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Integrating renewable resources such as wind and solar into
the existing power system has introduced new challenges due to
their rapid fluctuations which tends to decrease the reliability
of the grid. One method to cope with this uncertainty and
variability in generation is managing the demand side through
direct load control. Thermostatically controlled appliances can
play a significant role for this purpose; however, the system
operator requires a reliable estimation about the magnitude of the
load and how much it can be shifted. This paper presents a novel
methodology to formulate and forecast the control capacity of a
population of thermostatically controlled appliances. In addition
to that, this methodology can provide an estimation on how long
the system can follow a desired level of power consumption, and
how the aggregated load would change once the controller stops
(ie. the payback). The performance of the proposed method was
evaluated using a numerical simulator of a population of the
loads. Simulation results show that the proposed method can
provide a reliable estimation about controllability of the load
in terms of minimum and maximum achievable load, the time
interval that it can hold the load at certain level, and how the
uncontrolled load would behave after the control period.
Index Terms—Thermostatically Controlled Appliances, Smart
Grid, Demand-Side Management, Direct Load Control, Control
Capacity, Control Payback

I. INTRODUCTION
Use of clean energy such as wind and solar are increasing
rapidly during the past decade [1]. However, penetration of
renewable resources have introduced new challenges such as
fast fluctuation of the generation to the gird. This may reduce
the reliability and quality of the electric power systems [2].
Although through the use of energy storage devices such as
batteries, the fast fluctuations of the wind and solar may be
smoothed [3], the energy storage will increase the cost of
renewable deployment.
Direct Load Control (DLC) is a cost-effective method in
managing the demand side (DSM) to cope with the intermittency of the generation [4]. Numerous recent studies have
shown that the aggregated power consumption of thermostatically controlled load (TCL), such as electric water heaters
or air conditioners, may be effectively controlled through
adjusting their set points or operation time to reshape the
aggregated power consumption [5]–[10].

Fig. 1: A block diagram for direct load control system

To efficiently control the demand-side to match with renewable generation, an accurate forecast of the power consumption
profile is required to allow the system operator to dispatch
feasible instruction. Figure 1 illustrates a general structure of
such a system, where the control system will provide a forecast
profile of the demand and the capacity to reshape it to the
system operator. Then, based on this information combined
with the forecast of the renewable generation, the system
operator can decide how much the controller should increase
or decrease the load to balance the load with generation. This
research will focus on developing a methodology to provide
a fast and accurate forecast on controllability of the load.
There are various studies on developing a mathematical
models for the aggregate demand of the air conditioners in
recent years. One commonly studied problem is designing a
control strategy to adjust the thermostat set point in order
to reduce the peak of the demand and mitigate the effects
of variability of the renewable energy [11]–[15]. Other approaches consider the direct control of ACs compressors states
in centralized control strategies [12], [16], and distributed and
decentralized control strategies [17]–[19].
Many different methods have been proposed to forecast
the controllable load. A neural network forecasting method is
presented in [20]–[22] to forecast the air conditioning power
consumption of a hospital based on temperature, humidity and
historical power consumption. A regression-based algorithm
combined with Kalman filter is presented in [23] to forecast
the air-conditioning load using historical data. Gao et. al [24],
proposed a least square support vector machine to create a
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short-term load forecast.
Although these methods provide a good estimation on load
forecast, they may not be practical when historical power
consumption are not available either for training the algorithm
or using for pattern recognition. Another problem is that none
of these methods provide information about how much the
load can be changed due to a control action, or how it will
behave once the controller stops.
The main contribution of this paper is to introduce a modelbased forecasting method that provides a short-term forecast
of the uncontrolled load (ie. baseline) combined with an
estimation on maximum and minimum achievable level of
power consumption when controlling the load. A
Mathematical model is also developed to estimate how long
a controller may be able to follow a desired load (given by
the system operator) without disturbing the customers. Also,
this model can predict how the aggregated power consumption
will change after the control period.
The rest of this paper is organized as follows: A brief
description of the individual and aggregated load modeling is
presented in Section II. The definition of the control capacity
and methodology to estimate it are described in Section III.
Section IV presents the methodology to predict the behavior
of the load when the system operator dispatches a desired load
and when it releases the control. The Simulation results are
discussed in Section V, and Section VI concludes the paper.
II. MODELING THE L OAD
A. Individual Load
Let m(t) denote the on/off state of the air conditioner at
time t, and T denote the room temperature, then the changes
in the room temperature are governed by equation (1), which
is widely used in literature [16], [25]–[31]:
1
T˙(t) = −CR (T (t) − Ta (t) + m(t)RPnom )
0,
m(t +) =

(1)

if T (t) ≤ Ts − ∆T

1,
if T (t) ≥ Ts + ∆T
m(t), otherwise

(2)

where R denotes the thermal resistance of the room, C
denotes the thermal capacitance of the room, Ta is the ambient
temperature, and Pnom is the nominal power rating of the air
conditioner. Once the room temperature rises to the higher
threshold setpoint, the air conditioner will turn on (Ts + ∆T )
to decrease the room temperature until it reaches the lower
threshold (Ts − ∆T ).
By replicating the individual air conditioners with various
thermal characteristics and initial conditions, an aggregated
system can be created.
Considering a population of N ACs, let us assume that the
nominal power rating (Pnom), thermal resistance R, ambient
temperature (Ta) and the thermostat set points are the same for
all ACs. Since the changes in ambient temperature are typically much slower than the natural dynamics of the aggregated
demand response, it can be justified to use a linear parametervarying (LPV) model structure, where the AC population is

TABLE I: Simulation Parameters
Parameter
Pnom

Value
2kW

R
µC
σrel

2◦C/kW
3.6kWh/ ◦C
0.2

Description
Nominal power rating of the air conditioner
Thermal resistance
Mean value of the thermal capacitance
Standard deviation of log-normal distribution for thermal capacitance

heterogeneous solely in thermal capacitance C, which is lognormally distributed with mean µC and standard deviation
σC = σrelµC . [17], [28]. Then, the total power consumption
of the ACs, PT (t) will be a function of the two input variables:
thermostat set point, and ambient temperature.
The total aggregated power consumption and the normalized
aggregated power of a group of N ACs, denoted by Pt(t) and
P (t) respectively, are given by:
PT (t) =
P (t) =

ΣN

N
Σ

mi(t)Pnom

i=1

i=1 m i(t)Pnom
ΣN
i=1 P nom

=

ΣN

i=1 m i(t)Pnom

NPnom

(3)
(4)

Equation (4) provides a convenient way to numerically
study aggregate demand dynamics. By simulating an artificial
array of N independent sets of equations (1) coupled with
equation (4), we can analyze the effect of input variables (thermostat set point and ambient temperature) on the aggregate
power demand of the population.
The authors have shown in [32] that the aggregated power
consumption can be formulated as:
P (t) = P ss(Ta0, Ts0)+L −1{Ua(s)Ha (s)−Us(s)Hs(s)} (5)
where Pss(Ta0, , Ts0, ) is the initial steady state power consumption, L−1 is the inverse Laplace transform, Ua(s) and
Us(s) are the Laplace transform of the changes in the ambient
temperature and thermostat setpoint respectively: Ua(s) =
L{Ta(t) − Ta0} and Us(s) = L{Ts(t) − Ta0}
Ha and Hs are the system transfer functions respect to the
ambient temperature and thermostat setpoint respectively:
Ha(s) =

a2s2 + a1s + a 0
2
s2 + 2ξ1ωn1s + ωn1

(6)

where a2 = 0.016, a1 = 0.0005, a0 = 0.0002, ωn1 = 0.05
and ξ1 = 0.12., and:
Hs(s) =

c2s2 + c1s + c0
2
s2 + 2ξ 2ω n2 s + ωn2

(7)

where c2 = 0.51, c1 = 0.06, c0 = 0.0002, ωn2 = 0.04
and ξ2 = 0.09. It should be noted that these values are
obtained using the MATLAB System Identification Toolbox.
More details about this system identification is presented in
[32].
Figure 2 illustrates an example of using the combined model
when both inputs are changing and compares the results with
the simulation of 10, 000 ACs with the parameters listed in
Table I. In this example, the ambient temperature rises from
26◦C to 28◦C at minute 500. Then, the thermostat set points
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Fig. 2: Comparing the Model’s output and aggregated simulation’s output to
the change in the ambient temperature and thermostat set points [32]

Fig. 3: At time 0, with a forecast of Ta, the profiles for Pmax, Pbaseline
and P min can be calculated from the system model

are increased from 20◦C to 20.3◦C at minute 550. figure 2
compares the simulation results of 10, 000 ACs for this input
patterns with the output obtained from the mathematical model
represented by Equations (6) and (7).

and the lower boundary (Pmin) can be obtained when Ts =
Tsmax, as shown in Figure 3.
P baseline = P ss(Ta0 , T s0) + L −1{Ua(s)HT (s)}
a

(8)

III. CONTROL C APACITY
The controller may change the Ts to adjust the aggregated
power consumption to follow a desired load. One method
to consider customers’ comfort is to impose limit on the
range of changing Ts. Let us assume that the initial preferred
thermostat setpoint of a group of the load is denoted by Ts0,
then the controller may only change the Ts in the range of
[Ts0 −α, Ts0 + α] where α characterizes the comfort zone.
Once the Ts reaches these limit, the controller is not allowed to
go beyond this range, and thus, it cannot control the aggregated
power any more. This is the time when there is no more
reserve capacity.
In this section, a definition for the reserve capacity is
presented and a methodology is proposed to forecast how
much reserve capacity is available at each point in time.
1) Definition
Reserve capacity is defined as the power profile and its
energy over a time window that can be added to or removed
from the baseline load (i.e. when there is no external control),
without disturbing the customers (i.e. the Ts remains within a
certain range).
This definition can help us predict how much the baseline load can be increased or decreased; and how long the
controller can follow a desired aggregated power (energy =
power ×time). With this definition of reserve capacity, the
system operator can determine if a set point is attainable and
for how long it can be maintained.
2) Methodology
Let us assume that the controller may change the thermostat
min, T max]. Also, let us assume
setpoint of the TCAs within [T
s
s
that at time t 0, the thermostat setpoint of the TCAs are Ts0 and
a forecast of the Ta is available for the next ∆t time window.
Using the aggregated system model presented in Section II,
it is possible to obtain an estimate on the aggregated power
using Ta and Ts. Using the forecasted Ta, the baseline can be
obtained when there is no change in Ts, the upper boundary of
the power profile (Pmax) can be obtained when Ts = Tsmin ,

P max

= P ss(Ta0, T s0 ) + L −1{Ua (s)Ha(s) −
Usmax(s)HT s(s)}

⇒ Pmax = P

baseline

+ L−1{

T s0 −Tsmin
s

Hs(s)}

(9)

and
= P ss(Ta0 , Ts0) + L −1{Ua(s)H a (s) −
Us min (s)HTs (s)} −Ts0
⇒ P
=P
− L−1{ Tsmax
H (s)} (10)

P min

min

baseline

s

s

Figure 3 depicts an example for these calculations. The top
curve in this figure is a forecast of the ambient temperature.
Feeding this curve to Equation (8) will create the baseline
forecasted load shown by the blue curve on bottom graph.
max in Equations (9) and (10) will
Applying
T max and
s
s T
generate a forecasted maximum and minimum power, shown
in dashed and dotted curves in the bottom graph in this figure.
The Pmin and Pmax illustrates the boundaries that a system
operator may dispatch, and the controller can follow it while
maintaining customers’ comfort.
IV. CONTROL PAYBACK
The system operator requires a variety of information to
decide how to reshape the aggregated demand. From the load
controller, In addition to the information about the capabilities
to increase or decrease the load, it is also useful to know
that how long a controller can stay at a desired level without
disturbing the customers (as described in Section III), and how
the load will behave, if the dispatch command is over.
A. Hold Time
The time interval that a controller could alter the load at a
certain point depends on the available energy to be shifted.
Using the forecasted load profiles obtained by the system
model, the amount of energy that can be added to/removed
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from the baseline energy (reserve capacities) during this ∆t
time window can be calculated as:
∫ t0 +∆t
Eadded =

(Pmax(t) − Pbaseline(t))dt

t0

∫
Eremoved =

(11)

t0 +∆t

t0

(Pbaseline(t) − Pmin(t))dt

(12)

If the system operator issues a P≥
d Pbaseline, then the
controller can follow this desired level until tend when the
amount of added energy is equal to the reserve capacity:
∫ tend
Eadded −

t0

(Pd(t) − Pbaseline(t))dt = 0

Thus, tend is them time when:
∫ tend
(Pmax(t) − Pd(t))dt = 0
t0

(13)
V. P ERFORMANCE ANALYSIS
(14)

And similarly, if the Pd ≤ Pbaseline , then the system can
follow this desired level until tend when:
∫ tend
t0

(Pd(t) − Pmin(t))dt = 0

B. Payback
It is important to know how the load may behave when the
dispatch interval of the system operator is finished, in order
to prevent unwanted new peaks or fast oscillations.
Due to the assumption of linear systems, it can be deduced
that if Ts0 − Ts min is required to go from Pbaseline to Pmax,
then the amount of changes in thermostat setpoint in order to
increase the load to Pd would be:
P d − P baseline
min
× (Ts0 − Ts1 )
P max − P baseline

(16)

Therefore, it can be assumed that at the end of control
interval, the thermostat set point will converge to this value.
Hence, the uncontrolled load after this time may follow the
normal step response to the thermostat setpoint change, which
can be calculated using Equation 5:
∆Ts
Hs (s)}
(17)
s
where Pss0 is the aggregated power at the beginning of the
forecast interval.
Similarly, when the Pd is less than the Pbaseline,
P (t) = P ss0 + L−1{U a(s)H a(s) −

∆Ts2 = P baseline − Pd × (Ts0 − Tsmax )
P baseline − P min
and the power may look like:
P (t) = P ss0 + L −1{U a (s)Ha (s) +

∆Ts2
s Hs (s)}

To evaluate the reserve capacity, various scenarios have been
designed with various profiles of the Ta and P d. As an example
shown in Figure 4, it is assumed that the initial Ts0 = 22◦C
and the customer comfort constraints are: Tsmin = 21.5◦ Cand
Tsmax = 22.5◦C. The ambient temperature has a forecasted
profile as depicted in Figure 3.

(15)

Therefore, the system operator can easily calculate how
much energy is available (by using the forecasted Pmin and
Pmax), and then dividing it by Pd will give an estimation that
how long the controller can stay at this power level.

∆Ts1 =

Fig. 4: Forecasted control capacity and simulated load following for an
arbitrary dispatch instruction(P d = 0.55)

(18)

(19)

A. Reserve Capacity
Using the aggregated model of the load, based on the
forecasted Ta, the system will create a forecasted load for
Pmin and Pmax and baseline, when Ts is set to T smax, T min
s
and Ts0 respectively, as shown in Figure 4. These curves show
the attainable P d, and also to determine how long the controller
can maintain a certain desired output (e.g Pd = 0.55), it simply
∫t
find t end
max (t) − Pd(t))dt = 0, as shown in
where t0end (P
Figure 5. In this example, it is predicted that the system has
enough energy to hold the desired output at Pd for about 85
minutes.
The goal of this paper is to evaluate the proposed methodology for estimating the reserve capacity, and not the design
of an optimized controller. Hence, a simple PI controller
(Hc(s) = 0.s9 ) was implemented in MATLAB [33] to control
the changes of Ts of the ACs in order to follow the given Pd.
Some coding constraints were also added to this controller
to prevent it from changing the thermostat set points beyond
the [Ts0 − α, Ts0 + α]. Simulation results for this controller
is also depicted in Figure 4 (The dotted red curve). As can
be seen in this figure, this controller can actually follow this
desired load for about 80 minutes, before hitting the thermostat
constraints, and therefore, cannot reduce the set points any
further to maintain customers’ comfort. This results in ACs
to begin turning off, which is the reason that the aggregated
power consumption starts dropping at this point.
The energy curve depicted in Figure 5 is obtained from
Equation 14 which assumes an ideal controller that holds
the aggregated power P (t) exactly at the desired value P d.
However, due to control errors (during settling time, overshoots,...), the exact energy consumption is different from the
ideal energy consumption of Equation 14, which is resulting
in approximately 5 minutes error in estimating the tend.
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Fig. 5: Predicting how long the controller can follow an arbitrary dispatch
instruction (P d = 0.55) using Equation (14)

Fig. 7: Predicting how the load will behave once the controller stops after 45
minutes of controlling the load

VI. C ONCLUSIONS

Fig. 6: Predicting how the load will behave once the controller stops after 45
minutes of controlling the load

B. Control Payback
Considering the scenario discussed in Section V-A, the
system in the given condition can follow a dispatch command
Pd = 0.55 for about tend = 80 minutes (by solving Equation (14)). However, due to other conditions, let us assume
that the system operator decides to issue this command for
45 − minutes, as shown in Figure 6.
In order to forecast the behavior of the load after this
dispatch interval, we can use Equation (16) and (17). The
solution for P (t), in this scenario, is the green dotted in Figure
6. The simulation results to follow the given desired set point
has produced the blue curve in this figure. This results show
that the Mathematical model can provide a good estimation on
how the load may behave after the control interval to model
the payback effect of the control actions.
Another scenario was also studied where Pd = 0.15, and
the command was dispatched for a 45− minutes interval, as
depicted in Figure 7. Using the method presented in Section
IV, the expected load profile after the dispatch interval can be
obtained using Equation (16) and (17 where the solution to
this equations is shown as the dotted green curve in Figure 7.
The simulation results for the controller to follow this dispatch
instruction is also depicted as the blue curve in this figure.
Despite the large error right after the control interval, it can
be observed that the new peak and the converged final values
are very close to each other, and thus, this model can still
provide a useful and reliable information about the payback
of the system.

Direct load control is a promising method to mitigate
fast fluctuations of the generation side, and thermostatically
controlled appliances have great potential as a controllable
load. However, in order to efficiently control the load, a system
operator requires to know the capacity of the load that could
be added to or removed from the baseline with an estimation
on how long the system could follow a dispatch instruction.
This paper presented a methodology to create a mathematical model for the aggregated power consumption of a
population of air conditioners to predict its future load and
how much that can be added to or removed from it without
disturbing the customers. This information can be used as a
basis to develop attainable dispatch instructions by the system
operators to a load aggregators to reshape the demand-side
power profiles. This model can help to predict: 1) how long
a dispatch command can be executed successfully without
disturbing the customers, 2) how the load will change once
the control interval is over. Simulation results show that the
control capacity obtained by the Mathematical model are
reliable estimation and can provide a good insight about the
controllability of the load.
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