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Visualizing the loads that a structure can tolerate provides a key insight into the structural
design process, especially for materials and structures which are governed by complex failure
criteria. This paper proposes a general method for efficient construction of performance
envelopes in load space, and demonstrates the approach with two examples. The performance
envelope identifies all possible failure modes, all the redundant and non-redundant structural
constraints, and the limiting failure mode in a particular direction in load space. Once the
envelope has been constructed, the structural reserve factors can be calculated extremely
quickly. In design such envelopes are most useful for structural analysis processes which
involve a very large number of load cases, and where the cost of constructing an envelope for
a given feature is relatively modest.
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NOMENCLATURE
Abbreviations
𝑨

Matrix relating laminate in-plane loads with strains

𝑨

Loads matrix

𝐷

Vector from Origin 𝑂 to intersection point 𝑇 with the plane of a triangle

DOF

Degrees of freedom

𝐸

Young’s modulus

𝑓()

Function of

𝐺

Shear modulus

GFEM

Global Finite Element Model

k-d tree

A space-partitioning data structure for organizing points in k-dimensional space

L

Load

𝐿

Characteristic loads matrix

𝑚, 𝑛

Direction cosines

𝑁 ,𝑁 ,𝑁

Plate / shell stress resultants

𝑂

Origin of coordinate system

𝑃

Stiffener rod element force

𝑸

Matrix relating laminate stresses with strains

RF

Reserve Factor

𝑆

Composite ply shear strength

S

Rectangular diagonal matrix with non-negative real numbers on the diagonal in
SVD

SQP

Sequential quadratic programming
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SVD

Singular Value Decomposition

𝑡

distance from origin to intersection of vector with plane of triangle

𝑇

intersection point of ray with plane of triangle

𝑻

Rotation matrix

𝑼

Real orthonormal matrix in SVD

𝑉

Point position vector

𝑽

Real orthonormal matrix in SVD

𝑥, 𝑦, 𝑧

Cartesian coordinates

𝑋

Composite ply strength in fiber direction

𝑌

Composite ply strength in transverse direction

Subscripts
1

Fiber direction

2

Transverse direction

𝑐

Centroid, compressive

𝑘

Order of reduced rank matrix

𝑡

Tensile

Superscripts
𝑇

Transpose

Greek Symbol
𝑟, 𝜙, 𝜃

Spherical coordinates
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𝛼

Fracture angle in Puck failure criterion

𝜀

Strain

𝜖

Error

𝜆 ,𝜆 ,𝜆

Barycentric coordinates of a triangle. Note 𝜆 = 1 − 𝜆 − 𝜆

𝜎

Normal stress

𝜏

Shear stress

𝜈

Poisson’s ratio
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1.

Introduction

Many high-value engineered products require the design of a complex structure which will be
subjected to a large variety of loading during its service life(1, 2). An airframe is a good example,
subjected to dynamic operating manoeuvres(3) and constructed with thousands of structural
features of a similar nature(4, 5). This can result in the need to consider hundreds of thousands
of structural strength constraints to size a wing(6) or well in excess of half a million structural
strength constraints to perform a preliminary wing-structure optimisation(7). During such an
optimisation, structural features are sized individually and this re-sizing affects the stiffness of
the structure and both the internal and external loads on the structure, e.g. a more rigid wing
will respond differently to a dynamic manoeuvre than a more compliant one. Thus, an iterative
process is required in the search for an optimised structure, adding significantly to the
computational burden(8-10). To minimize the computational burden, the design organisation
must determine the most important loading cases (loads down-selection) and use these in the
optimisation of the structural features (structural sizing), checking individual features under
the down-selected loads, for a range of failure criteria.
The checking process for each structural element - load case - failure criterion combination
may be simply described through the calculation of Reserve Factors (𝑅𝐹), Eqn. (1). 𝑅𝐹 ≥ 1
represents a condition where the structural feature will not fail by a particular failure mode (e.g.
material failure, buckling, etc.) under a particular load case (e.g. symmetric pull up, banked
turn plus gust, etc.). The ‘load to cause failure’ can be a load, stress or strain depending on the
failure criterion under consideration.
𝑅𝐹 =

𝑙𝑜𝑎𝑑 𝑡𝑜 𝑐𝑎𝑢𝑠𝑒 𝑓𝑎𝑖𝑙𝑢𝑟𝑒
𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑙𝑜𝑎𝑑

(1)

It is not possible a priori to determine which failure criterion will be significant for a given
structural feature - load case combination. Thus, a vast number of RF calculations are made
which will not influence the structural optimization but must be undertaken to prove all loads
can be carried. Herein it is proposed to translate the failure criterion, typically described in
stress and strain space of the local structural feature, into a reduced-dimensional load space
which defines the loading on the structural feature embedded in the global structure. For a
particular structural feature it then becomes possible to identify the non-redundant and
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redundant loading constraints, along with the failure mechanisms which control structural
performance. Significantly, the combination of non-redundant failure criteria then defines a
performance envelope for the structural feature. This paper thus aims to demonstrate a robust
approach for the calculation of the geometry of performance envelopes in load space and to
show their utility.
The following section further introduces the concept of performance envelopes and a
general method for their efficient construction. This is followed in Sections 3 and 4 with
examples to demonstrate the approach. The first example considers a composite laminate and
textbook analytical failure functions, whilst the second considers a stiffened panel feature with
the structural evaluation conducted using an industrial analysis tool. Rapid failure evaluation
using performance envelopes and the associated computational effort is then presented before
the article is concluded with a final discussion and conclusion.

2.

Methodology

2.1. Performance envelopes in load space
Consider a simple linear structure with bi-axial loading (loads L1 and L2) and 6 failure criteria
(one of which is a linear function of the applied stress, e.g. a displacement constraint, and five
which are quadratic functions of the applied stress, e.g. material failure criterion), Figure 1. In
load space each function remains in its original linear or quadratic form where the combination
of L1 and L2 is sufficient to cause a state of stress/strain/deformation which violates the
individual constraint. Thus, in Figure 1 the region which is inside all the ellipses and the straight
line is where all the RFs are >1. Note that only three ellipses and the straight line contribute to
the boundary of this region, so the remaining two constraints are redundant. The performance
envelope forming the boundary of this region identifies:


A region in load space within which the structure can operate without failure,



All possible modes of initial failure in the structure (the non-redundant constraints),



The particular stress-sampling point which fails at any given combination of the loads,
and its failure mode (the non-redundant constraints which are violated).
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Now considering load cases, any combination of loading is represented by a point in the (L1,
L2) load space. If this point lies inside the performance envelope i.e. the region of the boundary
where 𝑅𝐹 = 1, then the structure can carry the load without failure. Once the performance
envelope is identified, the redundant structural constraints which do not form part of the
envelope can be eliminated from the load case evaluation. This observation applies for any set
of loads, but the computational cost will be large unless the number of load dimensions is small.
In the examples which follow, the load space is three dimensional. In the first example, the
performance envelope of a composite laminate is developed in a space defined by the
𝑁 ,𝑁 ,𝑁

laminate loads. In the second example, which characterises the failure of an

aerospace stiffened panel structural feature, there are many individual load cases, but it has
been demonstrated(11) that these can be represented as the linear combination of three
characteristic patterns of internal load, derived using Singular Value Decomposition.

2.2. A performance envelope mesh
A representation of the performance envelope surface is required, however its shape is initially
unknown. One way of representing an unknown geometry is to sample a set of surface points
to create an unorganised point cloud and connect each point into a set of polygons which
assemble to represent the geometry. Many researchers have used spherical parametrisation to
construct a mesh of an unorganised point cloud. For example, Gotsman et al.(12) introduced a
combination of barycentric coordinates and spherical parametrisation, whilst Zwicker et al.(13)
employed a spherical parametrisation to solve the re-meshing problem on a point cloud based
mesh. In this research, a similar concept will be employed where;
1) an initial point cloud in spherical coordinates is sampled on a unit sphere with a
regular point density. This is achieved by meshing a sphere with a regular mesh of
triangular planar facets,
2) the failure function is examined for each point in the mesh (which defines a direction
from the origin) to find the radial distance at which the failure constraint is met,
3) the unit points are transformed to the failure points,
4) the performance envelope representation is formed by meshing the failure points. It is
then assessed for its accuracy, and mesh refinement undertaken until the desired
Page 7 of 41

accuracy of the representation is achieved.
The following sub-sections outline each stage of the proposed approach in their noted order.

2.2.1. Unit point grid and mesh
A point grid is generated on a unit sphere with a set of predetermined spherical coordinate
angles (𝜙 and 𝜃). The increment between each pair of angles determines how dense the initial
point grid will be. In order to create a complete sphere of points the spherical coordinate angles
are required to range from 0 ≤ 𝜙 ≤ 2π and from 0 ≤ 𝜃 ≤ π. The relationship between the
spherical coordinates and their equivalent Cartesian coordinates is given by Eqn. (2), where r
is the radius of the unit sphere (𝑟 = 1).
𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛 𝜃
𝑥
𝑦 = 𝑟 𝑠𝑖𝑛 𝜙 𝑐𝑜𝑠 𝜃
𝑧
𝑐𝑜𝑠 𝜙

(2)

By computing the points in spherical coordinates the construction of a unit sphere surface
mesh is straightforward. In this research, an unstructured triangle mesh is used because it offers
significant flexibility(14). However, at this stage it is worth noting that by employing the final
adaptive refinement step, described below, the total computational effort to produce a final
mesh envelope with a prescribed accuracy is not particularly sensitive to the initial unit sphere
mesh density.

2.2.2. Failure function radial transformation
Once the unit sphere mesh has been generated, the failure function can be evaluated for each
angle pair (𝜙, 𝜃). The goal is to solve for the 𝑟 value that satisfies failure, i.e. 𝑅𝐹 = 1. The
failure function, Eqn. (3), can be solved either numerically or analytically. The following
examples herein demonstrate both numerical and analytical solution types.
𝑓(𝑟, 𝜙, 𝜃) = 1

(3)

A piecewise-linear transformation can be applied to the domain using the determined 𝑟
values to radially transform the unit sphere points in the 𝑟 direction to new positions
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representing the 𝑅𝐹 = 1 boundary. Figure 2 illustrates the radial transformation approach
considering a 2D quarter section of an envelope on a 𝜙 = 0° plane. The example illustrates
five mesh grid points separated by equal 𝜃 intervals. As can be seen the transformation of the
points is along a constant direction from the origin.

2.2.3. Creating a performance envelope mesh
The transformed points may now be scattered around the load space. The original mesh
connectivity may thus be updated by applying a convex hull algorithm(15). As the convex hull
computes the smallest convex point set that encloses a given set of points this approach implies
that the real performance envelope must be convex. The following examples demonstrate this
to be the case for the range of textbook and industrial failure functions examined. However,
work is currently underway which effectively removes this constraint. For the examples, the
Quick-hull algorithm(16) is used and for a 10,000 point problem in 3D the algorithm computes
a hull within less than 0.004 seconds on a standard PC.
This first performance envelope mesh may now be refined to guarantee that the envelope
mesh lies within some known tolerance of the real envelope. Obviously there is a balance to be
achieved, discussed below, between the computational burden of calculating and using the
mesh, primarily defined by the number of mesh points(17).
A great deal of research has been conducted on mesh refinement. One of the most common
approaches is by mesh subdivision, Figure 3. Subdivision algorithms insert an additional point
into a mesh and locally refine the mesh connectivity in the region to include the new point. The
location where the point is inserted will evidently influence the outcome of the process. This
work adopts the insertion at the centroid of the triangle as it is the first trivial solution, Figure
3(c). This approach has the advantage that it does not require any of the element bounding
edges to be split, and so the refinement does not propagate to neighbouring elements.
The approximation error between the real failure surface and a facet approximation may be
established for any facet centroid, Figure 4, using the mesh points, Eqn. 4 and computing the
centroid radius 𝑟 and angle pair (𝜙, 𝜃). The centroid angle pair may then be used to directly
calculate, from an evaluation of the failure function, the actual failure radius, 𝑟. Figure 4
graphically illustrates this calculation. The figure depicts a single generic triangular facet which
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forms part of a performance envelope. In the figure, the corners of the facet are on a single
plane and are denoted V1, V2, V3. The arrow in the figure represents a single orientation in load
space, which defines a ratio of loading in each axis. The arrow passes through the centroid of
the facet. The distance from the origin to the facet centroid is denoted as 𝑟 , and represents the
facet’s approximation of the failure function (and therefore the performance envelope
approximation) for the ratio of loads defined by the arrow orientation. The distance from the
origin to the real failure surface (as calculated by the direct evaluation of the failure function)
is notionally denoted by 𝑟. Thus a facet centroid error can be defined using Eqn. 5. If this error
is greater than a defined tolerance, the centroid radius and angle pair are added to the list of
envelope mesh points. This will create a spike or an indent depending on the difference between
the two radii as shown in Figure 4. Performing the convex hull on the updated set of points
gives a new triangulation of the convex surface. The entire process may then be repeated until
the error at each facet is minimized. The algorithm is described in Algorithm 1.
𝑉 =

𝑉 𝑉
𝑉
+ +
3
3
3

(4)

|𝑟 − 𝑟|
𝑟

(5)

𝜖=

Having outlined the approach to compute an appropriate performance envelope in load
space, the following sections present example performance envelope calculations. The first
example considers analytical failure functions and a composite laminate plate subjected to
simplified loading (representative of early conceptual design calculations).

3.

Performance envelope example based on analytical failure functions

3.1. Structural analysis and failure functions
Classical laminate theory(18,

19)

can be used to describe the relationship between applied

laminate plate loads and individual lamina stresses and strains, by assuming:
1. The material properties are the same at every point in an orthogonal axis of a lamina,
and there exists a linear relationship between stress and strain,
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2. The displacement is continuous through the thickness; normals to the mid-surface
remain straight, unstretched and normal,
3. Each ply is in a state of plane stress with no delamination or inter-laminar effect.
With the additional assumptions that only laminate in-plane loads (𝑁 , 𝑁 , 𝑁 ) are present
and the laminate stacking sequence results in a bending-extension coupling matrix of
insignificant magnitude, then the laminate loads can be related to the laminate mid-plane strains
ε ,ε ,ε

considering only the extensional stiffness matrix, [A], Eqn. 6. The local lamina

stress (σ , σ , τ ) in each ply coordinate system can be obtained using a transformation matrix
(𝑇) in which 𝑚 = cos 𝜗, n = sin 𝜗 and 𝜗 is the local material orientation in each lamina, Eqn.
7. Thus, the relationship between the applied loads and local material axis stresses (σ , σ , τ )
can be defined by a matrix 𝐸 = 𝐴𝑇𝑄 , Eqn. 8.
𝑁
𝑁
𝑁
𝑁
𝑁
𝑁

𝐴
= 𝐴
𝐴

𝐴
𝐴
𝐴

𝐴
𝐴
𝐴

=

𝑚
𝑛
2𝑚𝑛

𝜎
𝜎
𝜏

𝜀
𝜀
𝜀

𝐴

𝑛
𝑚
−𝑚𝑛

=

−𝑚𝑛
𝑚𝑛
𝑚 −𝑛

𝐸

(6)

𝑄
𝑄
0

𝑄
𝑄
0

𝑁
𝑁
𝑁

0
0
𝑄

𝜎
𝜎
𝜏

(7)

(8)

The lamina stresses (or strains), which are typically the inputs of failure functions(18-23), are
now described in the 3D laminate load space and using Eqn. 2 can be described in the spherical
coordinate parameterization, Eqn. 9. Thus any failure function in terms of 𝑓(𝜎 , 𝜎 , 𝜏 ) can be
transformed into 𝑓(𝑟, 𝜙, 𝜃) and the failure radius 𝑟 (i.e. 𝑓(𝜎 , 𝜎 , 𝜏 ) = 1) computed at any
specified angle (𝜙, 𝜃).
𝜎
𝜎
𝜏

=𝑟

𝐸
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𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛 𝜃
𝑠𝑖𝑛 𝜙 𝑐𝑜𝑠 𝜃
𝑐𝑜𝑠 𝜙

(9)

Three failure functions, with different characteristics, can be transformed into laminate
global load space and combined to demonstrate the approach:


the Tsai-Hill failure criterion does not distinguish failure modes and is calculated
using a simple quadratic inequality, Eqn. 10(18-20).
𝑓=



𝜎
𝑋

+

𝜎
𝑌

+

𝜏
𝑆

+

𝜎𝜎
𝑋

≤1

(10)

the maximum fiber stress criterion aims to predict fiber failure by comparing
tensile or compressive applied fiber stresses with corresponding fiber strength
properties, Eqn. 11(18-20).
𝑓 = 𝜎 ⁄𝑋 ≤ 1



(11)

the Puck failure criterion applies fracture plane stresses to establish matrix
failure(24-26). The stress components involved in the failure are represented in terms
of traction shear and normal stress on the fracture plane. Considering plane stress,
the fracture plane stress components are described by Eqn. 12, where 𝛼 is the
fracture angle(24).
𝜎
𝜏
𝜏

0
𝑐𝑜𝑠 𝛼
= 0 − 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛼
0
0

𝜎
0
𝜎
0
𝜏
𝑐𝑜𝑠 𝛼

(12)

Substituting Eqn. (9) into (12), the fracture plane stresses can be related to the load
in spherical coordinates, Eqn. 13. Thus, a set of fracture plane stresses can be
determined for a given load in spherical coordinates (𝑟, 𝜙, 𝜃). For the Puck failure
equations(25), (Eqn. 14 for the matrix under compressive loading (𝜎 < 0); Eqn. 15
for the matrix under tensile stress (𝜎 > 0)) require the fracture angle 𝛼 to be
calculated to find the angle 𝛼 at which the material is weakest. Only then can
failure in each ply be evaluated and the first ply failure found(26).
𝜎
𝜏
𝜏

0
=𝑟 0
0

𝑐𝑜𝑠 𝛼
− 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛼
0

0
0
𝑐𝑜𝑠 𝛼
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𝐸

𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛 𝜃
𝑠𝑖𝑛 𝜙 𝑐𝑜𝑠 𝜃
𝑐𝑜𝑠 𝜙

(13)

𝑓=

𝜏
𝑆 −𝜇 𝜎

𝑓=

𝜎
𝑌

+

+

𝜏
𝑆

𝜏
𝑆 −𝜇 𝜎

+

𝜏
𝑆

≤1

≤1

(14)

(15)

The meaning of the material properties in Eqn. (13) and (14) and the values used in the
study are defined in Table 1. Each of these failure criteria clearly exhibits a different analytical
calculation. Thus, assuming an eight-ply composite laminate [0/90/±45]s and representative
lamina material properties, Table 1, it is possible to create example performance envelopes for
each criterion.

3.2. Performance envelope results
Considering first the Tsai-Hill criterion, Eqn. 10 implies that the failure envelope of a ply is a
quadratic function of 𝜎 , 𝜎 and 𝜏
space or 𝑁 , 𝑁 , 𝑁

and therefore forms an ellipsoidal shape in 𝜎 , 𝜎 , 𝜏

stress

stress resultant space.

Even though the failure equation is not physically based, it does provide insight into the
material behaviour. For example, the 0o ply allows more load in the longitudinal direction of
the laminate whereas the 90o has more transverse strength, Figure 5a. The envelopes of the 45o
and -45o plies are identical (to within the accuracy of the facetted representation) in the 𝑁 , 𝑁
plane when shear is zero; when the shear load is involved, they are aligned in the maximum
shear directions, as can be seen in Figure 5b.
These envelopes are based on an initial unit sphere mesh of 30 uniformly distributed points.
Integrating the lamina envelopes into a single laminate envelope is first illustrated in Figure
5c, again based only on an initial unit sphere mesh of 30 uniformly distributed points. Clearly
mesh refinement is required with poor-quality facets identified in grey (identifying a difference
>5% between the mesh radius and the actual radius at the centroid). Figure 5d presents a 3rd
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refinement iteration and Figure 5e presents the final Tsai-Hill performance envelope containing
only good quality facets (radius errors <5%), which is obtained after six iterations. This final
envelope considers all the possible combinations of the three in-plane loads and the nonredundant Tsai-Hill failure modes. The envelope mesh represents the curved geometry within
the specified <5% tolerance and the entire construction process took 80 seconds when
performed using a symbolic toolbox in MATLAB, installed on a Windows 7 PC with Quadcore Intel i7 processor and 16 GB of memory.
Different failure criterion can also be evaluated simultaneously. To demonstrate this, fibre
failure using Eqn. (11) and matrix failure using Eqn. (14) and (15) are next examined. The
same composite laminate properties and unit sphere with 30 initial points were used as for the
Tsai-Hill criterion. Figure 6a displays the result when the two envelopes are placed together.
Even though there are four failure modes in the figure, only fibre compression and matrix
tensile are important because they have the smallest load radius. When the two envelopes are
integrated the inner surface, which consists of only the critical criteria, can be formed as
displayed in Figure 6b. Each point on the surface identifies the most critical failure mode and
location (ply). During the construction, 4 different levels of data namely modes of failure,
laminate, ply stresses and fracture angles, were evaluated. The time used for constructing the
entire envelope where the error threshold of each facet was set at 2.5%, was 7.5 minutes. If the
error threshold was increased to 5%, the time was reduced to only 5 minutes. As the envelope
uses the symbolic toolbox in MATLAB, the calculation time may be accelerated by using a
more advanced numerical solving method. Once an envelope is computed for a given laminate,
it is extremely rapid to evaluate whether any applied load combination results in an RF of < 1,
as demonstrated in the following sections.

4.

Performance envelope example using black-box failure evaluation

4.1. Structural analysis and failure functions
A failure analysis tool which is used in the preliminary design stage for major aircraft
composite structures was provided for this research as an executable file. The tool analyses
stiffened panel features for buckling and other failure modes using the idealisation presented
in Figure 7. These are sometimes called super-stiffeners. The tool is built to solve specific
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problems for structural sizing and optimization, e.g. Iorga et al.(7). Thus the tool represents a
single portion of a larger industrial workflow for the design and optimisation of major
aerospace components. The loading conditions, material and geometric properties of the
stiffened panel are the initial inputs to the tool; based on these the tool returns a series of RF
values. The mathematical calculations performed by the tool are proprietary and incorporate
empirical data and aspects of conventional design practice that could not be used directly or
indirectly to support performance envelope creation. Each stiffened panel in a wing or fuselage
structure has different material and geometric properties, but once these have been defined the
tool can be queried for the Reserve Factor resulting from any arbitrary loading. Typically, at
the preliminary design stage a small number of broad ranging Reserve Factors would be
examined for a stiffened panel component. Table 2 illustrates a range of representative
structural Reserve Factors and provides references to formulae in the open literature. The table
includes buckling and damage tolerance assessments appropriate for stiffened panel component
preliminary design.
Thus this example has a number of additional challenges not encountered within the first
example: Firstly, the failure of a stiffened panel is a function of seven internal loads on the
structural element, Figure 7, Eqn. 16; Secondly, the function is mathematically inaccessible
and must be treated as a procedural function or black-box; Thirdly, the number of failure mode
requests is defined by an input flag. The smallest possible flag gives four RF values
simultaneously; Finally, there exists a minimum time per function call, which is high compared
to the time for solving polynomial equations on a standard PC using a numerical method. A
series of strategies were developed and employed to overcome these real-world practical
difficulties, and these are described next.
RF = f

𝑁 ,𝑁 ,𝑁

𝑁 ,𝑁 ,𝑁

{𝑃 }

(16)

4.1.1. Dimensional reduction of the load space
In Dharmasaroja et al.(11) a wing GFEM was examined considering 274 external load cases,
including flight manoeuvre, gust, landing, take-off and ground loading events. On the wing, 6
force and moment loads were applied at a total of 27 positions along the structure. In the study
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reported here the 274 external load cases were analysed and the stiffened panel internal loads
extracted. These matched the loads required by the black-box analysis tool, as defined in Figure
7 and Eqn. (16). The calculated internal loads were then used to construct a matrix of the
internal loads 𝑨. This internal load matrix had 274 rows, representing the 274 applied load
cases, and 7 columns, representing the 7 extracted internal stiffened panel loads(27).
Using the well-known matrix technique of Singular Value Decomposition (SVD) the matrix
𝑨 was factorised as
𝑨 = 𝑼𝑺𝑽𝑻

(17)

A reduced-rank loads matrix can be derived which approximates the original internal loads
matrix as
𝑨 ≈ 𝑨𝒌 = 𝑼𝒌 𝑺𝒌 𝑽𝑻𝒌 = 𝑼𝒌 𝑳

(18)

where 𝑳 will be called the characteristic loads matrix(27).
The SVD decomposition established that the 274 load cases x 7 DOF can be reduced to 𝑈
(274 x 3) and 𝐿 (3 x 7) matrices, i.e. there were only three characteristic loads for a stiffened
panel. In other words, 𝑳 represents three characteristic patterns of the seven internal loads. The
internal loads corresponding to any external wing loading can be represented as a linear
combination of these three.

𝑼𝒌 represents 274 points in 3D characteristic load space

corresponding to all wing external load cases. This process for the dimensional reduction of
the load space is further described in Dharmasaroja(27).
Normally the reserve factor for each potential failure mode would be checked for each of
the 274 load cases, requiring individual GFEM calculations to obtain the internal loads for a
failure evaluation using the black-box analysis tool. However, in this reduced load space the
performance envelope is the surface where RF=1. Thus by forming the performance envelope
in the reduced load space it becomes possible to use linear combinations of the characteristic
loads to assess any external load case against the performance envelope. With three
characteristic loads only three GFEM internal load calculations need to be performed to enable
any external load case to be represented and compared with the performance envelope (and the
failure functions it represents).
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To assess the accuracy of this process, the stiffened panel loads and performance envelopes
were analysed under a representative sample of one hundred flight and ground external loading
cases(11). For three stiffened panels (one at the GFEM wing root, one at the mid-span and one
at the wing tip) characteristic loads were identified and used to recreate the loads resulting from
the one hundred external load cases. The errors were then calculated considering the original
stiffened panel loads and the reconstructed loads. The maximum normalized load errors of all
the hundred cases are displayed in Figure 8(27). None of the reconstruction errors is greater than
5%, thus creating a performance envelope in its identified characteristic load space for a
stiffened panel in a wing.

4.1.2. Function evaluation
Since the calculations required to find the RFs are not accessible, a numerical method must be
used to find the solution where RF=1. However, the tool requests at least four RF mode types
per analysis. For this reason, it is not efficient to individually determine only a single RF mode
type at a time. The problem can be reformulated as a multi-constraint optimization. Figure 9
illustrates the multi-constraint optimization problem with four RF constraints. Herein four
optimization solvers were tested: interior point, trust region reflective, SQP and active set(28).
The SQP and active set solvers performed best with the active set found to be relatively quick,
as it takes larger steps towards optimization, but SQP was found to be more robust, always
converging for every load angle input.

4.2. Performance envelope results
A study was conducted on the mid-span stiffened panel examined in Section 4.1.1. Calculations
were performed considering the three identified characteristic loads (labelled 𝑈 , 𝑈 , 𝑈 ).
Seven failure criteria were requested from the analysis tool. Although the details of the failure
criteria calculations were not available a general title for each calculation was given as part of
the analysis output. The calculations included buckling and damage tolerance criteria. For a
reader unfamiliar with aircraft stiffened panel design references [8] and [9] provide appropriate
background on relevant buckling and damage tolerance criteria. The initial envelope in the first
iteration was morphed from a unit sphere with 30 mesh points, as in the first example. It then
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underwent ten refinement processes in which the subdivision occurred at the centroids of the
triangles with unacceptable errors. The final envelope in the 11th refinement is shown in Figure
10. Similar to the laminate performance envelope, the failure surface is formed by different
failure modes. In Figure 10 the colour of the mesh points denotes the critical failure mode, and
for a single point the complete list of calculated RFs at the surface are presented. For this
example, the envelope construction time with a threshold error of 5% was approximately 50
minutes (when performed using MATLAB, installed on a Windows 7 PC with Quad-core Intel
i7 processor and 16 GB of memory). Figure 11 demonstrates how a performance envelope
enables the identification of the non-redundant binding constraints of a structural feature.

5.

RF Estimation using Performance envelopes

Once a performance envelope has been created, it may be used for rapid failure evaluation.
Figure 11a illustrates plotting two arbitrary load cases in a load space containing a performance
envelope. The load case residing within the performance envelope (𝑟, 𝜙, 𝜃) has a RF greater
than 1 (a safe load) while the load case lying outside the envelope will cause structural failure
(RF<1). For a given pair of load angles (𝜙, 𝜃), the envelope is defined by a vector from the
origin to the point of intersection with the envelope boundary. The vector radius is labelled the
allowable radius 𝑟

, Figure 11b. Assuming the load radius is a linear function of the

applied loads then the RF for any load case with the same load angles can be calculated using
Eqn. 19.
𝑅𝐹 =

𝑙𝑜𝑎𝑑 𝑡𝑜 𝑐𝑎𝑢𝑠𝑒 𝑓𝑎𝑖𝑙𝑢𝑟𝑒
𝑟
≅ (𝑅𝐹)~ =
𝑎𝑝𝑝𝑙𝑖𝑒𝑑 𝑙𝑜𝑎𝑑
𝑟

(19)

If the load radius is not a linear function of the applied loads, then Eqn. 19 is a first order
approximation of the RF in the area of interest, i.e. close to the failure surface where RF=1.

5.1. Ray triangle intersection
For a performance envelope formed by a triangular mesh, each triangle represents a region in
load space where it is assumed RF=1. For a given direction in load space, the load
corresponding to RF=1 is a vector from the origin to the point of intersection with one of the
Page 18 of 41

triangles. In computer-graphics, this vector-plane intersection problem is called ray tracing,
and it is used to project the light source to a 3D object for rendering(29). Möller and Trumbore(30)
introduced a simple and efficient ray-triangle intersection algorithm for the triangle mesh as
described in Figure 11c. Principally, the algorithm solves three linear equations to determine
the distance (𝑡) from the origin (𝑂) to the plane defined by the triangle and the barycentric
coordinates (𝜆 , 𝜆 ) of the intersection point (𝑇). If the intersection point is inside the triangle
all 3 barycentric coordinates of the triangle (𝜆 , 𝜆 , 1 − 𝜆 − 𝜆 ) are greater than 0. The vector
(𝐷), which defines the direction of the vector from the origin, can be found from the three
components of the characteristic load vector corresponding to a given load case. The
corresponding RF is computed as described in Algorithm 2.
This method checks the ray against every triangle. For the envelope application where the
number of triangles is significantly less than in a computer graphics application, this algorithm
allows the calculation of allowable radius in a negligible amount of computational time,
discussed next along with results. When the number of points or triangles is extremely large, a
more refined algorithm such as a k-d tree(31), which organises points in k-dimensional space to
facilitate rapid searching, might be considered as an alternative.

5.2. Reserve factor calculation results
Again, the study was conducted on the mid-span stiffened panel examined in Section 4.1.1.
The three identified characteristic loads (labelled 𝑈 , 𝑈 , 𝑈 ) for the 100 internal load cases
were intersected against the previously created performance envelope (Section 4.2, Figure 10).
The estimated RFs where then compared against the actual RFs obtained by running the
analysis tool directly. Figure 12 displays the combined results, plotting the estimated RF values
(vertical axis) against the actual RF values (horizontal axis). Note that 1/RF values are plotted,
since large RF values are of less interest than smaller RF values. Note also that the structure
has not been accurately sized, such that RF<1 (i.e. 1/RF> 1) are present, enabling the method
to be fully tested.
The plot indicates that all the RFs were accurately estimated from the performance
envelopes throughout the range. The maximum error is around 0.5%, which is 5 times less than
the refinement threshold set when creating the envelope. The computational time to create the
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estimated RF values was essentially negligible. For 100 load cases, the intersection operation
time with 256 facets took approximately 0.001 seconds. Moreover, increasing the number of
load cases does not significantly increase the computational burden; for example, using the
same performance envelope, calculating the critical RFs of 104 random load values required
only 0.08 seconds.

5.3. Computational effort
Given the insignificant computational burden to estimate RF values from a performance
envelope (Section 5.2) but the considerable computational burden to create a performance
envelope (Section 4.2), this section focuses on the construction of the performance envelope.

5.3.1. Relaxing the performance envelope threshold
In Section 5.2 the error introduced by the mesh scarcely influences the RF calculation. As a
result, the mesh refinement error threshold, which was set at 5%, can be relaxed to reduce the
total computational time. Increasing the threshold error from 5% to 10%, the envelope
construction time is reduced from approximately 50 to 20 minutes. Examining the new RF
approximations from the envelope show a negligible effect from the mesh coarsening. This
result is interesting and implies that the threshold error for the mesh refinement should be
adjusted based on the RF approximations rather than the performance envelope if the sole
purpose of the performance envelope is to approximate RF values.

5.3.2. Ellipsoid Scaling
Considering the performance envelopes in Figure 5, 6 and 10 their shapes are closer to ellipselike geometry than a sphere. The transformation of the mesh on a unit sphere to these envelopes
thus results in many poorly shaped triangles. As a result, attempting to refine the mesh directly
from such an initial mesh requires substantial effort. A new method which creates an optimized
space for the mesh is thus proposed.
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The ellipsoid approximation algorithm introduced in Li and Griffiths(32) generates a
transformation matrix that may be used to transform the points in 3D Cartesian coordinates on
a unit sphere to create a best-fit ellipsoid. This approach approximates the ellipsoid from the
initial envelope iteration and then embeds the effect on the original load space. The use of the
more suitable load space means better triangle shapes are initially created and these are more
suitable for refinement to represent the ellipsoid shape of the envelope. Additionally, by only
changing the load space the previously described mesh refinement method can be effectively
applied and triangular meshes refined to fit the ellipsoid performance envelope shape.
Table 3 presents indicators that can be used to measure the computational effort required
for the construction of a performance envelope. These include the number of iterations required
to meet the specified error threshold, the number of points and facets in the final constructed
envelope, the average number of analysis tool queries used in the creation of the envelope, and
the total time for constructing the envelope.
Examining the results in Table 3 the standard method which gradually refines the triangle
from the initial coarse mesh is less efficient than the ellipsoid space method which requires
only 5 iterations. When increasing the triangle threshold by 10% for the ellipsoid space method,
the number of black-box tool calls was reduced to 60 points and gave 3.53 % maximum RF
errors for the critical value. The total construction time was around 12 minutes.

6.

Conclusions

A robust method for constructing a performance envelope has been established and
demonstrated. The method is based on the concept of spherical parametrization and adaptive
mesh refinement. The method initially generates the spatial angles around a unit sphere mesh.
The unit sphere mesh points are moved in the radial direction and form a surface mesh defining
the performance envelope. The adaptive mesh refinement gradually refines the initial coarse
mesh until the representation error is below a desired threshold.
Two demonstration case studies illustrate that a performance envelope in three-dimensional
load space is adequate for capturing the failure behaviour of complex structural elements (a
composite laminate considering standard analytical failure functions, and a stiffened panel
considering industrial analysis tools). The case studies also demonstrate that a performance
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envelope is potentially useful in fast reserve factor estimation, redundant constraint elimination
and identifying the binding constraints that are effectively designing a structural feature. The
estimation of RFs of multiple load cases is demonstrated to be rapid, though the construction
of a performance envelope requires the upfront cost of modelling the surface where RF=1. The
demonstration case studies also establish that initially ellipsoid-shaped performance envelopes
are suitable for effective mesh refinement.
The proposed approach will be most useful for structures with a very large number of load
cases, where the cost of reconstructing the envelope for a given structural feature may be offset
against the number of load cases requiring examination. In operations, a constructed
performance envelope defines an effective digital twin model for a structural feature, enabling
rapid evaluation of load exceedance, and the rapid identification of structural features which
require inspection, maintenance or repair.

Acknowledgment
Financial support from Airbus UK for the Ph.D. research of A. Dharmasaroja is gratefully
acknowledged.

Reference
[1]

ZHANG, X.S., DE STURLER, E. and PAULINO, G.H. Stochastic sampling for deterministic
structural topology optimization with many load cases: Density-based and ground
structure approaches, Comput. Methods Appl. Mech. Eng., 2017, 325, pp 463–487.
doi:10.1016/j.cma.2017.06.035.

[2]

LI, W, LI, Q., STEVEN, G.P. and XIE, Y.M. An evolutionary shape optimization for
elastic contact problems subject to multiple load cases, Comput. Methods Appl. Mech.
Eng., 2005, 194, pp 3394–3415. doi:10.1016/j.cma.2004.12.024.

[3]

KIM T.U. and HWANG, I.H., Optimal design of composite wing subjected to gust loads,
Comput. Struct., 2005, 83, pp 1546–1554. doi:10.1016/j.compstruc.2005.02.002.

[4]

HOUSTON, G., QUINN, D., MURPHY, A. and BRON F., Design rules for stiffened panel
buckling containment features, Thin-Walled Structures, July 2017, 116, pp 69-81, ISSN
Page 22 of 41

0263-8231, http://dx.doi.org/10.1016/j.tws.2017.03.006.
[5]

MCCUNE, R.W., MURPHY, A, PRICE, M. and BUTTERFIELD, J., The Influence of Friction
Stir Welding Process Idealization on Residual Stress and Distortion Predictions for
Future Airframe Assembly Simulations, Manuf. Sci. Eng., 2012, 134, 031011 (9 pages),
DOI:10.1115/1.4006554

[6]

KHODAPARAST, H.H. and COOPER, J.E., Rapid Prediction of Worst-Case Gust Loads
Following Structural Modification, AIAA J., 2015, pp 242–254. doi:10.2514/1.j052031.

[7]

IORGA, L., MALMEDY, V., STODIECK, O., COGGON, S. and LOXHAM, J., Preliminary
sizing optimisation of aircraft structures: industrial challenges and practices, 6th Aircr.
Struct. Des. Conf., 2019.

[8]

NIU, M.C., Composite Airframe Structures, 1st ed., Conmilit Press Ltd, Hong Kong,
1992.

[9]

NIU, M.C., Airframe stress analysis and sizing, Conmilit Press Ltd, Hong Kong, 1999.

[10] MURPHY, A., LYNCH, F., PRICE, M., and GIBSON, A. Modified Stiffened Panel Analysis
Methods for Laser Beam and Friction Stir Welded Aircraft Panels. Proceedings of the
Institution of Mechanical Engineers, Part G: Journal of Aerospace Engineering, 2006,
220(4), pp 267–278. https://doi.org/10.1243/09544100JAERO51
[11] DHARMASAROJA, A., ARMSTRONG, C.G., MURPHY, A., ROBINSON, T.T., MCGUINNESS,
S.H.M., IORGA, N.L. and BARRON, J.R. Load Case Characterization for the Aircraft
Structural Design Process, AIAA J., 2017, 55, pp 2783–2792. doi:10.2514/1.J055544.
[12] GOTSMAN, C., GU, X. and SHE, A., Fundamentals of spherical parameterization for 3d
meshes, ACM Trans. Graph., 2003, 22, pp. 358-363. doi.org/10.1145/882262.882276
[13] ZWICKE, M. and GOTSMAN, C. Meshing point clouds using spherical parameterization,
in SPBG'04 Symposium on Point - Based Graphics, Aire-la-Ville, Switzerland, 2004.
doi.org/10.2312/SPBG/SPBG04/173-180
[14] SHEWCHUK, J., Delaunay Refinement Mesh Generation, PhD thesis, Carnegie Mellon
University, Pittsburgh, 1997.
[15] CHENG, S-W., DEY, T. K. and SHEWCHUK, J., Delaunay Mesh Generation, CRC Press,
2012.

Page 23 of 41

[16] BARBER, C. B., DOBKIN D. P. and HUHDANPAA, H. The quickhull algorithm for convex
hulls, ACM Transactions on Mathematical Software, 1996, 22, pp. 469-483.
[17] BOISSONNAT, J. D., MOURRAIN, B., ROTE, G., VEGTER, G. and STEINER, D. C. Meshing
of Surfaces, in Effective Computational Geometry for Curves and Surfaces, SpringerVerlag, 2006, pp. 181-229.
[18] DANIEL, I.M. and ISHAI, O. Engineering Mechanics of Composite Material, 2nd ed.,
Oxford University Press, 2006.
[19] JONES, R.M. Mechanics of Composite Materials, 2nd ed., Taylor & Francis, 1999.
[20] TUTTLE, M. Structural Analysis of Polymeric Composite Materials, 2nd ed., CRC
Press, 2003.
[21] HINTON, M., KADDOUR, A. and SODEN, P. A comparison of the predictive capabilities of
current failure theories for composite laminates, judged against experimental evidence,
Composites Science and Technology, 2002, 62, pp 1725–1797. doi.org/10.1016/S02663538(02)00125-2/
[22] PINHO, S., Modelling failure of laminated composites using physically-based failure
models, PhD thesis, Imperial College, London, 2005.
[23] MARCELO, L., VOLNEI, T. AND DIRK, V. A new damage model for composite structures,
Composite Structures, 2012, 94, pp 635-642. doi.org/10.1016/j.compstruct.2011.08.031
[24] PUCK, A. and MANNIGEL, M. Physically based non-linear stress–strain relations for the
inter-fibre fracture analysis of FRP laminates, Composites Science and Technology,
2007, 67, pp 1955–1964. doi.org/10.1016/j.compscitech.2006.10.008
[25] PUCK, A and SCHÜRMANN, H. Failure analysis of frp laminates by means of physically
based phenomenological models," Composites Science and Technology, 1998, 58, pp
1045–1067. doi.org/10.1016/S0266-3538(96)00140-6
[26] PUCK, A. and SCHÜRMANN, H. Failure analysis of FRP laminates by means of
physically based phenomenological models, Composites Science and Technology,
2002, 62, pp 1633-1662. doi.org/10.1016/S0266-3538(01)00208-1
[27] DHARMASAROJA, A. Efficient Modelling of Performance envelopes and Load Patterns
in Aircraft Structures. PhD Thesis, Queen’s University Belfast, Belfast, N. Ireland,

Page 24 of 41

2015.
[28] MATHWORKS, Choosing a solver, [Online]. Available: http://mathworks.com/help/.
[Accessed 2015].
[29] GLASSNER, A.S. An Introduction to Ray Tracing, London: Academic Press Ltd, 1989.
[30] MÖLLER, T and TRUMBORE, B. Fast, Minimum Storage Ray-triangle Intersection, J.
Graph. Tools, 1997, 2, pp. 21-28. doi.org/10.1080/10867651.1997.10487468
[31] BENTLEY, J.L. Multidimensional binary search trees used for associative searching.
Commun. ACM, 1975, 18(9), pp 509-517. doi.org/10.1145/361002.361007
[32] LI., Q, AND GRIFFITHS, J.G. Least squares ellipsoid specific fitting, in Geometric
Modelling and Processing, Beijing, 2004. doi.org/10.1109/GMAP.2004.1290055
[33] NIU, M.C., Airframe Structural Design, Conmilit Press Ltd, Hong Kong, 1998.
[34] ESDU structures sub-series. Buckling of rectangular specially orthotropic plates,
Engineering Sciences Data Units, Data Item 80023, ESDU International Ltd.
[35] BRUHN, E.F. Analysis and Design of Flight Vehicle Structures. 1st ed, Tri-State Offset
Company, 1973.
[36] LIU, W. and BUTLER, R. Optimum Buckling Design of Composite Wing Cover Panels
with Manufacturing Constraints. 48th AIAA/ASME/ASCE/AHS/ASC Structures,
Structural Dynamics, and Materials Conference, Honolulu, Hawaii, USA, 23-26 April
2007, AIAA 2007-2215
[37] IORGA, L., MALMEDY, V., POLYNKIN, A., ALBANI, F., Large-Scale Numerical
Optimisation for Preliminary Sizing of Aircraft Structures. 5th Aircraft Structural
Design Conference, Royal Aeronautical Society, Manchester, UK, October 2016
[38] DEPARTMENT OF DEFENSE. Composites Materials Handbook: Volume 3. Polymer
matrix composites materials usage, design, and analysis. Military Handbook, MILHDBK-17-3F, June 17th, 2002

Page 25 of 41

Tables

Stiffness properties

Strength properties

E1

2.10E+11

N/m2

X, Xt

8.00E+08

N/m2

E2

1.94E+10

N/m2

Xc

-6.00E+08

N/m2

ν12

0.261

Y, Yt

3.00E+07

N/m2

ν21

0.024

Yc

-1.00E+08

N/m2

G12

5.18E+09

S

5.00E+07

N/m2

N/m2

Puck failure criterion
𝑆

−

𝑌
2 tan(𝛼 )

𝑆
𝜇

𝜇

S
−

1
2 tan(𝛼 )
𝜇

𝑆
𝑆

Ply thickness = 0.125 mm

Table 1- Composite laminate properties
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Reserve Factor general
calculation description

Buckling modes

Exemplar
open
source
methods

Skin local buckling where panel
skin elements are represented as
plates with boundary conditions
defined by the torsional stiffness
of adjacent structure.

[33, 34]

Stiffened panel buckling where
the panel (skin and stiffener
elements) are assumed to buckle
as a single unit with boundaries
at the spars and ribs.

[33, 34]

Stiffener web and flange
buckling where single or
multiple stiffener elements are
assumed to buckle as plate
elements with boundary
conditions defined by adjacent
structure.

[34, 9]

Stiffener column buckling
where a stiffener is assumed to
buckle as a column with or
without local web and flange
element buckling. Additionally,
beam-column analysis may be
considered with lateral pressure.

[35, 33,
36, 9]

Damage Tolerance considering skin and stiffener section static stresses (or
strains) and material allowables. where the material allowables represent
damaged conditions, for example Compression After Impact (CAI) or Open
Hole Tension (OHT), and consider critical and probable damage locations,
for example the edge of a stiffener web.

[37-38, 33]

Table 2 – Typical preliminary design Reserve Factor calculations for stiffened panels.
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Threshold
(%)

Iteration

Total
points
/
facets

Standard space
method

5

11

177 /
308

1416

50

1.56

Standard space
method

10

7

110 /
194

880

20

3.33

Ellipsoid space
method

5

5

124 /
214

992

24

2.63

Ellipsoid space
method

10

5

60 /
104

480

12

3.53

Load space type

Analysis
tool calls

(minutes)

Critical RF
max error
(%)

Time

Table 3 - Computational effort of various envelope construction approaches
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Algorithms

Algorithm 1 - Adaptive centroid refinement
Input triangulation and (𝑥, 𝑦, 𝑧) coordinates of the mesh
for all triangles
compute centroid (𝑥 , 𝑦 , 𝑧 ) and convert to spherical coordinates (𝑟 , 𝜙, 𝜃)
compute the actual failure radius at the centroid from 𝑓(𝑟, 𝜙, 𝜃 = 1)
if error 𝜖 is greater than the threshold then
subdivide the triangle and replace 𝑟 with 𝑟 where 𝑓(𝑟, 𝜙, 𝜃 = 1)
convert (𝑟, 𝜙, 𝜃) to Cartesian and add to the original list → (𝑥, 𝑦, 𝑧)
else keep the original triangle
Perform convex hull on the (𝑥, 𝑦, 𝑧)

Repeat the process for the new triangles until 𝜖 is less than the threshold
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Algorithm 2 - Fast RF using Möller-Trumbore algorithm

Compute the spherical coordinates of the applied load i.e. the two angles 𝜙, 𝜃 and the radius
𝑟

of the characteristic load vector from its cartesian coordinates (𝑈 , 𝑈 , 𝑈 )

for all triangles
Solve Möller–Trumbore intersection → obtain (𝑡, 𝜆 , 𝜆 )
if (𝜆 , 𝜆 , 1 − 𝜆 − 𝜆 ) > 0 then
the radial vector in load space intersects this triangle, so we can ignore any
subsequent triangles
set 𝑟

=𝑡

return 𝑅𝐹 = 𝑟

/𝑟
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Figures

Figure 1 - A performance envelope in 2D load space.
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Figure 2 - Illustration of mesh transformation in 2D, 1st quadrant.
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a)

b)

c)

Figure 3 - Point insertion (a) on all edges (b) on one edge (c) at the centroid.
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Figure 4 - Mid-point refinement. If the RF at the centroid Vc of a given triangle does
not lie on the plane defined by V1, V2, V3 then an additional point Vc is added to the
mesh defining the performance envelope.
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a) Tsai-Hill load envelopes of 0° and 90° plies

b) Tsai-Hill load envelopes of 45° and -45° plies

c) Tsai-Hill laminate envelopes, 1st refinement

d) Tsai-Hill laminate envelopes, 3rd refinement

e) Tsai-Hill laminate envelopes, 6th refinement
Figure 5 - Tsai-Hill laminate envelope for a [0/90/±45]s laminate with the properties given in Table 1.
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a) Fibre and Matrix performance envelopes for a laminate

b) Combined Fibre and Matrix performance envelopes for a laminate
Figure 6 - Mixed failure mode envelope for a [0/90/±45]s laminate with the properties given in Table
1.
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Figure 7 - Load components on an idealised stiffened panel.
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a)Wing root

b) Wing mid-span

c) Wing tip

Figure 8 - Maximum normalized error on each stiffened panel for the left and right panel stress resultants and the stiffener axial load, expressed as
a percentage.
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Figure 9 - Multi-constraint optimization illustration in spherical coordinates (𝜙, 𝜃).
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Figure 10 - Procedural performance envelopes of different structural elements.
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a) Performance envelope and two arbitrary loads

b) allowable radius and load case radius

c) Triangle ray intersection
Figure 11 - RF estimation using a performance envelope.
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Figure 12 - Comparison of RF values approximated with the performance envelope
with direct calculation using the analysis tool.
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