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Introduction
A linear system can be considered to be a system
whose response is always a constant proportion
of the input—i.e. a plot of the response vs. the
input is a straight line (Fig. 1a). A common
difficulty faced by scientists working in the field of
biomechanics is that Nature rarely behaves in
accordance with the assumptions of linear
mechanics. Instead, the response of a system is
often observed to change as a variable proportion
of the input—this is referred to as nonlinear
behaviour (Fig. 1b-solid curve). Although linear
models can often be applied to a range of
behaviour of a nonlinear system, large errors can
be predicted if the linear model is applied
inappropriately (Fig. 1b-heavy dashed line).

Fig. 1: Characteristic plot of response of a linear
and nonlinear system showing potential errors
due to incorrect application of a linear model
As we attempt to make ever more accurate
predictions in our models it becomes increasingly
necessary to account for such nonlinear
behaviour. This is particularly evident in
application of the finite element method to the
study of biomechanical problems. This article
attempts to provide an overview of some of the
sources of nonlinearity commonly found in
biomechanical modelling and some of the
methods used to account for them in finite
element analysis. Since the finite element method
is frequently used to analyse loading and
deformation of tissues, the focus will be on
constitutive theories of deformation for some
common biological tissues.

Types of Nonlinearity
It is worth recalling first the main types of
nonlinearity typically found in engineering
1
analysis. These can be classified as:

(i) material nonlinearity (e.g.
plasticity, micro-cracking) and

hyperelasticity,

(ii) geometric nonlinearity (e.g. large deformation
and/or strain and contact; see Fig. 2).
Material nonlinearities arise due to the
composition of a substance and depend on
chemical as well as structural properties of the
material over several length scales, typically from
Angstroms
to
millimetres.
For
example
dislocations in the lattice topology of atoms in
metal crystals lead to plasticity but the size and
shape of crystals at the microscopic scale can
further affect the behaviour of the metal.
Geometric nonlinearities arise due to the
deformation of the structure and can cause
nonlinear stress-strain response for linear elastic
materials. For example, the waist of a uniaxial test
specimen will contract in a tensile test causing the
cross-sectional area to change, thereby violating
the assumptions of engineering stress and strain
and leading to an underestimation of the true
stress (Fig. 2a). Large deformations of structures
can also cause nonlinear response as the load
follows the structure as it deforms (Fig. 2b). A
more severe nonlinear behaviour occurs as
bodies come into contact with one another (Fig.
2c). Contact problems can be very difficult to
solve due to the strong discontinuity in the
response of the system as contact occurs.

Fig. 2: Examples of geometric nonlinearity: (a)
changing cross-sectional area during extension in
a uniaxial test, (b) changing moment arm of a load
during large deflection of a beam, and (c) body-tobody contact
Nonlinear
behaviour
can
sometimes
be
thermodynamically reversible (e.g. hyperelasticity)
but it is usually irreversible to some degree (e.g.
plasticity, micro-cracking, and frictional contact). A
further complexity that arises is that some
phenomena are time-dependent, exhibiting
different responses when the loading rate is
changed (viscoelasticity) resulting in hysterisis,
stress-relaxation over time, and creep. Finally, a
characteristic of a given nonlinear behaviour that

can have implications for the modelling approach
is the smoothness of the response—while
phenomena such as plasticity tend to exhibit a
relatively smooth response, events such as bodyto-body contact or crack closure are strongly
discontinuous.

Biological Materials, Tissues, and
Biomaterials
Biological materials and tissues have complex
compositions and structures that can result in
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numerous types of nonlinear behaviour. For
example, there may be nonlinear response within
a given material component, at interfaces
between components, as fibres reorient due to
large deformation, due to internal fluid flow
(poroelasticity), and due to electro-chemical
forces between individual tissue components.
Nonlinearity can also arise when biological tissues
interact with biomaterials in the form of implants
and medical devices.
In the following sections the relationship
between structure and mechanical behaviour will
be discussed for several common tissues
encountered in biomechanical analysis.
Arterial Tissue
Figure 3 shows a cross section of an idealised
artery. Besides the different cell types and
extracellular matrix (ECM), arteries also contain
elastin fibres (circumferentially oriented in the
intima) and collagen fibres (in both the media and
adventitia; Fig. 3b).

(a)

(b)
Fig. 3: (a) Structure of an arterial wall (image
source: Wikipedia) and (b) typical orientations of
3
collagen fibres (adapted from Holzapfel et al )
Much of the nonlinear behaviour of arterial tissue
can be attributed to the increasing recruitment of
the collagen fibres at increasing strains, which

results in an exponential constitutive relationship
(Fig. 4).
A constitutive model often used to analyse
arterial mechanics is strain-energy based
4
hyperelastic theory (e.g. Mooney-Rivlin models).
This has the advantage that most commercial
finite element codes include variants of this
model. However, it does not account for
viscoelastic time-dependent effects. One recent
constitutive model developed to account for such
viscoelastic effects used a thermodynamically
derived nonlinear continuum model with cylindrical
orthotropic symmetry and a free energy term for
non-equilibrium states to account for both
3
relaxation and creep behaviour of arterial tissue.

Fig. 4: Sample biaxial stress-stretch curves for pig
4
aorta (adapted from Prendergast et al )
Fibrous Connective Tissues (Tendons and
Ligaments)
Regular collagenous connective tissue is found in
both tendons and ligaments and so is of much
interest for musculoskeletal research. It has a
fibrous structure over several length scales and
the main cell type is fibroblast (Fig. 5).

Fig. 5: Structure of a collagenous fibrous
5
connective tissue (adapted from Watkins )
Both ligaments and tendons exhibit nonlinear
load-deformation response (Fig. 6) that can be
attributed primarily to the deformation of collagen
fibres.
Initially the fibres “un-crimp” giving a
relatively low initial stiffness (toe region). When
the fibres have become un-crimped the collagen
fibre backbone is itself stretched causing a stiffer
response. Finally, individual fibres fail causing a
loss in stiffness until damage accumulates to
cause failure of the tissue.

Fig. 6: Characteristic uniaxial load-deformation
curve for a ligament or tendon
Ligaments and tendons also exhibit hysterisis
upon unloading showing that they are viscoelastic.
It has been proposed that this is due to dissipation
during crimping and un-crimping of the collagen
fibres, the intrinsic viscoelasticity of the ground
matrix, as well as interaction between water with
6
both the ground matrix as well as collagen.
However, repeated loading (preconditioning)
reduces this hysterisis so that it can often be
neglected when modelling tissue deformation.
Hyperelastic strain-energy based constitutive
models have been frequently used to describe the
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behaviour of tendons and ligaments. However
these do not correctly predict hysterisis due to the
lack of a dissipative term. Several largedeformation viscoelastic models have been
proposed for modelling both ligaments and
tendons to overcome this (see Weiss and
6
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Gardiner, 2001 for a review). Fung proposed a
quasilinear viscoelastic (QLV) model that is widely
6
used for modelling many biological soft-tissues.
Care must also be taken to account for the
anisotropic behaviour of these tissues due to the
directional distribution of collagen fibres.
Anisotropy has been introduced by explicitly
including fibres
in the material
model
(microstructural models) and through transversely
6
isotropic continuum models.
Muscle
Muscle tissue resembles tendon in that it is
composed of fascicles containing bundles of fibres
(Fig. 7). These fibres are in turn composed of
parallel bundles of myofibrils (the basic fibre of
muscle) which are composed of a series of
contractile units called sarcomeres. These are
constructed from interlaced arrays of actin and
myosin myofilaments with a cross-bridge structure
between them where tension is created and
7
lengthening or shortening occurs.
Unlike other tissues, force generated in
muscle (Fig. 8) has both a passive component
(due to deformation of the muscle from its resting
state) and an active component (due to activation
of the muscle causing structural changes of the
7
myofibrils at the sarcomere level). One of the
best known models for muscle is that of Hill,
8
proposed in 1938.

Fig. 7: Structure of skeletal muscle (source:
Wikipedia)

Fig. 8: Characteristic force-deformation curves for
7
active and passive muscle
Hill’s model can be considered as a combination
of three rheological elements: two elements (a
spring and contractile actuator) in series and
these, in turn, are in parallel with a spring element
(Fig. 9).

Fig. 9: Hill’s three-component mode for muscle (A
and C are spring elements and B is a contractile
7
actuator)
Many models of muscle behaviour have focussed
on uniaxial behaviour in the fibre direction. Some
of the transversely isotropic 3D soft-tissue models
for ligament and tendon have also been applied to
passive muscle action. Muscle activation has
been incorporated in some models using
variations of Hill’s model to describe muscle
contraction in the fibre direction and nonlinear
elastic models for the matrix.
Cartilage
Articular cartilage (Fig. 10) is a frequently studied
tissue due to its importance for joint articulation
and its role in diseases such as arthritis. Cartilage
is composed of collagen fibrils, proteoglycan,

water, mobile ions, and chondrocytes. In the
superficial zone cells are flattened, collagen fibres
are densely packed tangential to the articular
surface, and there is low permeability to fluid flow.
Beneath this there are larger randomly oriented
collagen fibres, high proteoglycan and water
content, and high permeability to fluid flow. The
deepest layer contains bundles of perpendicularly
oriented collagen fibres that anchor the cartilage
to the subchondral bone (Fig. 10).

Fig. 10: Cross-section of articular cartilage
illustrating zones of differing cell characteristics as
well as collagen fibre network arrangement
9
(adapted from Mow and Guo )
Small deformations of cartilage (Fig. 11) are
similar to those of tendons and ligaments in that a
toe region is observed due to increasing
alignment of the collagen fibre network. However,
the water content of cartilage is much higher than
either tendons or ligaments and has an important
effect on cartilage deformation, particularly in
compression.
During
compressive
loading
pressurisation occurs as the interstitial water is
squeezed out of the loaded region and is
simultaneously impeded by the low permeability of
the collagen matrix. Interstitial fluid flow during
both tensile and compressive loading also leads
to viscoelastic behaviour due to drag forces in the
fluid as it flows through the permeable solid
matrix. Drag can be further affected due to
changes in permeability as the matrix deforms. In
addition to fluid related viscoelasticity, there is
also intrinsic viscoelasticity of the solid matrix.

charged proteoglycan molecules attract oppositely
charged mobile ions causing osmotic swelling. In
addition to this the negatively charged
glycosaminoglycan chains exert repulsive forces
on one another causing further swelling pressure.
The cumulative swelling pressure is balanced by
910
tension in the surrounding collagen network.
Modelling the nonlinear deformation of
cartilage is a continually evolving research area.
Early models used poroelasticity with an
incompressibility constraint (biphasic theory). This
model is still frequently applied, most likely due to
its ready availability in many finite element codes.
More advanced models also include the
electrochemical effects using the theory of
mixtures, such as the triphasic theory. This theory
extends the biphasic model by including
proteoglycan negative charge density fixed to the
solid matrix and monovalent ions in the interstitial
9
fluid as a separate phase. See Mow and Guo
10
and Cowin and Doty for reviews of many of
these models.
Bone
Bone is one of the most frequently analysed
tissues in biomechanics as it is a fundamental
load carrying component of the musculoskeletal
system. Macroscopically, bone can be divided into
cortical
(compact)
bone
and
cancellous
(trabecular/spongy) bone (Fig. 12). The intertrabecular spaces of cancellous bone contain
bone marrow and fat. Microscopically, bone
consists of lamellae, osteons, and Haversian and
Volkmann canals. Osteons in turn are composed
of osteon lamellae, lacunae (cavities containing
osteocyte cells), and canaliculi (a network of
canals connecting lacunae with each other and
with the osteonal canal). The extracellular matrix
forming these structures is a mineralised tissue
composed of hydroxyapatite deposited on a
collagen template. This mineralised tissue is also
porous (order = 10 nm radius). In the region
exterior to the blood vessels bone fluid carries
nutrients from the blood to the cells through the
1011
lacunar-canalicular network.

Fig. 11: Characteristic tensile stress-strain curve
for articular cartilage arrangement (adapted from
9
Mow and Guo )
Cartilage
also
exhibits
electrochemical
phenomena that affect deformation. Negatively

Fig. 12: Characteristic structure of cortical and
cancellous bone (source: Wikipedia)

Given the complex hierarchical structure of bone
tissue, it is not surprising that it exhibits nonlinear
load deformation behaviour (Fig. 13). Much of this
behaviour has been attributed to micro-cracking
occurring at several levels in the structure. Under
low loads bone behaves viscoelastically with
properties dependent on the bone type,
orientation, and microcrack density. Viscoelasticity
arises from both the intrinsic viscoelasticity of the
organic matrix and collagen as well as interstitial
fluid flow through the lacunar-canalicular
10,12
network.
Beyond the elastic region new
microcracks develop that reduce the tissue’s
stiffness resulting in a ‘quasi-brittle’ behaviour with
little evidence of plasticity. If loading increases
sufficiently microcracks coalesce until the
appearance of a macrocrack and eventual
12
failure. Bone’s complex structure also gives rise
to anisotropy in both stiffness and failure stress
(Fig. 14).

Fig. 13: Characteristic stress-strain curve of a
‘quasi-brittle’ solid, such as bone (adapted from
12
Zioupos )

Fig. 15: Comparison of high speed photography
image with SEM image showing correspondence
of “whitened” zones with micro-cracks bridged by
15
fibrilar material (adapted from Thurner et al )
Choosing an appropriate model to predict bone
deformation depends strongly on the application.
For example, in simulating the behaviour of bone
in orthopaedic implant applications it may be
acceptable to model bone as linearly elastic while
taking into account any relevant anisotropy. When
modelling bone adaptation however, it may be
more suitable to apply a poroelastic model to
account for the biophysical stimuli driving
adaptation. If it is necessary to model ultimate
failure or fatigue degradation then it will be
necessary to include microcracks and other
microstructural
failure
mechanisms,
e.g.
delamination, using a method such as continuum
damage
mechanics
or
micromechanical
homogenisation theory.
Biomaterials and Device-Tissue Interaction
Up to this point the focus has been on nonlinearity
of the biological tissues. However, further sources
of nonlinearity arise when attempting to model the
interaction of biomaterials, in the form of implants
and medical devices, with biological tissues. For
instance, to simulate cardiovascular stenting (Fig.
16) it may be necessary to include, in addition to
the nonlinear arterial tissue properties already
described: (i) metal plasticity for the stent wires,
(ii) frictional contact between the balloon and stent
and between the stent and artery, and (iii)
nonlinear geometric effects due to the large
deformations occurring.

Fig. 14. Tensile stress-strain behaviour of human
femur cortical bone specimens machined at
different orientations (adapted from Frankel and
13
Nordin )
This quasi-brittle behaviour is not confined to
cortical bone but can also be observed in
cancellous
bone
(Fig.
15).
Toughening
mechanisms in bone have been attributed to
crack bridging by uncracked ligaments, intact
collagen fibrils, microcracking near the crack tip,
14
and macrocrack deflection.

Fig. 16. Example of a finite element model to
investigate cardiovascular stent biomechanics
(courtesy of C. Lally)

Other nonlinearities may need to be modelled in
orthopaedic implant applications such as
cemented total hip replacement. In this case,
further complexity arises due to microcracking and
creep in the bone cement used to fixate the
prosthesis as well as failure of the cement16,17
prosthesis and cement-bone interfaces.
Thus
both
material
and
geometric
nonlinearities can add considerably to the
complexity of the analysis when attempting to
simulate the interaction of medical devices with
biological tissues.

Discussion and Conclusions
Several sources of nonlinearity have been
described and it has been shown how the
multilevel structure of biological tissues can affect
their mechanical behaviour. In addition, their
interaction with implants, biomaterials, and
medical devices can further complicate the
problem for the finite element analyst. However,
one aspect not touched on is that biological
tissues can adapt over time (e.g. bone
remodelling) and repair trauma or damage (e.g.
fracture healing). These processes can also be
nonlinear. However, description of such behaviour
is left to subsequent contributors in these
proceedings.
In conclusion, a finite element analyst must
exercise caution and judgement to apply a
suitable model to simulate the desired tissue and
material behaviour relevant to their desired
biomechanical application.
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