This new axiom which we call the Null player in

a non-negative environment property is defined as follows.

Axiom 11. Null player in a non-negative environment property: For all v ∈ G(N) and i ∈ N such that

i is a null player in v and v(S) ≥ 0 for all S ⊆ N , we have Φi(v) ≥ 0.

Remark 1. In view of [5] all the values that combine egalitarianism and marginalism (except the Egal-

itarian Shapley value) fail to satisfy the null player in a productive environment property, which makes

them less appealing. The null player in a productive environment property allows for solidarity with

the null player whenever the worth of the grand coalition is non-negative. This, however, makes it a

stronger axiom than the null player in a non-negative environment property because the null player in

a productive environment property applies even if smaller coalitions generate negative worths. The null

player in a non-negative environment property is silent in such cases, and hence it is weaker than the null

player in a productive environment property.

Remark 2. The null player in a non-negative environment property is neither weaker nor stronger than

positivity: positivity is not weaker because it has implications for all players, not only for null players. The

null player in a non-negative environment property is not weaker because it also applies to non-monotonic

games that are non-negative.

In the following, we show that the Generalized Egalitarian Shapley value is characterized by efficiency

and the null player in a non-negative environment along with [(additivity and desirability) or strong

differential monotonicity].

Theorem 4. A value Φ satisfies efficiency, additivity, desirability and the null player in a non-negative

environment property if and only if there exists an ααα = (α1, α2, ..., αn) ∈ [0, 1]n where 0 = α0 ≤ α1 ≤
α2 ≤ ... ≤ αn = 1 such that Φ = Φααα−GES.

Proof. Φααα−GES inherits additivity and desirability from Φα−ES (see Theorem 2). Again, from (3.4) it

is clear that Φααα−GES satisfies efficiency and symmetry for ααα = (α1, α2, ..., αn) ∈ [0, 1]n where 0 = α0 ≤
α1 ≤ α2 ≤ ... ≤ αn = 1. Fix player i ∈ N and define a game v ∈ G(N) such that v(S) = v(S \ i) for

all ∅ 6= S ⊆ N and v(S) ≥ 0 for all S ⊆ N containing i. Then i is a null player in v and therefore,

v(S \ i) ≥ 0 for all S ⊆ N as well. It follows that αsv(S)−αs−1v(S \ i) = (αs−αs−1)v(S \ i) ≥ 0. Thus,

Φααα−GESi (v) ≥ 0 and therefore, Φααα−GES satisfies the null player in a non-negative environment property.
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Conversely, let Φ satisfy efficiency, additivity, desirability and the null player in a non-negative environ-

ment property. It is easy to check that desirability implies symmetry. By Lemma 1, efficiency, additivity

and desirability imply linearity. Consequently, Φ satisfies symmetry and linearity. Thus, Φ is an ESL

value. It follows from Proposition 1 that there exists an ααα = (α0, α1, ..., αn) ∈ Rn with α0 = 0, αn = 1

such that

Φi(v) =
∑
S:i∈S

(n− s)!(s− 1)!

n!

{
αsv(S)− αs−1v(S \ i)

}
.

We need to show that 0 = α0 ≤ α1 ≤ α2 ≤ ... ≤ αn = 1. Fix i ∈ N and S ⊆ N such that i ∈ S

and s > 1. Define the game w ∈ G(N) by w = eS + eS\i. Then i is a null player in w and w(K) ≥ 0

for all K ⊆ N . Therefore by the null player in a non-negative environment property, Φi(w) ≥ 0. Since

Φi(w) = (n−s)!(s−1)!
n!

{
αs − αs−1

}
, we have αs ≥ αs−1 for all 1 < s ≤ n. It remains to show that

α1 ≥ α0 = 0. By efficiency and symmetry, we have Φi(v0) = 0 for all i ∈ N . Using desirability, we get

Φ1(e{1}) ≥ Φ1(v0). It follows that Φ1(e{1}) ≥ 0. Since Φ1(e{1}) = α1

n , we have α1 ≥ 0. This completes

the proof.

Our next characterization of the ααα-GES value without additivity relies on the results of [5, 6].

Theorem 5. For n 6= 2, a value Φ satisfies efficiency, strong differential monotonicity and the null

player in a non-negative environment property if and only if there exists an ααα = (α1, α2, ..., αn) ∈ [0, 1]n

where 0 = α0 ≤ α1 ≤ α2 ≤ ... ≤ αn = 1 such that Φ = Φααα−GES.

Proof. Φααα−GES satisfies efficiency and the null player in a non-negative environment property by Theo-

rem 4. Moreover, Φααα−GES inherits strong differential monotonicity from Φα−ES .

Let the value Φ satisfy efficiency, the null player in a non-negative environment property and strong

differential monotonicity.

For n = 1, Φααα−GES = Φα−ES and therefore, the result follows from Theorem 3.

Let now n > 2. From efficiency and the null player in a non-negative environment property, Φi(v0) = 0 for

each i ∈ N , i.e., Φ satisfies the null game property. Clearly the null game property and strong differential

monotonicity imply desirability. In view of Lemma 2, Φ satisfies additivity. Now, the result follows from

Theorem 4.

Remark 3. In [5], an example is given to show that Theorem 3 fails for n = 2. We build a similar

example here. Let N = {1, 2}, and define the value Φ on N by

Φi(v) =
v(N)

2
+ v(i) · 2−|v(i)|−2 − v(j) · 2−|v(j)|−2 (3.6)

for all i, j ∈ N , i 6= j, and for all v ∈ G({1, 2}). Then Φ satisfies efficiency, strong differential monotonicity

and the null player in a non-negative environment property but not additivity. It follows that there does

not exist any ααα ∈ [0, 1]n such that Φ = Φααα−GES .

3.2 Comparison with existing solutions

The ααα-GES values generalize the Egalitarian Shapley values due to [10] and belong to the class of ESL

values. In [13], it is shown that among the ESL values, desirability and positivity are satisfied if and only

if 0 ≤ αs ≤ 1 for 1 ≤ s ≤ n − 1 in the expression (2.6). In view of (3.5), it is clear that this subclass

of ESL value contains the ααα-GES values, which therefore satisfy positivity and desirability. It is also

interesting to note that the class of ααα-GES values includes the class of discounted Shapley values due to

[10].34

3For δ ∈ [0, 1] the δ-discounted Shapley value Φδ : G(N)→ Rn is given by

Φδ(v) =
∑

S⊆N :i∈S

(n− s)!(s− 1)!

n!
δn−s

{
v(S)− δv(S \ i)

}
Finally, note that the class of ααα-GES values does not include the Solidarity value [12], which violates the null player in a

non-negative environment property.
4Solidarity value is given by (2.6) with αs = 1

(s+1)
for 1 < s < n.
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4 Conclusion

We have obtained a Generalized version of the Egalitarian Shapley value and its characterizations based

on some standard axioms. There exist possibilities for exploring alternative characterizations in the line

of [4] and for studying the implementation mechanism for the class of Generalized Egalitarian Shapley

values. We leave this for future research.
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