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Spectral Efficiency of Multipair Massive MIMO
Two-Way Relaying with Imperfect CSI

Chuili Kong, Student MembelEEE, Caijun Zhong,Senior MemberlEEE, Michail Matthaiou,Senior Member
IEEE, Emil Bjornson,Senior MemberlEEE, and Zhaoyang Zhandyiember IEEE

Abstract—We consider a two-way half-duplex relaying sys- relaying systems are assumed to operate in the half-duplex
tem where multiple pairs of single-antenna users exchange mode where the relay does not transmit and receive signals
information assisted by a multiple-antenna relay. Taking nto simultaneously. Yet, such half-duplex mechanism incurs a

account the practical constraint of imperfect channel knoviedge, - . .
we study the achievable sum spectral efficiency (SE) of the 20% Spectral efficiency (SE) loss. To reduce this loss in SE,

amplify-and-forward protocol, assuming that the relay emdoys two-way relaying was proposed in [6]-[12], where the two
maximum ratio processing. We derive a closed-form expressh communicating nodes perform bidirectional simultanecata d
for the sum SE for arbitrary system parameters and a large- transmission.

scale approximation for the sum SE when the number of relay

antennas, M, becomes sufficiently large. In addition, we study

how the transmit power reduces with M to maintain a desired A Related Work

SE. Our results show that by using a large number of relay

antennas, the transmit powers of the user, relay, and pilotygmbol Multipair two-way relaying is a sophisticated generalizat
can be scaled down proportionally to1/M®, 1/M”, and 1/M”  of single-pair two-way relaying, where multiple pairs okus
for certain combinations of «, 3, and ~, respectively. This elegant simultaneously establish a communication link with the afid

power scaling law reveals a fundamental tradeoff between # . . -
transmit powers of the user/relay and pilot symbol. Finally a single shared relay [13]-[17], hence substantially bogst

capitalizing on the new expressions for the sum SE, novel pew the system SE. The major challenge is to properly handle the
allocation schemes are designed to further improve the sumES  inter-pair interference from co-existing communicaticairp.
Thus far, a number of advanced techniques have been intro-
Index Terms—Amplify-and-forward, geometric programming, ~duced to mitigate inter-pair interference, such as diepgy
massive MIMO, power scaling law, two-way relaying. coding [18] and interference alignment [19]. Unfortungtel
the practical implementation of these techniques is in ggne
very complex. On the other hand, the massive multiple-
input multiple-output (MIMO) paradigm has demonstrated
Relaying is a low-complexity and cost-effective means teuperior interference suppression capabilities, witly genple
extend the network coverage and provide spatial diversishd low-complexity linear processing [20]. Besides, the us
which has attracted a great deal of research attention frefh massive MIMO has the potential to achieve orders of
both academia and industry [1]-[5]. Thus far, most pratticghagnitude spectral efficiency improvement with affordable

) ) ) signal processing complexity. Therefore, deploying lesgale
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the sum SE performance of training-based systems utilizingNotation We use bold upper case letters to denote matrices,
the ZF scheme. Later, [25] investigated the asymptotic Sk wbold lower case letters to denote vectors and lower casdett
MR and ZF, and designed an optimal power allocation strategydenote scalars. Moreovér), (-)*, ()7, and(-)~! repre-

to maximize the sum SE under certain practical constrainsent the conjugate transpose operator, the conjugatetopera
Although the derived results in [24], [25] are useful fothe transpose operator, and the matrix inverse, respBctive
understanding the impact of imperfect CSI on the systeAlso, || -|| is the Euclidian norm|| - || denotes the Frobenius
performance, a number of important questions remain to herm, and-| is the absolute value. In additiorn,~ CN (0, X)
addressed. For instance, the fundamental tradeoff betwelemotes a circularly symmetric complex Gaussian random
the transmit powers of pilot, user, and the relay remains &actorx with covariance matrixy:, I, is the identity matrix
open problem. Our previous work of [26] has revealed thif size k, while 1 denotes the vector whose elements are all
tradeoff for the decode-and-forward relaying system. &ind. Finally, the statistical expectation operator is repnése by

the AF protocol does not need to decode the signals, itE$-}, the variance operator is V&), and the trace is denoted
preferred for applications which are sensitive to compiexiby tr(-).

and time latency, hence, is particularly suitable for thd lUR

ecosystem. Therefore, providing a comprehensive anatysis Il. SYSTEM MODEL

multipair two-way relaying systems with the AF protocol is e consider a multipair two-way relaying communication
also of great interest. Motivated by this, we extend theymigl otvork consisting of a relay 7 with M antennas, andV

of [26] to the AF relaying systems, and present the achievakﬂairs of single-antenna users,Tand Tz, i = 1,...,N.

rate, the power tradeoff, and the power allocation design fgye assume that the direct links between ;Tand Ts; do

the AF protocol. Our contributions are summarized as fodlow, ot exist due to large obstacles or severe shadowing. Thus,

they exchange information with each other vig,Tas shown
B. Contributions in Fig. 1. The relay operates in the half-duplex mode, ite., i

) ) o ] cannot transmit and receive simultaneously.
o We investigate a multipair two-way AF relaying system

that employs MR processing with imperfect CSI, and
derive the SE expression in closed-form which is applica- = N S, €
. . . _ T ~ < ’ M v - -
ble for arbitrary system configurations and a large-scale ., N %
approximation of the SE whel — oo, whereM is the . S z ps 8rs.1
number of relay antennas. :

o We consider three different transmit powers, i.e., th = _ PR =
relay’s transmit power, the user’s transmit power, and the ‘gT— T’ TBi
transmit power of each pilot symbol, and characterize the - K
interplay between them, which permits great flexibility in L 8y -7 S~ Brew
the design of practical systems. In contrast, most of the ~ -7 T T~ 2
previous works only consider the transmit powers of the T,y ,/ Ear.x R 8rp.N TB,N

user and the relay, and ignore the power-scaling analysis
in the channel training stage.

o We study the power allocation problem that maximizes
the sum SE, subject to a total power constraint. Usi ) . - .
the same method as in [25], a local optimum solution:‘gg' 1: lllustration of the multipair two-way relaying sgsh.

ob_tamed by solving a sequence of geometric program-y. assumed that the system operates under the time-
ming (GP) problems. In addition, a closed-form power. . : : .
division duplex protocol and channel reciprocity holds.eTh

allocation strategy is obtained for the special case wher :
) . . o .channels from J ; to Tg, and Tz ; to Tr can be respectively
users are independent and identically distributed, whic N ’ Mx N

noted asGar = [gar1.-.-.84arnN] € C and
A

suggests that half of the total power should be allocat s 2 l@rp1s. .. grs ] € CMXN. More precisely, by ac-

to the relay while the rest is equally allocated to the usercounting for both small-scale and large-scale fading, thne

nel vectors can be expressedsas; ; ~ CN (0, Bar,:In) and
C. Paper Outline and Notations grp.i ~CN (0,B8rp.dym), whereSar,; andSBrp; model the
Ianrge—scale path-loss and shadowing effects that are &ssum
' be constant over many coherence intervals and known a
iori.

————— > _

Phase 1 Phase 2

The remainder of the paper is organized as follows: Secti
Il introduces the considered multipair two-way half-duple
relaying system model. Section Il presents the SE in closeD
form for arbitrary M and a large-scale approximation when .
M — oo, with imperfect CSI, while Section IV studies theA- Channel Training Stage
power scaling laws of different system configurations. The In the channel training stage, the chann@lsr and G rp
power allocation problem is discussed in Section V. Thare estimated by utilizing uplink pilots [20]. In each cofece
numerical results are verified in Section VI. Finally, Seuwti interval of lengthr., T4, and Tz ; simultaneously transmit
VII provides some concluding remarks. their mutually orthogonal pilot sequences of lengthto Tg,



for i = 1,...,N. Thus, the received pilot matrix at the relaywith A £ {GAR,(A}RB}, andB £ L(A}RB,GAR}, andp is
is given by chosen to satisfy the long-term total transmit power caistr
T T at the relay, namel J|1?Y = p,, wherep, is the average
Yy = VIPyGar®a + VTbyGro®p + Ny, (1) transmit pzwer of t)ﬁe{ |r|(}afla|1|y.}Thups, we ha;,ewhich is give%
where p,, is the transmit power of each pilot symbdN, by (7), shown on the top of the next page.
is AWGN matrix in](\:lluding i.i.d.CN((J)\; 1) elements_.l The  As a result, the received signals auT and Ty, are
n"_natrlces<I> 4 € C™»X an.d Pp e C»*YN are respectlvely_ the respectively given by
pilot sequences transmitted fromyJ and Tp;, and satisfy
7, > 2N, @1 ®* =1y, ®L®% =1y, and®’ &% = 0y to ZAi = ARVt T Na, (8)
preserve orthogonality of the pilots. Zpi= gﬁB.th +np, 9)
As in [1], [24], [27], we assume thatg uses the minimum
mean-square-error (MMSE) estimator to estimate the channwherena; ~ CN(0,1) andnp; ~ CN(0,1) represent the
Gagr and Grp. From the property of MMSE channel esti-AWGN at Ty ; and Tg ;.
mation, the channel vectors can be decomposed as

8AR,i = 8AR,i + €AR,i; (2

8RB,i = 8RB, + €RB,i: (3

IIl. SPECTRAL EFFICIENCY
wheregar.i. 8rB,i» €AR,i» andeRBZ are thei-th columns

of the estimated matrice& 4, Grp, and the estimation
error matriced 4 p andEr g, respectively, which are mutually ) ) _ o
independent. Furthermore, the elementsgaf; ;, e4r.: are In this section, we derive the SE expression in closed-form

Gaussian random variables with zero mean, variang , for MR processing, which is applicable for arbitrary number

s ToppBin of relay antennas. Furthermore, a large-scale approomafi

2 i 2 A , {
and UAARJ’ rﬂespectlvely, whererin;: = 5 0an: @9 the SE is deduced when antenna arrays at the relay are very
~2 A AR,i H.
OAR: = TFrpp,fami: Similarly, the elements ofrp:, and large.

r mplex ian random variables with zero,,, . o
€rp,; @le comple Gaussian random variables th Zero\uithout loss of generality, we focus on the characterizatio

mean, variance ; anda% g ,, respectively, where%, , =

2
TpPpBRB,i
1+7pppBRB,i

of the achievable SE of users;. When T4 ; receives the
superimposed signal from gl it first attempts to subtract
its own transmitted message according to its available CSI
B. Data Transmission Stage (known as self-interference cancellation). Here, we atersi
The data transmission stage consists of two separate phates realistic case where the users only have the statisti-
In the first phase, theV user pairs simultaneously transmiical CSI that is obtained by the feedback from the relay.
their respective signals togIl Thus, the received signal aizxT Therefore, after subtracting the partial self-interfeeeterm

BRrB,i

~2 A
andaRBﬂ' ~ 1+7pppBrB,i°

is given by p\/PaE{ghr Fgari}xa,, the received signal ati; is
N re-expressed as
yr = Z; (\/pA,igAR,ixA,i + \/pB,igRB,ixB,i) +ngr, (4) Zai=za,; — p\/PAGE {gI‘R7iFgAR7i} Ta (10)

T
wherez 4 ; andzp; are complex Gaussian signals with zero pVPBE (8an Fens.) v,

mean and unit power transmitted by théh user pairpy ; desired signal

and pp; are the average transmit power ofy T and Tz ;, + p\/DBi (8hr.F8rB.: — E{8hrF8rB.}) TB.:
respectively, anchy is a vector of additive white Gaussian
noise (AWGN) at Tz, whose elements are identically and T T
independently distributed (i.i.dJA” (0, 1). + py/Pasi (8hriFgari — E{ghrFAR:}) Ta

In the second phase, the relay first applies MR processing residual self-interference

on the received signgl and then broadcasts it to the users.
o ) + F (Vpas ZA,j T /DB, x
Thus, the transmit signal fromgl'can be written as ngAR PABARGTA,] PB.i8RE.j B’J)

gain uncertainty

J#i
yt = pFy,, %) inter-user interference
T
where the processing matrik € CM*M s given by [14] + r8ar FNR + 14,
F— B*AH, (6) compound noise
Using a standard approach as in [1], [29], an ergodic

INote that for notational convenience, we set the noise negigo be 1
throughout the paper. With this convention, the transmitoin the paper achievable SE of T ;

can be interpreted as the normalized transmit signal toen@gpressed in A
dB). Ra; = 2] :
. - . " i = 0 1 11
2Note that MR is a very attractive linear processing techaitjuthe context At 27 82 + B;,+C;+D;,+E;)’ (11)

of massive MIMO systems due to its low complexity. Most intpatly, it can o
be implemented in a distributed manner [20]. where the pre-log factor/2 is introduced for the half-duplex



Pr

. . @)
Zl (PaE{l[Fgarll*} + ppE{l|[FgrB.l*}) + E{[|F|[E}
mode, and B =2M (M +1)Bar:i ¥ OCArnOhEn (22)
A; = ppilE{gh . FerBi} % 12
P, {gATR’Z gz} | (12) + MU%RJU}%}B,'L‘ (mUiR,i +2(M + 1)531?,,1')
B; = pp.Var(ghr . Fgrp.i), (13) L
Ci =paVar(ghrFgar) . (14) + o Z Mo 0hp.im (0hR.iPAi + Ohp PB.i)
Di =) E{pailghrFgan;’} (15) o
j#i 1 . N
! T ) +— Z MU%RJJI%:!BJ2 (M +1) (0—124R,ip14,i + J%B,ipB,i)
. _ , Dr
+ Z E {pB,'L|gAR,ngRB,]| } 5 =1
s 1 2 2
1 + — 2M (M +1)t; OARNWORB.y
E’i:E{”gLR,iF”Q}—i_F' pr; ( ) %;l ARn"RBn
N
i inai + Lom (M +1) Z 2 2
Thus, the ergodic sum SE of the multipair two-way AF D OARn-9RB,n>
relaying system is given by " n=1
N where t; = paiBar; + ppiBrp; and m
R=S "(Ra:+Rp,), 16) (M +1)(M +3).
;( . 5 (16) Proof: See Appendix A. [ |

whereRp ; is the SE of T ;, which can be derived in a similar

fashion.

Theorem 1 presents the closed-form SE, which is applicable
to arbitrary number of relay antennas. While Theorem 1
enables efficient evaluation of the SE, it is in general diffic

Theorem 1:With the AF protocol, the ergodic SE for anto extract insights due to the involved expression. As such,
arbitrary number of relay antennas is given by (11) with W€ NOW look into the asymptotic regime where the relay has

, ) X a large number of antennas, and derive a simple and accurate
Ai =ppiM*(M +1)°04p,;0R5

Bi =ppi2M (M + 1) Bar,iBrB,i ZUiR,nU%B,n

+ppiM (M +1) 0,2413,1‘012?,13,1‘ (5AR,¢01233,i + ﬂRB,iO—iR,i)

+ppi2M (M +1) U,%xR,iU}QzB,iéiR,ﬁ}Q%B,i
2
+pB,i2M (M + 1) UiR,N%B,i

(17) approximation for the SE.
(18) Theorem 2:With the AF protocol, as the number of relay

antennas grows to infinity, then we hakg ; — RA,Z- Mzgo 0,

where R4 ; is given by

+ppiM (M +1) (M +2) UiR,i&?ﬁlR,ialg%B,i (0,241%,1' + 01223,1') ,Where

Ci = 4pA7’iM(M + 1)6124}371' Z UZR,TLUIQ%B,TL
n#i
+ 4pA,i0124R,i012%B,iM (M +1) (M +2) UjR,i
+4pA,i0124R,i012%B,iM(M+ 1) (M + 5)0—?41%,1'&1241?,,1'
+ 4pA,iU,241%,if712%B,iM (M+1) 5’?31%,1‘7
Di = ZQM (M + 1) ﬂAR,itj Z 0'1243’,”0'12%3’”
i ni,j
+ Z MU%R,iUIQ%B,itijiR,i
JFi
+ Z Mo’ig0p,:ti2 (M +1) 65k,
J#i
+ Z MBARJUiR,jUIQ%B,jm (pA,iUiR,j +pB7’iU}2%B,j)
J#i

+ Z 2(M +1) (pA,z'f}iR,j +pB,i5—}2%B,j) ;
J#i

~ c zM
Rag 272 1o, (1 p Pl ) @3
(19) 3,2 py, (553,1‘ . 61241%,1‘) 7 (24)
RB, OAR,
= o 4pa i
o} a pAéﬁAR, : (25)
ORB,i
~ i OAR;Ohp;BAR
D2 S pa, (Dt 4 TR TRE AR @)
(20) oy RB,i OAR,iORB,i
BrB.; 0,241%, ‘031?,3, BaR,i
+ ZPBJ 2 . + i 4j )
i IRB,i OAR,iORB,i
- 1
Ei = — (27)
ORB,i
1 N
1 1 Z 0124R,n01223,n (pA,nUiR,n + pB,no-I%i’,B,n) .
PrOsRiORB,i ,—1
Theorem 2 presents a large-scale approximation of-the
user’s SE which is asymptotically tight. Despite being oixd
(21) under the massive array assumption, the approximatiors turn



out to be very accurate even for practical number of relay Theorem 3 implies that the large-scale approximation of
antennas. Most importantly, it is easy to observe the impabe SER, ; depends on the choice af Wheny > 1, R4 ;

of various factors on the asymptotic SE. It can be seen thatluces to zero due to the poor channel estimation accuracy
the individual user SERA,Z- decreases with the number ofcaused by over-reducing the pilot transmit power. In catira
user pairs/V; this is anticipated since a higher number ofvhen0 < v < 1, R4, grows without bound, which indicates
users increases the amount of inter-user interference., Noat the transmit power of each pilot symbol can be scaled
we focus on studying the impact of the transmit powei-tif down arbitrarily within this regime. Finally, when=1, R4 ;

user pairps; andpp ;, the transmit power of the relay,, converges to a non-zero limit, which suggests that withdarg
and the transmit power of each pilot symipglon the system antenna arrays, the transmit power of each pilot symbol can
performance. As can be seen, whep;, — co andpp,; — oo, be scaled down at most bly/M to maintain a given SE.

the SE is limited byp, andp,; in contrast, it is limited by

pa,i, PB,i, andp, whenp, — oo. B. Scenario B

In scenario B,p, is fixed, while p, = % D = %
with ¢« > 0 and 8 > 0, and E,,, E, are constants. Hence,

In this section, we present a detailed analysis of the pow#e channel estimation accuracy remains unchanged, and the
scaling laws. In other words, we characterize that how tlbjective is to study the potential power savings in the data
powers can be reduced proportionally/tb while maintaining transmission stage, as well as, the interplay between the us
a desired non-zero SE. Note that power actually refers &nd relay transmit powers.
the signal-to-noise ratio and thus the analysis shows howNow define the following conditions, namely, Condition II:
to achieve the SE either using less power or extending the,;» MP N, 9 9 9
coverage. Since our main focus is on the extent of powénoks,: ' Erohriks. nzzzl TannOrpn (Thnn + Thnn) >
reduction rather than the behavior of a particular user, Wz 4 Bars | APari ) (ﬂAR,j + viR,jU%B,jﬂARw) +

. 2 2 2 2 4 4

assume that all the users have the same transmit power, i’@5.:  “ar. RBa i \C
pai = pB.i = pu. Then, based on three different scenarios, we- (51233,3' 4 Uiﬂ,jaﬁés,jmm)' Condition 1II:

IV. POWER SCALING LAWS

RB,i 9AR,iRB,i

characterize the interplay between the relay’s transmigro j=; \“r5. TARiTRD.i
pr, the transmit power of each usey, and the transmit power Bt N, 2 5 5
of each pilot symbop,,, as the number of relay antenndg Eu > Brohn ok, n; OARnORB.n (TARn + Ohp0) AN
grows to infinity. Condition IV: v
Mot 1 2 2 2 2
B N Bl o, 21 O4ARnORBn (UAR,n + URB,n)’

: o n=

A. Scenario A then we have:

In scenario A,p, andp, are fixed, whilep, = % with Theorem 4:For fixed and finitep,,, £, andE,., whenp,, =
v > 0, and £, being a constant. Such a scenario represery&%, Py = % with o > 0, 8 > 0, asM — oo and Condition
the potential of power saving in the training stage. Il holds, we have (33), which is shown on the top of the next
Now define the Condition I:E, <« 71,MY x page.
min{Bar,, Brp,}, then we have the following important Theorem 4 reveals that in Scenario B, the estimation error,
result: the residual self-interference, and the inter-user interice
Theorem 3:For fixed and finitep,,, p, and E,,, whenp, = vanish completely, and only the compound noise remains, as
% with v > 0, asM — oo and Condition | holds, we have M — oo. The reason is that the power scaling pushes the
P system into a noise limited regime. Moreover, it is observed
Rai— Te —Tp log, (1 4 Tppl? _ ) Mzee ), that the compound noise consists of two parts, namely Part
’ 2 Bi+Ci+D; + E; I and Part 1l as shown in (33), which represent the noise at
(28)  the relay and the noise at the usej ;T respectively. This

c

where observation can be interpreted as: when both the transmit
) 1 1 powers of each user and the relay are scaled down inversely
B; £ Bros " Bari (29) proportional toM, the effect of noise becomes increasingly
A 4513"‘ . AR significant. In addition, we can also see that when the cHanne
C; & #, (30) estimation accuracy is fixed, the large-scale approximatio
ﬂRBw‘ the SER 4 ; depends on the value of and 5. When we cut

b o Barj+ Bre;  Bar,;BEs;+ BairPrs down the transmit powers of the relay and/or of each user too
i = Z Bp. B B »much, namelyp > 1 and/or > 1, R4 ; converges to zero.
#i a e On the other handR 4 ; grows unboundedly fob < o < 1

(31) and0 < g < 1. Only if « =1 and/org = 1, R4,; converges
E; 2 L (32) to afinite limit as detailed in the following corollaries.
puﬂz%zB,i Corollary 1: For fixed and finitep,, E,, and E,, when
1 N a =B =1, namely,p, = £, p, = 22 asM — oo and
2 2 2 2 P Lo . .
+ Z BarnBrsn (Barn + BEpn) - Condition Il holds, the SE has the limit (34), which is shown

4 4
PrBariBrb.i 1 on the top of the next page.



Te — T 1 M—o0

Ra,i— Plog, [ 1+ < Z8°0. (33)
27 M1 MB-1
2 + 4 4 E UZR,TLU}Q%B.TL (UZR,H + U%B.n)
Euwogp:  Er0aRiTrB: i)
————
Partl Part Il
Te — Tp 1
Ra; — 5 logy | 14 ~ (34)
/ Te 1 1 2 2 2 2
Fuolp: T Brohpiohnn n§1 (UAR,nURB,n arn T OrBM

From Corollary 1, we observe that when both the transmitf — oo and Conditions Il and IV hold, the SE has the limit
powers of the relay and of each user are scaled down with the Te —Tp
same speed, i.el/M, R4, converges to a non-zero limit. Rai—

(37)

27,

Moreover, this non-zero limit increases wiffi, and E,., as

expected. Now consider the special case of all the linksngavi E.obpohy

the same large-scale fading, e.Gur,: = Srp: = 1, for xlogy [ 1+ — Lk

i=1,..., N, then the sum SE of the system reduces to 3 (giR SOHs (ggm Lok n))

n=1 ’ ’ N ’
Te — T, o?E,FE
R N c le 1 1Hudr 35 . .. . _ .
- 0g, ( + T 1 2NE, 2NEU) , (35) Similar to the analysis in Corollary 2, if the down-scaling

of the relay transmit power in the second phase is faster than
wheres? = % Therefore, the sum SE in (35) is equal tahat of the users’ transmit power in the first phase, the limit
the one ofN parallel single-input single-output channels wittof R4 ; will only depend on the noise at the users.

2
transmit powerZ-252— without interference and small-scale

fading. Note that we only need™ 2t B amount of ¢, Scenario C

power (the transmit power of each user%, the transmit

power of each pilot sequence ié’}\%, and the transmit relay antennas, i.ep, = £, p, = L= andp, = Ep
power of the relay is%) in multipair two-way AF relaying \ih o > 0, 8 > 0, 7fclnd f\y4a> 6 Effﬁ};m ang Epj\gré
systems when using very large number of relay antennas. TR stants. This is the most general scenario where we age abl

represents a remarkable power reduction, thereby shawgasy, fiexibly adjust the transmit powers of the consideredesyst
the huge benefits from the perspective of radiated energymaintain the desired performance.

efficiency by deploying large antenna arrays.

In scenario C, all the transmit powers scale with the number

Now define the following conditions, namely, Condition V:

N
. - M= M*?
Corollary 2: For fixed and finitep,, £, and E,., whena = 757~ T 555, 55, 21 BarnBtpn (Barn + Bhpn) >
land0 < B < 1, namely,p, = 5+, p, = L5, asM » 0 | ) 4Bami bans | BiniBin,
and Conditions Il and Ill hold, the SE has the limit Pre: T Bam: T Fhp, T ; (B;B,% T B ;B,i) T
Te —Tp 2 BRrB,j 511&,'5;3,')
Rai > 5P logy (14 Euokp) . (36) ]%2( sy Canaiana ),

Condition VI:

N

Corollary 2 presents an interesting phenomenon, that if tlfeu > % > 53\12,”51233” (5,24R,H + ﬂ%B,n),
transmit power of each user is overly cut down compared i,d Condition VI "~
the reduction of the relay transmit power, the value of P&t | ;a+v—1 1 2 5 5 5
dominant compared to Part Il in (33), and thidg ; converges £ < EBArPrp. n2=:1 BarnPren (BAR,n + BRByn)’
to a non-zero limit that is determined by the noise at theyreldhen we have:
This observation is intuitive, since when both Tand Tz ; Theorem 5:For fixed and finite&,, E,, and E,, when
transmit with extremely low power, the effect of noise at the, = L=, p, = L= andp, = =&, with a > 0, 8 > 0,
relay becomes the performance limiting factor. Similanlizgen and~y > 0, asM — oo and Conditions | and V hold, we have
0 < a < B =1, we have the following corollary. (38), shown on the top of the next page.

Theorem 5 reveals the coupled relationship between the

Corollary 3: For fixed and finitep,, E,, and E,, when training power and user (or relay) transmit power. When

0 <a<1landp =1, namely,p, = % pr = 35, @ a+~v > 1andlorg+~ > 1, Ra,; converges to zero, due

=




- 1 .
e g, [ 1+ Mzeeg (38)

27, N
Mo+v—1 MB+v—1 2 2 ( 2 2 )
o EpEuBrip ; * TZ’EPETBiR,i BB, ngl ﬂARv"ﬂRBm ﬂAR;’ﬂ + 6RB,n

to either poor estimation accuracy or low user/relay trahsnpower of the relay and/or more accurate channel estimation
power. On the other hand, whelh < o« + v < 1 and can compensate the individual SE loss caused by stronger
0 < B+7 <1, Ra, grows without bound. Only it~ =1 inter-user interference.

and/org 4+ v =1, Ra,; converges to a non-zero limit. In the

following, we take a closer look at these particular cases of V. POWERALLOCATION

interest.

Corollary 4: For fixed and finite£,, E,, and £,, when
a=p4>0anda+v =1, namely,p, = £%, p, = £+, and
Pp = o=, with v > 0, asM — oo and Conditions | and V i.e., Zl (pa,i +pB,i) +pr < P. For notational simplicity, we
gglgé.the SE has the limit (39), shown on the top of the neétefine/\/ s, 'T'"N}’ pa 2 Ipan,... ,pA,N]T, andpp 2

Corollary 4 suggests that no matter hawg, and~ change, 5.1, PB.N] ’ e .
as long as the overall power reduction SE at the user/relgl}é:Or mathgmqtlcal tractability, instead O_f using the sum
expression in Theorem 1, we work with the large-scale

and pilot symbol remains the same, ie+ v = 1, the same

asymptotic SE can be attained. In other words, it is Ioossit%)proximation from Theorem 2 which turns out to be tight for
gven moderatéd/ in the simulation results of Section VI-A.

to balance between the pilot symbol power to the user/relﬁl] h I . o blem is f ih
transmit power. us, the power allocation optimization problem is fornte

In this section, we formulate a power allocation problem
maximizing the sum SE subject to a total power constraint,
N

Corollary 5: For fixed and finite£,, E,, and £,, when as [25]
a>f>0anda+vy =1, namely,p, = £, p, = L=, and o N ~
pp = 2%, With v > 0, as M — oo and Conditions I, V, and ~ aXimize Z (RAJ + RBJ) (42)
VI hold, the SE has the limit Z?
Rai — Tc; Yo, (14 7,B,Euf%y,).  (40)  subjectto > (pai+ppi)+pr <P,
Te ' i=1
Corollary 5 shows the same trade-off betweemnd v as 0<pa<pil,0<pp <pel,0<p,. <p,

in Corollary 4. However, similar to Corollary 2, the SE is ynl - ) o
related to the noise at the relay. where Rp.; is the Iarg_e—scr_:lle approximation for the SE of
Corollary 6: For fixed and finiteE,,, E,, and E,, when Tg,:, which can be derived in a similar fashign, andp; are

' B, B ang the peak power constraints ofi ; (ps,;) andp,, respectively.

0<a<pandB+~=1, namelyp, = L=, p, = L= . . ) . : :
T E b ) a YiPu = 31> Pr = 315 Sincelog(-) is an increasing function, (42) can be equiva-
pp = 74, With v > 0, asM — oo and Conditions I, V, and )
M lently reformulated as:

VIl hold, the SE has the limit

N
) Te —Tp T N1 -1
Rai = =5 (41) Py :minimize ] ] (1+7a4)" (1+785.)
YA YB =1
: PB,i PAi .
T B BB B s subject to va,; < =, vp; < ==, i €N
x log, 1—|—N — i &i
N
62 62 (62 + 62 )
= AR n~"RB,n ARn RB,n Z(pAz +pB,i) +p, < P,
Corollary 6 indicates that when we cut down the transmit =1
power of the relay,. more compared with the transmit power 0<pa=pol,0=pp=pol,0=pr=p,
of each usep,, i.e.,0 < a < 3, to obtain a constant limit SE, \\hare a2 yad,. . ,WLN]T, ve 2 e, .. ,VBW]T,

the trade-off betweep, and the transmit power of the relay, . . and -~y ; are considered as the signal-to-interference-
each pilot symbop, should be satisfied, namely,+~ = 1. s noise ratio (SINR) of24 ; and Rz ;, respectively. Also,
This trade-off provides valuable insights, since we camustdj ¢, andé; are respectively gi\)en by '

pr andp, flexibly based on different demands, to meet the

same limit. In addition, Corollary 6 also shows thalt; ; is N

an increasing function with respect #, and E,, while a &= Z (@i jpa,j+biipB,j)

decreasing function ofV. In other words, when the number j=1

of user pairsN increases, the relay and/or each pilot symbol N

should increase their power in order to maintain the same +p Y (cigpag +digpsy) + e, (43)
performance. This is due to the fact that a larger transmit J=1
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Ra; — log, | 1+ ~ (39)
¢ 1 1
o EpEuBrip ; T TpEpEw-BiR,iﬂ?QB,i nzl (ﬂ‘%R’nﬂ%{Bm (ﬂ%R,n + ﬂlQ%Bm)
and proposed in [33, Lemma £]Now, we outline the successive
N approximgtion algorithm to solve the original problgm in
¢ = Z (&i,ij,j i bi,jpB,j) the following.
j=1

N Algorithm 1 Successive approximation algorithm By
+p;1z (@,ij,j +(zi,jpB,j) +é&, (44) 1) Initialization. Define a tolerance and parametef. Set
k =1, the initial values ofy4 ; and4p ; are chosen according

Jj=1 . .
here to the SINR in Theorem 2 when lettings ; = pp,; = %,
w \ andp, = £.
1 é“‘—j7 J =1 2) lteration k. Computep,; = 75— andup,; = 7722
Qg = 3 \ Bary | hr ke Bari i (45) Then, solve the following GP problem:
U?%B,L' o’iR,mo’;l%B,m ’ ’ N
BRrB,i Bar,i L C —pAs — B
b= L] oRes T e SRS (va) " (vpa)
BN BrB.j UiR,jU;LaB,jﬁAR,i 75’6 YAYB i=1
kB oARiRE; J ’ subject to 9,1:)%72_ <4, < 094,4,1 € N
4 2 1A ~ .
cij= O—Af7j03437j 7 (47) 0 1’7371' <vB,i < 9737,‘,2 eN
Mo'sg kB, Ya,ipp& < lieN
2 4 .
dij = —ARiTRB (48) VPt < Li€N
MUAR,iURB,i N
0 = 12 , (49) Z (pa; +pBi) +pr < P,
Mogp i=1

By y , , 0<pa<pol.0<ps<pl.0<p, <pi.
and a; j, bij, ¢, dij, €& are obtained by replacing the =Pa=PonB=Ph = P05 0= b=

subscripts “AR”, “RB” with “RB", "AR"in b; j, i j, di j, ¢ij,  Denote the optimal solutions byﬁ‘k,)i andfygf)i, icN.

Cis respe_ctlvely._Note that we h_ave replaced the equality 3) Stopping criterion If max; |7Akz ~ 444 < e andlor

with “<” in the first two constraints of probler®;; however, ’ ’

this does not change or relax the original problem (42),esin
iecti ion i i i 4) Update initial valuesSet9y 4 ; = *) and4p; =~ and

the objective function is decreasing withyr; and ygrp,;. p VA = VA VB = VB

Therefore, we can guarantee that these two constraints miust k¥ + 1. Go to step 2).

be active at any optimal solution @1;.

pax; |7,(3’f)i —4B.,i| < ¢, stop; otherwise, go to step 4).

Note that we have neglected, ; andwp ; in the objective
function of P,, since they are constants and do not affect
o N the problem solution at each iteration. Also, some trusioreg
The above problenP, is identified as a complementaryconstraints, i.e., the first two constraints, are addedchvimit
geometric programming problem, which is nonconvex [30how much the variables are allowed to differ from the current
hence, the optimal solution is intractable. Respondindi®, t guessd4,; and 4p,. The limit of any convergent sequence
we propose an efficient suboptimal solution for probl®m  generated by Algorithm 1 is a Karush-Kuhn-Tucker point, and
which significantly outperforms the uniform power allocati e detailed proof can be found in [35]. The paraméter 1
scheme. Specifically, noticing that if the objective funotis :gntrols the desired accuracy. More precisely, whés close
a monomial function, the problef, becomes a standard GPyg 1 it provides good accuracy for the monomial approxinmatio
problem, and can be solved efficiently with standard op@mizpt with slower convergence speed, and vice vergasflarge.
tion tools such as CVX [31] or ggplab [32]. The key idea ig\s discussed in [33], [36], [37] = 1.1 offers a good tradeoff
to use a monomial functiomx; (vx,:)"*" to approximate petyeen the accuracy and convergence speed.
1+vx,; near an arbitrary pointx ; > 0, whereX € {4, B}, Regarding the complexity of algorithm 1, we notice that
pxi = 1t andwx = (Jxq) """ (14 49x,:). At each algorithm 1 is executed by solving a sequence of GP problems.
iteration, the GP is obtained by replacing the posynomiakcording to [34], GP can be solved by the interior point
objective function with its best local monomial approxiiat

near the solution obtained at the previous iteration. Then?During_the submission of the current work, an independentkweas
appeared in [25], which also uses the technique propose2Birtd tackle the

a Iocal_optlmum of the original pro_ble_ﬂ_‘jl can be found_ power allocation issue in the context of multipair massivéMi@ two-way
by solving a sequence of GPs, capitalizing on the technigteying systems.




method with provably polynomial time complexity. Also, itA. Validation of analytical expressions
n fficiently implemented with high-quali ftw . .
can be efficiently implemented with high-quality softwauels Fig. 2 shows the sum SE versus the transmit power of each

as the MOSEK package. , !
To gain further insights, we now consider the special Causerpu for different number of relay antennas with = p,
9 ghts, we P 2Rd p- = 2Np,. Note that the “Approximations” curves are
when all the users transmit with the same power, pg.; =

’ pu. Also, we remove the peak power constraints bobtained by using (23), and the “Numerical results” curves a
v . >~ <7 “generated according to (16) by averaging oMErindependent
assuming thap, andp, are very high. Then, the optlmlzanona Ing to (16) by averaging inaep

channel realizations, respectively. As can be readily vesk
problem (42) reduces to the large-scale approximations are very accurate, edlydoia
o N - large antenna arrays. Also, as expected, increasing theemum
Ps: m%xul:mze Z (RA,Z- + RB,i) of relay antennas significantly yields higher SE.
UHHT 221
subject to 2Np, + p. < P,
Pu = 0,pr 2 0.

16

[N
N
T

Theorem 6:P5 is a convex optimization problem.
Proof: See Appendix B. [ ]

Since the optimization probler®; is convex, the optimal
solutionsp?™ € (0, 5] and p™ € (0, P] maximizing the
sum SE can be obtained efficiently by adopting some standarc
techniques, such as the bisection method with respeét.to
However, we cannot directly obtain closed-form expression
of po* and po®', since the objective function relies on the
statistical characteristics of all the channel vectorsolder
to simplify the analysis and provide some further insigits,

=
N
T

=
o
T

R S
P

®
T

=)
T

Sum spectral efficiency (bit/s/Hz)

IS
T

Approximations: M = 200
O Numerical results: M = 200
— — — Approximations: M =50 ||
*  Numerical results: M = 50
T T T

N
T

assume that all the users have the same large-scale fading, e %0 a5 0 s o s 10 15 2
ey i 2 2 2 p, (dB)
Bar,i = Bre,i = 1, thereby resulting i3 ; = o, = o7,
G4 = 0p; = 0%, Ra; = Rp;, and then the optimization Fig. 2: Sum SE versug, for N =5, p, = p,, and
problem”P; can be analytically solved in the following theo- pr = 2Np,.
rem:

Theorem 7:The optimization problenPs for the scenario
where all the users have the same large-scale fading, e.g.,

Bar,i = Brp,; = 1 is solved by B. Power scaling
PPt — %, (50) In this subsection, we present numerical simulation result
poPt g, to verify the previous power scaling law analysis for three

different scenarios, and demonstrate the power efficiericy o

Theorem 7 suggests that, for a given power bud@déb., + ysing large number of antennas at the relay.
pr < P, half of the total power should be allocated to the

relay regardless of the number of users, and the remainin¢

half should be equally allocated to tH®V users. Such a 25 \
symmetric power allocation strategy is rather intuitiveeda ol 17 : ,
the symmetric system setup. In addition, it can be directly 15/ I
inferred that the optimal powery™ decreases monotonically g /*/%
by increasing the number of user pai¥§ which serves as a g : ' ' e ronroimations
useful guideline for practical system design. g 800 200 300 400 500 600 700 800 900
§ Number of relay antennas M
5
g 15 T
VI. NUMERICAL RESULTS EZ;’ mwe
3 |
In this section, we present numerical results to validage th Lo
previous analytical results. For all illustrative exangl¢he y=2 +i;§f§;§;§tions
following set of parameters are used in simulation. Unless Y T e e
otherwise specified, the length of the coherence interval is Number of relay antennas M

7. = 196 symbols, chosen by the LTE standard. The lengt
of the pilot sequences is, = 2N which is the minimum
requirement. For simplicity, we set the large-scale fading
coefficientBar = Brp = 1, and assume that each user has
the same transmit power, i.@4; = pB,i = pu.

|l}ig. 3: Sum SE versus the number of relay antentasor
N =5, p, =10 dB, p, = 20 dB, andp, = E,/M" with
E, =10 dB.
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1) Scenario A: Fig. 3 verifies the analytical results for
Scenario A. Note that the curves labelled as “Scenario A’ are 121
plotted according to Theorems 3. We can see that wieis
large, the two curves are almost overlapped, which meais tha
the previous asymptotic analysis is very accurate. In amdit
when~y > 1, e.g.,v = 2, the SE gradually approaches zero.
In contrast, wherd) < v < 1, e.g.,y7 = 0.8, the SE grows
unbounded. Finally, when = 1, the SE converges to a non-

— % — Scenario B-Case |
—©6— Approximations

i i i i
100 200 300 400 500 600 700 800 900
Number of relay antennas M

T SR SR LR R rab it Srututin) SHventy. Senier  Seesteey
— % — Scenario B—Case Il
—©6— Approximations

i i i i
100 200 300 400 500 600 700 800 900

Sum spectral efficiency (bit/s/Hz)

zero Ilmlt- ) ) ) . . Number of relay antennas M
2) Scenario B:Fig. 4 investigates how the transmit power 20 \ \ \ \ \ \ ‘
of each usep, = £« and the transmit power of the relay ) S G QR Sutn S S e SR
5 . M | 104 — * — Scenario B-Case IlI
pr = 375 scale with M. To fully evaluate the SE behavior, —©— Approximations
we consider three different cases based on the valuesaofl 200 200 300 400 500 600 700 800 800

Number of relay antennas M

5, namely, 1) Case loe = 8 =1; 2) Case l.a=1,5=0.2;
3) Case lll:a = 0.4,5 = 1. Note that the curves labelled

as “Scenario B” are generated by using Theorem 4, while the (a) Case 11I, and I

curves labelled as “Scenario B-Case X" witheX{l, Il 111} ‘ ‘ ‘ ‘ ‘ ‘
are plotted according to Corollaries 1-3, respectively. &{a) R Bt S A S N )
shows that the sum SE saturates in the asymptotical lafge sfm a=06,p=12

regime for all the three cases, which agrees with CoroBakie

3. Furthermore, Case | has the lowest SE due to simultaneousl|
cutting the transmit powers of each user and of the relaylewhi
Case Il and Case lll achieve the same performance due to the
setting of £, = 2N E,,.

Fig. 4(b) illustrates the system performance when the {rans
mit power down-scaling is either too aggressive or too mod- i
erate. As expected, as the number of relay antennas inefease 154
the sum SE gradually reduces to zero fer> 1,5 > 0, g
a > 0,8 > 1, 0ora > 1,8 > 1. However, the speed urbounded L

. . . . . . 100 200 300 400 500 600 700 800 900
of reduction varies significantly depending on the scaling Number of relay antennas M
parameters. The larger the scaling parameters, the faster t
decay of the SE. In contrast, if we cut down the transmit

powers of each user and of the relay moderately, the sum $fq 4: Sum SE versus the number of relay antenk@agor

grows unboundedly. pp, = 10 dB, p, = E,/M® with E, = 10 dB, and
3) Scenario C:Fig. 5 presents the tradeoff between the pr = E./MP with E, = 20 dB.

user/relay power and the pilot symbol power. We set two
examples, i.e.o = 1.3, 8 = 1.1, v = 0.5 anda = 0.8,

4%

<
P - — * — Scenario B
[ . . 3
zero limit a=15p=1.2 —6— Approximations

0
100 200 300 400 500 600 700 800 900
Number of relay antennas M

25F - T T T T
s B:O-s
—&— Approximations

201 i —— == ke — e e k=

_ k- -k

Sum spectral efficiency (bit/s/Hz)

a=0.9,3=09

(b) Zero limit and unbounded

8 =0.6, v =1, which satisfya +v=1.8 and§ + v = 1.6. 3 : , , ,

As predicted, the sum SE converges to zero for too aggressivi N=S +Zjéggééz‘;5
power down-scaling. Moreover, the gaps between the two set: 2r ——

of curves narrow down with/ and eventually vanish. This N = ,

indicates that as long as + v and 8 + v are the same, the ) ﬂ%@:@%
asymptotic sum SE remains unchanged. Now, let us focus g i T
on the two curves associated witN = 5. Interestingly, € Number of relay antennas M

we see that the curve associated with= 0.5 yields better g 40

performance in the finite antenna regime, despite the fatt th é‘ 20 N=10

the user or relay power is over-reduced compared toythel 3 ol

case, which suggests that the channel estimation accusacy i

crucially important for the system. The same behavior afgpea o= ‘ +§gzgg§zg§ I
for the unbounded SE scenario whetie+ v = 0.9 and 95 00 a0 a0 0 oo o am s
6 + ¥ = 0.8. Number of relay antennas M

Fig. 5: Sum SE versus the number of relay antenhasor
C. Power allocation pu = Ey/M® with E, =10 dB, p, = E,./M? with

Fig. 6 illustrates the impact of the optimal power allocatio E, =15 dB, andp, = E,/M" with £, = 0 dB.

scheme on the sum SE. The different large-scale fading pa-
rameters are arbitrarily generated Byr; = i (rar.i/r0)”
andBrp.i = zi (rer.i/r0)", Wherez; is a log-normal random variable with standard deviatiod dB, r4r; and rgp; are
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the locations of iz, and Tzp, from the relay,a = 3.8 1) ComputeA;:
is the path loss exponent, amg denotes the guard interval

which specifies the nearest distance between the users and E{gZ{RJFgRBv"'} (51)
the relay. The relay is located at the center of a cell with =E{|g4r.&8rB.i" + ||8ar.l]*||&rB.|I*}

a radius of1000 meters andry = 100 meters. We choose =M (M+1)6%,.,0%5

P =10dB, p, =10 dB, N = 5, po = P/2N, p1 = P, ' '

Bar = [0.2688,0.0368,0.00025,0.1398,0.0047], and Srs =  Consequently, we obtain
[0.0003,0.00025, 0.0050, 0.0794, 0.0001]. The optimal power ) 5 4 4

allocation curves are generated by Algorithm 1. Also, wet plo A =ppiM*(M +1)°04 i0rB ;- (52)

the sum SE with uniform power allocation as a benchmark
scheme for comparison. As can be observed, the optimaf) COmputes;:

power allocation policy prowd_es 23.1% SE enhancementwhen g {|gAR iFgRB,iP} (53)
M = 300. Moreover, by focusing on the case where every user N N

has the same transmit power, ipg,; = pp; = p,, We can see T oH  CHgr

that the optimal user transmit power is a decreasing functio n; ;gAR” n8RBBRB L BAR (-

with respect to the number of user paivs which aligns with e e oam )
Theorem 7. where C, = (855,848, + &4r.&15 ), Which can be
decomposed into three different cases:

‘ ‘ a) forn # 1 # i, we haveE {|g’ , Fgrp.i[*} = 0.

5
4t —*—**’*4%#‘*7** :
R T g s e b) for n =1 # i, we have

3r E =l =97 e ]

E T 2
2Ly ‘ E{lghrFgrp.il’} (54)
1@ - — % — Optimal power allocation 9 9
. : : : -e- Unlform power allocation| | =2M (M -+ ].) ﬂAR,iﬂRB,i E O—AR,nJRB,n'

100 200 300 400 500 600 n?$1

Number of relay antennas M

c) forn =1 =1, we have

E {|g£R,iFgRB,i|2} (55)
=E {ggR,i@EB,ing,igRBﬂggB,igAR,iggB,ig*AR,i}
T Ak ~H H ~ ~T *
+E {gAR,igRB,igAR,igRB7igRB,igRB7’igAR,igAR,i}
T . ~H H 4 T
+E {gAR,igZR,igRB,igRB,igRB,igARJgRB,igZR,i}

T . ~H H - T
+E {gAR,igZR,igRB,igRB7igRB,igRB7’igAR,igf4R,i} .

Sum spectral efficiency (bit/s/Hz)

Fig. 6: Sum SE for a given power budgEt= 10 dB.
The first term in (55) becomes

E {giR zg??B zgfﬁ’ 8RB, zggB ngR zggB zg*AR z} (56)

VIl. CONCLUSION
*E{|9ARZ| Igrp.ill*} + 6ARE{|7arl 8RBl }

We have investigated the sum SE of a multipair two-way
half-duplex relaying system employing the MR scheme taking © 5hpE{|drB.il*|8arl*}

into account of realistic CSI. In particular, a closed-foem + URB,iE {|gRB’ieAR,i }E {HgARi||2} )
pression and a large-scale approximation were derivechfor t w & enp A &7 &nn
AR,i @ AR,i i
sum SE. Moreover, different power scaling laws of the systeWheregar,; = =g === andgrp,; = =5--= The vector

were characterized, which showed that the transmit powfersdoir,i IS @ Gaussian random variable with zero mean and
user, relay, and pilot symbol can be scaled down inverseigrianceo? , ; which is independent oz .;, whereagir,i
proportional to the number of relay antennas. In addition, us a Gaussian random variable with zero mean and variance
was revealed that there exists a fundamental tradeoff etwe %5 ; Which is independent of 4 ;. Therefore, (56) can be
the user/relay transmit power and pilot symbol power, whictalculated as

provides great flexibility for the design of practical syate T s« AH H 4 AT *
Finally, the transmit powers of each user and the relay were" {gAR""gRB7ig“2R’igiB’igRB7igA}Z’igRB’igAR’i}2 (57)
optimized to enhance the sum SE. =M (M +1) UARZURB i (BaRiORp: + BrBTAR )

2
+M UARzURB zUAR iOhB, KT

APPENDIXA
PROOF OFTHEOREM 1 Following the same procedure, the last three terms in (55)
The end-to-end SINR given in (11) consists of five termg‘g?alilzo be derived. Finally, combining a), b), and c), we

1) desired signal powet;; 2) estimation errof3;; 3) residual
self-interferenceC;; 4) inter-user interferencé;; 5) com- 3) ComputeC;: By utilizing the same technique as in the
pound noiser;. derivation of B;, we obtainC;.
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4) ComputeD;: (b) Computep?:

E{lghr,Fgar,l*} (58) E{||F||?} =E{tr (AB"B*A"}), (64)
N N A A Ax ~H
=tr(E<GAarGrGLzG
~o{35 e Comansln, e (21CanGroGinGin) )
n=11=1 +tr (E {GARGRBGZRGRB})
which can be decomposed into six different cases: . G el @
+f<{RBARRBAR})
a) forn #1#1,5(j # i), we haveE {|g£R,iFgARJ|2} =
0. +1r (E{GreGanGinGils} ).
b) forn=10+#1,5(j # i), we have N ,
=2M (M +1) > 0arnTrBn
E{lghrFgar,;|*} (59) 7;
=2M (M +1 ﬂA JﬂA j O’2 nO'Q n L.
( anibans n;j e CombiningE {||Fgar,l|*}, E{|[Fgrp|[*}, and (64),0”
' is expressed as
c)forn=1=1i(j #1), we have 2 Dr
T 2 p= N N ) (65)
E{lghrFgar;|’} (60) > (@i +b) +2M (M +1) 3 055 . 0kp.0
= MﬁAR,jUiR,iUIQ%B,i (M +1) (M +3) ‘7,24R,i where - !
+ MﬁAR,jUiR,iO—%%B,iQ (M + 1)5,241%,1'-
a; =2 (M +1) (63p,.PA: + 0kp.PB.) (66)
d) forn =1=j(j # 1), we have + MU%R,N?%B@ (M +1) (M +3) (U,%xR,ipA,i + UJQQB,ipB,i) ;
E{lghrFgar|*} (61) b, = 2M (M +1) (Bar.ipai + BrB.iPB.) Y OARATHEN
= MBar,ioar;0rp; (M+1) (M +3)o%ig n#i 67)

+ MBarioar j0hp ;2 (M +1)55g ;-
We arrive at the desired resulf; by combining (63) and

e) for n = ¢ andl = j(j#1i), we have (65).
E {|g£R,iFgARJ|2} =0.
fy for n = 4 and I = i(j#1i), we have

E{lghrFgarl*} =0.
Altogether.E {|g” » ;Fgar|*} is given by

. APPENDIXB
E{gir  Fgar,;} (62) PROOF OFTHEOREM 6
=2M (M + 1) Bar,iBAr.; Z UiR,nUIQ%B,n
n#i,j

2 2 2
+ MBaRjoariOrp,: (M +1) (M +3)0ag, For a givenp,, the objective function of the optimization
+ MBar,joARi0rp2 (M +1) 635, problemPs is an increasing function with respectsip, while
+ MBapioig 0ep,; (M +1) (M +3)0?p for a givenp,, this function is an increasing function with

respect tg,,; hence, the objective function is maximized when
2Np, + p, = P [38].

Following the same technique as in deriving (62), we can Now, focusing oni24; and substituin?Np, + p, = P
obtaink {|g’ , ;Fgrp ;|*} and finally deriveD;. into R4, we have

+ MBari0AR ;0hp ;2 (M +1)5%R ;.

5) ComputekF;: - 1 1 (68)
Rai==logy [1+ ————— ],
(a) Computet {||g}, 5 ;FI|*}: T =
Again, using the same technique as in the derivation of (6%3here “ _ 1 <5RB it4Bans | 5ARJ.) n
we obtain M Thp.i 4R
ﬂARJ UAR,,URB,,BAR,q,)
E {||gLR,iF||2} (63) M j%é: (URB i o’?“xR,io’jl%B,i
2 i 4 5 p
= 2M (M 1) Bani 3 oA UM C i v v IR - vt
n#i J#i ' ’ ’
N
2 2 2
+Moag0rp: (M +1)(M+3)0%r, c = 72MN0‘2;,i03‘23,i Z (aiRyna%B’n (UiRyn + U%B’Z—)),

~ n=1
+ M0124R,i0}2%B,i2 (M +1) O—iR,i' andd = %



Taking the second derivative with respecttp yields [16]
0°Ra.; b2 (20d2 + (1 +2a) (d - pu)3) (d—pu)
op2 21n 2242 [17]
~c(c+2ac+2a(l+a) (d—pu))pt
21n2f2g2
n2f2g ) 18]
bp., (02d2 +a(l+a)(d—pu) )
B In2f2g2 [19]
bpu (1 +2a) e(d — pu) (d* — dpu +p7) “0
In2f2g2 ’

[20]
where f = b(d—pu) + (c+a(d—p,))p, andg = f +
(d —pu)pu Thus, R4, is a strictly concave function with
respect tg,,. Since nonnegative weighted sums preserve coftl

N o, _
vexity [39], the objective functiof—= > (RAJ + RBJ) is

=1
also a strictly concave function with réspectptgl Recall that
the constraints of the optimization probleRy are all affine 23]
functions, and henc®s is a convex optimization problem.

[22]
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