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A new value for Cooperative Games based on coalition size

Surajit Borkotokey* Dhrubajit Choudhury! Rajnish Kumart Sudipta Sarangi’¥

Abstract

We propose and characterize a new value for TU cooperative games based on egalitarian distribu-
tion of worths in smaller coalitions and players marginal productivity in larger coalitions. This value
belongs to the class of Procedural values due to (Malawski, 2013). Our value is identical with the
Shapley value on one extreme and the Equal Division rule on the other extreme. We show that our
value is identical with the solidarity value due to (Beal et al., 2017) of the dual game. However, by
duality, our characterization intuitively improves over the axiomatization of this solidarity value. We
also provide a mechanism that implements our value in sub-game perfect Nash equilibrium. Finally,

a generalized version of this value is proposed followed by its characterizations.

Keywords: Shapley value; Equal Division rule; Solidarity; Egalitarian Shapley value.
MSC(2010): 91A12;  JEL: C71, D6O0.

1 Introduction

Cooperative games with transferable utilities or simply TU games describe situations where a finite set of
players make binding agreements to generate worths and share it among themselves. Their applications
in economic allocation problems are wide and varied (see for instance [18, 2])!. The underlying assump-
tion is that the players form the grand coalition under such binding agreements. A solution comprises
distributions of the worth of the grand coalition among the players. A singleton solution is called a value.
Many of the values found in the literature revolve around the notions of egalitarianism and marginalism.
Among all the values found in the literature, the Shapley value [28] is perhaps the most popular one that
builds on the notion of marginalism [32]. It is the expectation of the increase in transferable utilities of a
player when she joins a coalition [31], which we call her marginal contribution. Unlike the Shapley value,
the Equal Division(ED) rule allocates the worth of the grand coalition equally among all the players and
can be considered to be the most egalitarian solution for TU games. Values that combine both these at-
tributes are said to be based on solidarity principles outlined in [11,12] and therefore, we broadly classify
all such values as solidarity values. The authors in [13, 21] axiomatize the class of Egalitarian Shapley
values which are obtained as convex combinations of the ED and the Shapley value. The convexity pa-
rameter « in the Egalitarian Shapley values determines how much solidarity is allowed to the players. In
[1] the equal division is generalized to obtain a weighted division and the corresponding axiomatization

is obtained. For a comprehensive study of all these values, we refer to [3, 5, 6, 10, 11, 15, 24, 22].
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IMore recently the network allocation rules (see, e.g., [7, 8]) have found applications in Bioinformatics (see, e.g., [4] and

the references therein).



Except [3] however, none of the solidarity values hitherto found in the literature treats the coalition
size as a parameter. In this paper, we propose a new solidarity value for TU games that allows for
egalitarianism in smaller coalitions and marginalism in larger coalitions. The proposed solidarity value
combines egalitarianism characteristic of the ED and marginalism characteristic of the Shapley value
based on the threshold size k of coalitions at which the norms change from egalitarianism to marginalism,
and therefore it is termed as the k-Equal Division Shapley value or the k-EDS value in short. The k-EDS
value belongs to a special class of the Procedural values due to [23]. We provide a characterization of this
value on the basis of coalitional sizes. We also propose a bidding mechanism to implement our value as
a sub-game perfect Nash equilibrium of the associated non-cooperative game that arises naturally from
the bargaining framework generated by the mechanism [3, 9, 31]. Finally, we provide a generalized form
of values that includes the k-EDS value and several other existing values found in the literature.

In society, egalitarianism is often observed in small coalitions while marginalism is typically observed
in large coalitions. An excellent argument for this can be found in [27], where the author comments that
since the beginning of the civilization, humans have been mostly living as a species in relatively egalitarian,
small-scale societies. The ecological and demographic conditions common to small-scale societies favored
the suppression of steep, dominance-based hierarchies and incentivized relatively shallow, prestige-based
hierarchies. Shifts in ecological and demographic conditions, particularly with the spread of agriculture
i.e., through adding more people into the groups, weakened constraints on coercion. Following this line
of arguments, it is not hard to see that in a coalition of sufficiently small size for example, within a
community or a tribe or clan, players are more friendly, homogenous, and socially involved and hence
more often they follow the egalitarian sharing of the resources among themselves. However, when more
people enter the coalition making it sufficiently large and heterogeneous, productive players prefer not to
share their earnings equally with non-productive or less productive players.

Motivated by the above discussion, in this paper we first propose our value that embodies both
marginalism and egalitarianism depending on the size of the coalitions. Then, we characterize this value
using standard and intuitive axioms. We call our value: the k-EDS value that guarantees egalitarian
shares to the non-productive players within small groups like families, communities, and tribes. The
players would unanimously decide the fixed size k of these small groups. On the other hand, it also as-
sures that more productive players are not deprived of their marginal productivities in sufficiently larger
coalitions.

We give a characterization of the k-EDS value along the line of [10, 30]. This characterization provides
alternative interpretations of the k-EDS value relevant to the social and economic issues. Note that the
converse of our model is studied by [3] where marginal contributions are assigned to small coalitions and
equal divisions to large coalitions. The authors [3] propose the Sol” value based on the threshold size
p of the coalition at which the role switches from marginalism to egalitarianism. We have shown that
the k-EDS value of a TU game is the Sol” value of its dual game. However, the characterization of the
k-EDS value provides clearer insights than the Sol? value because of the intuitive nature of the axioms
that characterize it. We have a separate section i.e., Section 5 where we compare the two models.

Next, we allow for reconciliation of marginalism and egalitarianism for both the groups of players sepa-
rated by size k by awarding them the a-Egalitarian Shapley value at two levels i.e., a7 to all the coalitions
of size less than k and as to all the coalitions of size greater than or equal to k. This will be a generalized
version of the k-EDS value as the ED and the Shapley value are two special cases of the Egalitarian
Shapley value.

The rest of the paper proceeds as follows. In Section 2 we present the preliminary definitions and
results pertaining to the development of the paper. Section 3 describes a procedure to compute the

k-EDS value followed by its characterization in Section 4. Section 5 provides a comparison of the k-EDS



value with some existing values. In Section 6, we present a bidding mechanism to implement the k-EDS

value. Section 7 generalizes the class of k-EDS values and finally, Section 8 concludes.

2 Preliminaries

Let A be the universal set of players and N = {1,2,....,n} C A be a finite set of n players. Also let
2N denote the power set of N. The subsets of N are called coalitions. Denote the size of a coalition S
by the corresponding lower case letter s. To simplify notation, we write S U ¢ for SU {i} and S\ ¢ for
S\ {i} for each S C N and i € N. A cooperative game or simply a TU game is a pair (N, v) where the
function v : 2V — R is such that v(#) = 0. For each S C N, v(S) denotes the worth of the coalition
S. Denote by vg the null game, defined as vo(S) = 0 for all S C N. A TU game is zero-monotonic if,
for each i € N and each coalition S 3 4, it holds that v(S) — v(S \ 4) > v(i). The class of all TU games
over the universal player set A is denoted by G and the subclass of TU games over the player set N is
denoted by G(N). Thus, the members of G are taken as (N,v), where N C N and the members of G(N)
are taken simply by the function v as IV is fixed here. Recall that the standard assumption of TU games
is that the grand coalition is eventually formed. A solution of an n-player TU-game is an n-dimensional
payoff vector z € R™ giving a payoff z; € R to every player ¢ € N. A value on G(N) is a function ®
that assigns a payoff vector ®(v) € R™ to each v € G(N) for a fixed player set N. The class G(N) of all
TU games with player set N forms a vector space of dimension 2™ — 1 under the standard addition and
scalar multiplication of set functions. For every coalition S C N with S # (), the games eg : 2V — R and
ug : 2V = R given by,

1, #fT=S
es(T) = ’ 2.1
s(T) { 0, otherwise, 21)
1, ifSCT
ug(T) = ’ - 2.2
s(T) { 0, otherwise, (22)

are standard bases for the class G(N) of TU games with player set N called the identity games and
the unanimity games respectively. For every game v € G(N), we can write v = ) ¢ £0 v(S)es and
V=3 5.9 As(v)us where Ag(v) = > orcg(—1)*""u(T). The marginal contribution of player i to coalition
S C N\ i is formally written as,

mi(S) =v(SUi) —v(S5). (2.3)

Suppose that the grand coalition N is formed in such a way that the players enter the coalition one by
one. Such entry can be determined by a permutation 7 : N — N of the players. We denote the collection
of all permutations by II(N). For every m € II(IV), we denote by P(m,i) = {j € N : w(j) < w(i)} the
set of players that enter before player i in the permutation 7. The Shapley value [28] denoted by ®°"

assigns to every player her expected marginal contribution (to the coalition of players that enters before

her), given that every permutation of entrance 7 has equal probability of occurrence namely, -
n!

Therefore, the Shapley value is given by

1 v .
o (v) == Y mi(P(m,i)), (2.4)
which after simplifications becomes

aorwy= Y Hrmsm Dl ) (2.5)



The Equal Division (ED) rule is a solution ®#P : G(N) — R” that distributes the worth v(N) of the
grand coalition equally among all players in any game, i.e.,

o)

PED (p) =
FP) = =

(2.6)

It follows from (2.5) and (2.6) that both the Shapley value and the Equal Division rule can be expressed

in a unified manner as follows:

o)=Y o), (2.7

n!
SCN\i

where C? : 2V\" 5 R is such that for S € N\ i, CY(S) = m¥(S) when & = & and C?(S) =
en(SUi)v(SU7) when ® = ®EP. Call CP(S) the coalitional contribution of player i in S with respect to
v € G(N). Thus, under this new notation, both the Shapley value and the ED assign to each player her
expected coalitional contribution C?(S) where C?(S) = m?(S) for each S C N \ ¢ in case of the Shapley
value and C?(S) =0 for S C N\ 4, and CY(N \ ¢) = v(N) in case of the Equal Division rule.

In [23], the class of Procedural values is introduced. A Procedural value is determined by an underlying
procedure of sharing the marginal contributions with coalitions formed by players joining in random
orders. The class of Procedural values includes the Shapley value, the Equal Division rule and many

other solidarity values. In the following, we give the formal definition of a Procedural value.

Definition 1. [23] A procedure v on G(N) is a family of non-negative coefficients ((’ykJ);?:l)Z:l such
that (Vk) Z?:l vk,; = 1. The coefficient v, ; describes the share of the player who is at place j in the
order, i.e., if 7 is an order (a permutation on N) then 7y; describes the share of player m—!(j) from the
marginal contribution of player 7~ (k), where 7~!(I) represents the position of player I € N in the order

7. The Procedural value 7 determined by the procedure v on G(N) is defined by the formula:

o= % Vx5 (P(T, 7)) 2.4

|
wEI(N) jEN (7,i) G

where N(m, i) = 7~ ({n(i),n(i) + 1,--- ,n}) is the set of the successors of i including i in 7.

The following two procedures that respectively lead to the Shapley value and the Equal Division rule are

important for us.
Procedure 1 Vk(v;, =1 and Vj < k, vx; = 0). This procedure leads to the Shapley value ®5".
Procedure 2 (y;1 = 1; and Vk > 1, v, 1 = 1). This procedure leads to the Equal Division rule ®¥P.
In [21] the a-Egalitarian Shapley value is introduced which is a convex combination of the ED and
the Shapley value. Thus formally we have the following. For a € [0, 1], the a-Egalitarian Shapley value

due to [21] is given by
D0 (1) = a®FP (v) + (1 — a) 07" (v). (2.9)

Various axiomatizations of the Shapley value, the Equal Division rule and the a-Egalitarian Shapley
value can be found in the literature (see [17, 21, 28, 29, 30, 32]). In the following, we list some of the
important axioms that characterize these values and also are relevant for the current paper. But first we
define the following:

Definition 2. A player ¢ € N is a null player in v € G(N) if m?(S) = 0 for every coalition S C N \ i.

Definition 3. A player ¢ € N is a nullifying player in v € G(N) if v(S) = 0 for every coalition S where
ieS.



Definition 4. Two players i, j € N are called symmetric with respect to the game v if for all S C N\{¢, 5},
v(SUQ) =v(SUjY).
We list the axioms for a value ® : G(N) — R™ as follows:
Axiom 1. Efficiency (Eff): For all v € G(N) : Y,y ®i(v) = v(N).

Axiom 2. Null Player Property (NP): For every game v € G(N) and every null player i € N in v, we
have ®;(v) =0 .

Axiom 3. Nullifying Player Property (NPP): For every game v € G(N) and every nullifying player i € N
in v, ®;(v) = 0.

Axiom 4. Symmetry (Sym): For every pair of symmetric players i,7 € N with respect to the game
v € G(N), we have ®;(v) = ®,(v).

Axiom 5. Linearity (Lin): For all games u,w € G(IN), every pair of v, € R, and every player i € N:
@i (yu + nw) = yPi(u) + n;i(w); (2.10)
® is additive (ADD) if in particular (2.10) holds for v =n = 1.

Axiom 6. Strong monotonicity (SMon): ®;(v) > ®;(w) for every pair of games v, w € G(NN) and player
i € N such that m?(S) > m¥(S) for all S C N \ 1.

Axiom 7. Coalitional strategic equivalence (CSE): For every pair of games v,w € G(N), a value ®

satisfies ®;(v + w) = ®;(v) whenever ¢ is a null player in w.

Axiom 8. Marginality (M): For all v,w € G(N), i € N, m¥(S) = mP(S) for all S C N \ ¢ implies
@i(N,U) = <I>l(N,w)

Axiom 9. Fairness? (F): For any two symmetric players i,j € N in w € G(N), it holds that
<I>Z-(v+w)—<1>i(v):®j(v+w)—¢>j(v), V'UGG(N)

2jen ®i(v)

Axiom 10. a-Egalitarian (a-E): The value ® is a-Egalitarian if for each v € G(N), ®;(v) = «

whenever ¢ € N is a null player in v.

The most standard characterization of the Shapley value requires Eff, Sym, Lin, and NP. The ED, on the
other hand, has been characterized using Eff, Sym, Lin, and NPP (see [30]). An alternative characteri-
zation of the Shapley value is due to [32] using Eff, Sym, and (SMon or M?). Chun [17] characterizes the
Shapley value using Eff, Sym, and CSE. van den Brink [29] characterizes the Shapley value by the axioms
of Eff, NP, and F. In [21] it is shown that the Egalitarian Shapley value can be characterized by Eff, Sym,
ADD and a-E. Some alternative characterizations using other axioms can be found in [29, 30, 32].

A value that satisfies Eff, Sym and Lin is called an ESL value [20]. We mention the following propo-

sition on the class of ESL values from [26] for later reference.

Proposition 1. (Proposition 2 in [26], p. 184) A value ® on G(N) is an ESL-value if and only if there
exists a unique collection of real constants B® = (b® : s € {0,1,2,...,n}) with b = 1 and b2 = 0 such

that for every game v € G(N),

o(0)= 3 M{bf+lv(s Ui — bfv(S)}. (2.11)

n!
SCN\i

2Tn [10] this axiom is termed as van den Brink fairness since it was introduced by van den Brink in [29].
3Young [32] calls this the independence property.



That is
®;(v) = &7 (B%w) (2.12)
where (B%v)(S) = bfv(S) for each coalition S of size s.

3 The E-EDS value

We now introduce our value for TU games, which we call the k-EDS value. We follow an approach
similar to Shapley’s [28] approach where the players are allowed to enter a coalition following a particular
permutation assuming that all possible permutations of entrance have equal probabilities. Recall that
our value is based on the assumption that given a coalition S of sufficiently small size, each player i agrees
to the egalitarian distribution of its worth v(.S), namely 9S): et us call it the egalitarian coalitional

S
contribution. However, when the size of the coalitions is sufficiently large, the coalitional contributions
s

become marginal contributions m? (v) and are no longer egalitarian.
Let k£ be the maximum size of the coalitions in which each player enjoys egalitarian coalitional con-
tributions. Then, for each S C N, we define the quantity C’i(k’v)(S) by

v(S) .
—_— <
C-(k"v)(S) _ e ifs<k

i (3.1)
v(SU) —v(S), ifs>k.

Let us call C,L-(k’v) (S) the k-coalitional contributions of player i. Let us now assume that the players enter
the coalition one by one. Define P*(7) = {j € N|n(j) < k}. Then P*(r) represents the set of first
k players who enter the game under the permutation 7. If 7(i) < k then P(m,i) Ui C P¥(x). Thus,
following our assumption the k-coalitional contribution C¥(P(w,1)) of player i is M
P(m,i) and m(i) < k. On the other hand, when player ¢ joins coalition P(m,) with 7(i) > k, then
CY(P(m,i)) = v(P(m,i) Ui) — v(P(m,i)) for the permutation 7. Following Eq.(3.1), the k-coalitional

contribution Ci(k’v) (P(m, 1)) of player ¢ in a game v with respect to the parameter & in forming the grand

when ¢ joins

coalition N following the permutation 7 is given by

U(Pk(ﬂ'))
(P, i) = =, i) <k (3.2)
v(P(m, i) Ui) —v(P(m, 1)), if w(i) > k.

Definition 5. The k-EDS value denoted by ®*~FPS : G(N) — R" is the value that assigns to every

player ¢ € N, her expected coalitional contribution given by

_ 1 v )
OES () = Y O (P ) (3.3)
" well(N)

where C’i(k’”)(P(w,i)) is given by (3.2).

The expression for ®*~EPS(y) in 3.3 can be simplified as follows:

_ kv .
PEEDS () = - S e (P(n,i))
" mEI(N)
1 v(P*(r 1 . ) .
-y Oy fuemavi - o)
T wEeI(N):n (i) <k " wEI(N):m (i) >k
1 o1 o .
== 3 v(P(m,i) Ui) + — > {U(P(w, Ui — v(P(ﬂ,z))}
" wET(N):| P(m,i)|=k—1 " rEI(N):| P(r,i)| >k

(3.4)



On further simplification, 3.4 can be re-written as follows:

oF S () = wv(sww > W{U(SW)—U(S)}. (3.5)
N N

Observation 1.
(a) The k-EDS value coincides with the Shapley value only for k = 1 and with ED only for k = n.

(b) For each v € G(N), define vy € G(N) as follows.

0, ifs<k
S) = ' 3.6
v2k(5) { u(S), ifs>k (3:6)
Then
F P8 (1) = 7 (vsy) (3.7)

(c) Generalizing (b) above, we have for each v € G(N), ®*~EPS(y) = 5"(B*v) where B¥ = (b, : s €
{0,1,2,...,n}) such that by =0, by =0 for s < k, by = 1 for s > k.

(d) For each v € G(N), ®*~EDS(y) = ¢7(v), the Procedural value with procedure v where v;1 = 1,
and

Yrr—1 = 1 whenever 1 <r <k

Y- = 1 whenever r > k.

Following is an example that illustrates how the k-EDS value combines marginalism with egalitarian-

ism for different values of k.

Example 1. Take N = {1,2,3}. Define v : 2{123} 5 R by v({1}) = 0, v({1,2}) = v({2}) = 5,
v({1,3}) = v({3}) = 10, and v({1,2,3}) = v({2,3}) = 18. Note that, here player 1 is a null player. The
k-EDS values for different values of k are given in Table 1.

Observe from Table 1, that for £ = 2, each player gets the egalitarian payoff from her coalitions of size

Values k Player 1 Player 2 Player 3 Total = v(N)
DEP (v) 3 6 6 6 18
ok (v) 2 2.5 6.5 9 18
®S" (v) 1 0 7.33 10.67 18

Table 1: k-EDS values for different values of k in Example 1.

2, while from coalitions of size 3 (that is, the grand coalition in this case) she gets her Shapley payoff.
Further, the null player 1 receives 0 payoff under the Shapley value (k = 1) and egalitarian payoff of 6

under the ED (k = 3). For k = 2, her payoff is a consolidation of marginalism and egalitarianism.

Generalizing the k-EDS value to include all possible values of k € {1,2,...,n} in the line of [3], we define
the a-EDS value as follows. Assume that the integer k is drawn from the set {1,2,3,...,n} according to
the probability distribution o = (ay, : k € {1,2,3,...,n}). Then the a-EDS value ®*~FPS induced by the
probability distribution « is defined for v € G(N) as the expected payoff given by

@afEDS(,U) _ iakq)kaDS(U) (38)
k=1



Thus the a-EDS value computes the expected payoff of each player under the probability distribution c.
We have the following representation theorem of the a-EDS value which will be later used for comparing

it with the existing solidarity values.

Proposition 2. A value ® is an o-EDS value on G(N) if and only if it can be represented by an ESL
value i.e., by Eq.(2.11) or equivalently by Eq.(2.12) with constants B® = (b% : s € {0,1,2,3,...,n}) such
that 0 = bg < bcll’ <...< 17571 < bg’ = 1, with at least one inequality being strict.

Further, ® = ®*~EPS where o = {a, : s € {0,1,2,...,n}} is obtained from the transformation B®  «
such that ag = b =0, s =02 —b® |, Vs € {1,2,3,...,n}.

Proof. Assume that ® be an a-EDS value. Therefore, there exists a probability distribution a@ = (a :
1 <k < n) such that

D, (v) = Z ap®FEPS () for all v € G(N)

k=1

Following (c) in observation 1(c), we have
O;(v) =Y ap®"(B*v) forall ve G(N)

k=1

where B¥ = (bs : s € {0,1,2,...,n}) such that by = 0, by = 0 for s < k, and by = 1 for s > k. by Lin of

®°" we have,

D, (v) = @f’L(ZakBkv> for all ve€ G(N) ,ie N
k=1

er({nr)

Define a vector B® given by B® = >, apB*. Since BF = (b, : s € {0,1,2,...,n}) such that by = 0,
bs =0 for s < k, and by = 1 for s > k, we have, b = 0, b® = >"7_, oy, for s > 1. Since oy, > 0 and
> ki ar = 1, therefore, we have 0 = b < bf < b3 < .. < b2 = 1. It follows that, ®(v) = ®5"(B*v)
where B® = {b? : s € {0,1,2,...,n}} such that 0 = b3 < b <bF < ... < b2 =1.

Conversely consider a value ® on G(N) such that ®(v) = ®5"(B®v) where the vector of real numbers
B? is such that 0 = b <bf < b < .. <b® =1.

Define o = {ay, : k € {0,1,2,3,...,n}} such that b* = Y7, ay, for s > 1, ap = 0. Solving for ay, we

have
alzb‘fzo
ap =03 —b¥ >0

az=0b3 —b3 >0

an =02 b2 >0
n
Z ap = b;{l) =1
k=1
Therefore, « is a probability distribution. Again, we have

n 1 2
ZakBk = <O,Zak,2ak,...,2ak> = (O,b;b,bg), ,bf) = B®.
k=0 k=1

k=1



Thus, we have

®(v) = ¢°"(B%) = q>5h{ (zn:akBk)v} = @Sh{ (iak)B%} = zn:ak@Sh (B%)
k=1

k=1 k=1

_ Zakq)k—EDS(,U) _ CI)a_EDS(U).
k=1

By defining « in the above step, we have ® = ®*~EDS where a = {a, : s € {0,1,2,...,n}} is obtained
from the transformation B® — « such that ag = b =0, as = b — b |, Vs € {1,2,3,....,n}. O

Remark 1. In view of observation 1(d) and linearity of the Procedural values with respect to the
procedures over k € {1,2,...,n}, we can easily obtain procedures for generating a-EDS values. Further,
the conditions on b2 s follow immediately from Lemma 2* in [23] and observation 1(d) again. However,
along the lines of [3], we have opted to provide a more detailed proof here to illustrate the relations

among the coefficients.

4 Characterization

OF—EDS yi5ing axioms similar to those of the Shapley value and the Equal

In this section we characterize
Division rule. We first define a k-nullifying null player who nullifies the contributions of small coalitions

and becomes a null player in large groups. Formally, we have the following definition.

Definition 6. Let k € {1,2,...,n} be given. Player i € N is a k-nullifying null player for v € G(N) if
v(SUi)=0for SC N\iwhens <kandv(SUi)=uv(S)for SC N\iwhens> k.

Axiom 11. k-nullifying null player property: (k-NNPP): For every v € G(N), it holds that ®;(v) =0

whenever ¢ € N is a k-nullifying null player for v.

Note that k-NNPP requires that for a fixed k, a player that influences the contributions of the coalitions
of size not more than k£ and becomes non-productive in coalitions of size larger than k should be rewarded
zero payoff. Replacing the NP with the k-NNPP property in the characterization of the Shapley value
we obtain the characterization of the k-EDS value. In the following, we provide our characterization
theorem. Unless specified, we keep k fixed here.

Let us introduce two subspaces of G(NV) as follows:
Gep(N)={ve G(N):v(S)=0forall s >k} and G>,(N)={ve G(N):v(S)=0 for all s < k}.

Then using the standard notation for the direct sum of linear spaces, we get G(IN) = G<x(N) ® G>,(N).
It follows that every game v € G(IV) can be written as v = v<i+v>g where vy, € Gep(N), v> € G>i(N)
such that v<;(S) = v(9) for all s < k, v« (S) =0 for all s > k and v>,(S) is given by 3.6.

In what follows next, we define a basis for the class G(IN) which will help us in showing the uniqueness
of the k-EDS value latter. Consider a set of games W = {wg : S C N, S # (0} where each wg € G(N) is

defined as follows.
T if k
ws(m) = { ST i< (41)
ug(T), ifs>k

where eg and ug are given by Eq.(2.1) and Eq.(2.2). The next three lemmas will be used to prove
Theorem 1 that characterize the k-EDS value.

4Lemma 2 in [23] states that for any procedural value ¥7 determined by a procedure v = (s1, 82, - , $n), the coefficients
b, b2, ,b2 are obtained from b® =1, b = 2L for t < n.
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Lemma 1. The set of games W = {wg : S C N, S # 0} is a basis for G(N). Every game v € G(N) can
be written as v = Z Aswg where Ag = Z (=1)5"'0(T) for s > k and \g = v(S) for s < k.
540 TCS:t>k

Proof. Let d = 2™ — 1. Thus, the dimension of G(N) is d. Let Si, Sa, ..., Sq be a fixed sequence of all
non empty subsets of N such that 1 = s; < s5 < ... < 84 = n where |S¢| = s; for t € {1,2,--- ,d}. Let
A = [a;j] be a d x d matrix defined by a;; = wg,(S5;),i,5 = 1,2,3,...,d. Now, if i > j, then S; \ S; # 0
and so ug,(S;) = eg,(S;) = 0. If i = j, then obviously ug, (S;) = eg, (S;) = 1, thus the matrix A = [a;]
is an upper triangular matrix with diagonal entries 1 meaning det(A) = 1. Therefore, (ws,;)i=1,2,....d
constitutes a set of d independent vectors in G(N). Since any linearly independent set containing d
vectors form a basis of G(N), therefore W = {wg,|i = 1,2,3,...,d} forms a basis for G(N). Note that

every element v € G(IN) can be written as v = Z Aswg. For s < k, we have A\g = Z Aswg(S) = v(S).
S#0 S0
For s > k, v(S) = Z Arur(S). Thus, Ag = Z (=1)*"'u(T) for s > k. O
T#0,t>k TCS:H>k

Lemma 2. If a value ® : G(N) — R” satisfies Eff, Sym and k-NNPP then ®(wg) is uniquely determined
by
0 ifigSors<k

<I>iw =
(ws) - ifieSs>k

(4.2)

—_

Proof. For i ¢ S, wg(T Ui) = eg(T'Ui) =0 whenever T C N\ i, s < k. If s > k then wg(T U1i) =
us(T'U1) = us(T) = wg(T) whenever T C N \ 4. Thus each i ¢ S is a k-nullifying null player in
wg. By k-NNPP property, ®;(ws) = 0 for ¢ ¢ S. By Symmetry, each player in S gets identical payoffs
with respect to wg. By efficiency and symmetry, ®;(wg) = B for i € S;s > k and ®;(wg) = 0 for
1€ 85,5 <k. O

Lemma 3. The k-EDS value satisfies Eff, Sym, Lin and k-NNPP.

Proof. Tt can be easily shown that the k-EDS value given by Eq.(3.5) satisfies Sym and Lin. We show
that it also satisfies Eff and k-NNPP. From observation 1(b), we have by using Eff of the Shapley value
7" for the game v> .

ST EFEPS (1) = 3 0 (vsk) = v(N).
1EN 1EN

Thus, ®*~EPS gatisfies Eff. Next, we show that ®*~EPS gatisfies k-NNPP. Let k € {1,...,n} be fixed
and ¢ € N be a k-nullifying null player for the game v € G(N). It follows that, for S C N \ i such that
s =k—1,v(SUi) = 0. Further, for each S C N\ ¢, such that s > k, v(SU7) = v(S). From 3.5, therefore,
we immediately obtain that @ffEDS (v) =0. O

Now, we are ready for the characterization theorem of the k-EDS value which goes as follows.

Theorem 1. The following statements are equivalent:

(1) @ satisfies Eff, Sym, Lin and k-NNPP.

k(v
(2) @ is given by ®;(v) = > g.cq AST()
(3) ®(v) = PFP(vep) + D5 (v3p).

(4) ® = @+ DS,
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Proof. By Lin, ® is unique if it is unique on a basis. By Eff, Sym, and k-NNPP, ® is unique on
W ={ws:S C N,S # 0} due to Lemma 2. In view of Lemma 1 and Lemma 2, if ® satisfies Eff, Sym,

: o A§(v) Ag(v)
Lin and k-NNPP then it is given by ®;(v) = > g.cq - Next, we show that ®;(v) = Z e
S:eS
satisfies Eff, Sym, Lin and k-NNPP. Sym and Lin are trivial and therefore omitted.
AE A&
It follows from Observation 1(b) that ®;(v) = Z As(v) = Z As(v2k) = 7" (vsy). By Eff of the
SRASS 5 S:ues §
s>k
Shapley value, v(N) = vg>(N) = Z@ish(vzk) = Z ®,;(v). Thus, @ is efficient. Now, if i € N is a
ieN iEN
k-nullfying null player for v € G(N), it is a null player for v>,. Thus, by the null player property of the
Nk Ak
Shapley value, we have ®;(v) = Z Asv) _ Z As(Vzi) _ ®7"(v>y) = 0. This establishes (1)< (2).
5 >
S:es S:esS

s>k
It is obvious that (3)«(4). Moreover, by Lemma 3, ®*~EDPS gatisfies Eff, Sym, Lin and k-NNPP. As

shown at the beginning of this proof, ® is uniquely determined by these axioms on G(N). Therefore, we
must have ® = ®¥~EPS Tt follows that (1)<(4). This completes the proof.® O

Remark 2. The logical independence of the axioms in Theorem 1 can be seen in the following examples.
Dropping Eff: The value ®! : G(N) — R" given by ®}(v) = % D SCN:s>k {U(SUZ') —1}(5’)} satisfies
Sym, Lin and k-NNPP but does not satisfy Eff.
Dropping Lin: Let v* denote the dual game of v € G(N) given by, V.S C N,v*(S) =v(N) —v(N\ 9).
We define a value similar to [3] that does not satisfy Lin. The Equal Surplus Division (ESD) value due
to [19] is given by

Vie N, ESD;(v) = (i) + l(v(z\r) -3 v(j)).

n

Define a new value 2 : G(N) — R" given by

82 (1) = ESD(v*) if v*(i) #0Vie N
’ OF—EDS (1)) otherwise

Then ®? satisfies Sym, Eff and k-NNPP but does not satisfy Lin.
Dropping k-NNPP: The Solidarity value ®2 : G(N) — R™ due to [24] given by

(n—t)l(t—1)!
P} (v) = Z TAU(T>
T3i

where AY(T) = >, cr[v(T) — v(T \ k)] satisfies Sym, Lin, Eff but does not satisfy k&-NNPP for any
k<n.

Dropping Sym: Consider the basis W = {wg : S # 0} for G(N). Each i ¢ S is a k-nullifying null
player for the game wg. Let m : S — S be a permutation on S. Define r = min{n(j)|j € S}. Define a
linear value ®* : G(N) — R" given by ®4(ws) = wg(N) and Pi(ws) = 0 for all j € N\ 7. Then ®*
satisfies Lin, Eff and k-NNPP but does not satisfy Sym.

Remark 3. Note that Eff, Sym, ADD and NP imply Lin so that in the characterization of the Shapley
value, Lin can be replaced by ADD keeping the other axioms as it is. Similarly, it is easy to show from
observation 1(b) that Eff, Sym, ADD and k-NNPP imply Lin and therefore, in Theorem 1, we can replace
Lin by ADD.

5 Alternatively, as suggested by an anonymous reviewer, this can also be proved (1) = (2) = (3) = (4) = (1) in a

simpler way. However, the same deductions will be repeated for each implication separately, and therefore, we presented in

the proof in a different format which we believe can provide more insights.
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Remark 4. In [29], the Shapley value is characterized using the axioms of Eff, NP and F. It is easy to
obtain a a characterization of the k-EDS value by replacing NP by k-NNPP along the same line. Indeed
this follows directly from observation 1(b). Further, the Shapley value is also characterized by [30] using
the axioms Eff, Sym and CSE. Axiom CSE combines ADD and NP and states that the payoff of a player
from any game does not change when another game in which she is a null player is added to it. Observe
that the payoff of a player from any game given by the k-EDS value does not change when another
game in which she is a k-nullifying null player is added to this game. Call the corresponding axiom:
k-CSE. Therefore, the k-EDS value can also be characterized using the axioms Eff, Sym and k-CSE.
In [32], the elegant notions of Marginality (M) and Strong Monotonicity (SMon) are introduced in the
characterization of the Shapley value. In a similar manner, considering the consolidation of marginalism
and egalitarianism based on the size k of coalitions, we can define the axioms: k-Partial Marginality
(k-PM) and k-Partial Monotonicity (k-PMon) as follows.

Axiom 12. k-Partial Monotonicity (k-PMon): Given two games v, w € G(N), the value & : G(N) — R"
satisfies k-partial monotonicity namely, for each i € N, ®;(v) > ®;(w) whenever either of
the following holds:

(i) m¥(S) > m¥(9) for all S C N such that s > k with i € S.
(if) v(S) > w(S) for all S C N such that s < k with i € S.

Axiom 13. k-Partial Marginality (k-PM): Given two games v,w € G(N), the value ® : G(N) — R"
satisfies k-partial marginality namely, for each i € N, ®;(v) = ®;(w) whenever either of the

following holds:

(i) m¥(S) =m¥(9) for all S C N such that s > k with i € S.

3

(if) v(S) = w(S) for all S C N such that s < k with i € S.

In [10, 17, 30], it is shown that M (and similarly, SMon) imply CSE. In a similar manner, we can
straightway show that k-PM (and similarly k-PMon) imply k-CSE. This leads to another characterization
of the k-EDS value using k-PM and k-PMon as follows.

Theorem 2. A value ® : G(N) — R" is equal to the k-EDS value if and only if it satisfies Eff, Sym and
kE-PM (or k-PMon).

For a comprehensive details of all these above mentioned characterizations, we refer to our working paper
[16].

5 Comparison with existing solutions

The k-EDS value is closely related to the class Soly of solidarity values proposed in [3]. Now, we discuss
their relations and differences in details. For an integer p in {0,1,2,...,n — 1}, the payoff to player i € N
given by Sol” due to [3] has the following form.

Solf(v) = w(v(S)—v(S\i))—i— > M(U(N)—U(S))(al)

SCN:ieS,s<p SCN:i¢ZS,s=p

If p is drawn from {0, 1,2, ...,n — 1} according to the probability distribution 8 = {8, : p € {0,1,2,...,n—
1}} then the solidarity value Sol® due to [3] induced by the probability distribution j is defined as follows:

Sol*(v) = i BpSol? (v) (5.2)
p=0

12



We next show that for k = n — p, for p € {0,1,2,...,n — 1}, then ®*~EPS(y)) = Sol”(v*) where v* is the
dual game of v given by v*(S) = v(N) —v(IN\ S) VS C N. We have from 5.1 for each i € N,

Sol’;(v) = Y w(v*(S)—v*(S\i))+ 3 M(v*(N)—v*(S))

SCNiies nt SCN:igs n!
_ ) %[(Uw)_vw\s))_<U(N\¢)_W(N\su¢)>]
SCN:ieS
s<p

+ LW(U(N) —v(N) +v(N\S))

scijes

_ SNZkS == (o) o0 = (o0 ) = o 5D )
. Tl GO}

— P (n— t;! D) (U<T Ui) — v(T)) n ngﬂ (n— kT)l:k — 1! (U(T U z))

Thus, Sol?;(v*) = @ EP5(y) whenever p = n — k. Here, we take T = N \ S in the last step. It follows
that, ®*~FPS and Sol” represent two opposite social situations. In case of Sol”, each player entering at
position 7(i) < p obtains her contribution v(P(w,i) U i) — v(P(m,4)) upon entering, while each player
entering at position 7(i) > p obtains an equal share of the remaining worth v(N) —v(P(m,7~1(p))). The
k-EDS value ®*~EPS on the other hand, awards equal share to each player entering at position 7(i) < k
and her marginal contributions when she enters at the position (i) > k.

q)k—EDS

One of the key axioms in both [3] and our model to characterize the values Sol” and involves a

type of null player. It is the p-null player for Sol” and the k-nullifying null player for ®*—FEDS,

Given p € {1,2,3,...,n — 1}, v € G(N), a player i € N is called p-null player in v if
VSCN,ieS s<pv(S)=v(S\i) and VSC N,i¢&S,s=p,v(N)=nuv(5).

A value ® satisfies p-null player axiom if for each p-null player in v, it holds that ®;(v) = 0. The two
players, the k-nullifying null player and the p-null player are similar, but they build on two completely
different social narratives. Unlike the k-nullifying null player, the p-null player is non-productive in all
coalitions till they reach a size p, and the worth of all coalitions of size p where she is not a member is
equal to the worth of the grand coalition. This axiom may possibly be considered somewhat demanding
and technical and is particularly specific to the formulation of the solidarity value Sol”. For instance, it
might be difficult to identify situations where a player can influence a coalition of size p to generate the
same worth as the grand coalition without being a part of it. The k-nullifying null player on the other
hand divides the class of coalitions into two groups, in one group it acts as a nullifying player and in the
other, as a null player. When k = 1 it is the null player and for k = n it is the nullifying player. Note that
the standard characterization of the Shapley value and the ED requires the null player property [28] and
the nullifying player property [30] respectively. Thus it also supports our intuition that the k-nullifying
null player inherits characteristics from both null and nullifying types of players.

In the following we recall Propositions 6, 8 and 11 from [3].

Proposition 3. (Proposition 6 of [3], p. 72). Fix any p = {0,...,n — 1}. If p = 0 then Sol’ = ED and
if p=n —1 then Sol" ™! = ®5",
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Proposition 4. (Proposition 8 of [3], p. 73). A value ® on G(N) belongs to Soly if and only if it can
be represented by

o) = Y MU s v - otus) |

n!
SCN\i

with constants B® = {b? : s € {0,1,2,...,n}} such that
b =0,02 =1, and Vse {1,2,..,n—1}, 1>bT>bF >..>02

Furthermore, ® = Sol”, where 8 = {8, : s € {0,1,2,...,n — 1}} is obtained from the transformation
B® — 8 such that

BO = l_b?,ﬁn—l :bf—l and Vs € {1727"'7’”_2}768 :b;{)_b;{)+1

Proposition 5. (Proposition 11 of [3], p. 80.) A value ® on G(N) is equal to Sol” for p € {1,2,...,n—1}
if and only if it satisfies Eff, Equal treatment of equals, Additivity and the p-null player axiom.

Proposition 3 above, shows that Sol’ = ®FP and Sol” ™' = ®5" and Proposition 5 characterizes Sol?,
p € {1,2,...,n — 1} using Eff, Equal treatment of equals (Sym in our terminology), ADD and the p-null
player axiom. However, in view of Proposition 3, the axioms in Proposition 5 cannot characterize the
ED as Sol? is equal to the ED, only when p = 0. Therefore, the characterization due to Proposition 5
seems quite specific making it hard to interpret it as a complete characterization from the Shapley value
to the ED. On the other hand, we have a complete characterization of the k-EDS value in the range
starting from k& = 1 to k = n including the Shapley value and the ED at the two extremes.

Remark 5. In [3], it is shown that the the solidarity value ®*°! due to [24] (refer to ®3 in remark 2)
belongs to the class Soly. In follows from Proposition 1 that ®° is an ESL value. In [25] (Corollary

1) the associated constants referred by Proposition 1 for ®3°! are obtained as b =, bfsal =1 and
ol 1 ol
bg’s = 1 for all s € {1,2,---,n — 1}. Thus, the associated constants for ®°°! satisfy 1 = bfs f>

s

b?Sol Z bg)Sol Z . Z bq)Sol

constants for ®*~EPS gatisfy 1 = b

>0= bg’snl. On the other hand, Proposition 2 ensures that the associated
> bSiIEDS > > b?aiEDS > bgaiEDS = 0. Therefore, ®°° is

n—1
Ho—EDS
n

not an a-EDS value.

6 The a-EDS value and implementation

Recall that in 3.8 we generalized the k-EDS value to include all possible values of k € N induced by the
probability distribution o = (a1, a2, -+, v,) in the line of [3] and defined the a-EDS value for v € G(V)
as the expected payoff given by ®*~EPS(v) = 37| oy, @ ~EPS(y). Thus, the a-EDS value computes the
expected payoff of each player under the probability distribution «. It follows from the above equation,
that if a; = 1, ay = 0 for k > 2 then ®>EDS — @Sh and if ap, =1, ap =0 for 1 <k <n—1 then
Ho—EDS _ HED

Now we propose a mechanism that implements the k-EDS and the a-EDS values for zero-monotonic
games as a Subgame Perfect Nash Equilibrium (SPNE). The mechanism consists of four stages. In the
first stage, each player places a bid on positions and in the second stage they place a bid on permutations.
The positions may be weighted differently by the designer which is captured by «;, but the permutations
are weighted equally. These two stages determine which player will be the first proposer and what will
be the nature of bargaining in the third (proposal) stage. The player after a highest bid position k+1
in a highest bid permutation becomes the first proposer. She proposes an allocation for all the players.

If this proposal is unanimously accepted, the net amount of the bid is allocated to the players as final
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payoffs. Otherwise, the players in the positions less than k + 1 leave the game with null payments and
the player in position k + 1 becomes the new proposer. The process continues till a proposal is accepted.
This mechanism is an adaptation of the mechanism provided in [3] and hence we do not provide a proof
for it here.

Mechanism (M)

Consider any TU-game v € G(N) and a probability distribution o = (), on N and define A = {i €
N : a; # 0} to be the support of a.

Stage 1: Each player i € N makes bids h} € R, one for each position k € A, under the constraint
> ke xhj, = 0. For each position k € A, define the aggregate bid Hy as: Hy = Y.,y hi,. Denote by
Q4 the subset of positions with the highest aggregate bid.

Stage 2: Each player i € N makes bids hi € R, one for each permutation 7 € II(N), under the
constraint: Zwen( N) %h; = 0. The condition given by the above equation suggests that the designer
gives each permutation 7 equal weights, namely % For each permutation 7w € II(N), the aggregate
bid, defined in a similar way as in Stage 1, is denoted by H. Finally, denote by Q) the subset of
permutations with the highest aggregate bid.

Stage 3: Pick at random any k € {24 and then any 7 € Q). Together, position k and permutation 7
induce a sequential bargaining game G, , whose payoffs are denoted by (gfwr)ie N This bargaining game
contains the following steps:

(i) Player i € N in position 7(7) = k + 1 proposes an offer % € R to every other j € N \ 4.

(ii) The players other than player 4, sequentially following the order m, either accept or reject the

offer. If at least one player rejects it, then the offer is rejected. Otherwise the offer is accepted.

(iii) If the oﬁer is z'jmccepted7 then the payoffs are given by: gl’;,’7T = v(N) — ZjeN\i ac;, and Vj €
N\i, g . = .

(iv) If the offer is rejected, then each player j in position 7(j) < k+ 1 leaves the bargaining procedure
with a null payoff, i.e. g,jclﬂr = 0, while all the players j in positions 7(j) > k + 2 proceed to the

next round to bargain over v(P”fl(k)(w)).

(v) The new proposer is player i in position w(i) = k + 2. Player i makes an offer .T; € R to every
other player j such that 7(j) > k + 3. If the offer is unanimously accepted by all the players j
2 () >(i) x?, and Vj :

w(j) > w(i), gim = x; If the offer is rejected, then player i in position 7(i) = k + 2 leaves

in position 7(j) > k + 3, then the payoffs are given by g,ic’7T =o(Pi(n)) =

the bargaining procedure with a null payoff. Then, step (iv) is repeated among the players j in
position 7(j) > k + 3, where the new proposer is player in position k + 3. Step (v) is repeated
until a proposal is accepted. In case, the bargaining procedure reaches the situation where the

only active player 4 is such that 7(¢) = n, then her payoff in Gy - is equal to v(7).

Stage 4: Rewards (Zzim)ieN resulting from Stage 1, 2 and 3 in Gj . are defined as: 2} = g,iyﬂ —hi —
hi + %, Vi € N. That is, each player pays her bids, receives an equal share of the aggregate bids Hy,
and H, plus the payoff resulting from the bargaining procedure Gy, . Finally, since k and 7 are chosen
randomly from 24 and Qp(ny, the expected payoff of each player playing Mechanism (M) is given by
ZICEQA ZWGQH(N) Zlif,ﬂ

14| % [Qr(a]

Vie N, m; =

Proposition 6. Consider any zero-monotonic TU game v € G and a probability distribution « with
support A C {1,--- ,n}. Then, Mechanism (M) implements the a-EDS value in SPNE.
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Proof. The proof follows the steps of the proof in [3] closely adjusting for the order of the agents in the

take-it-or-leave-it step. Therefore we omit the proof. O

Remark 6. Note that, we have already mentioned that our proposed mechanism is an adaptation of
the mechanism of [3], however, the difference between the two mechanisms lies in the take-it-or-leave-it
part of stage 3 of the Mechanism (B) described in [3]. In the step 4 of stage 3 of Mechanism (B)
in [3], all the players in position higher than (and including) p + 1 leave with null payoff when the offer
proposed by player in position p + 1 is not accepted by consensus. In our mechanism it is the set of

players in position lower than (and including) p + 1.6

7 A generalized k-EDS value

In this section, we propose a class of values for G(N) that covers the class of k-EDS values and the
Egalitarian Shapley values due to [21]. So far, we have proposed the notion of reconciling marginalism
and egalitarianism on the basis of the size of a coalition by giving equal shares (i.e., according to the ED)
to each player belonging to the coalitions of size smaller than a fixed k£ and marginal shares from the
coalitions (i.e., according to the Shapley value) of size greater or equal to this k. Recall that the ED and
the Shapley value are particular cases of the a-Egalitarian Shapley value, where for a = 0, we have the
ED and for @ = 1, we have the Shapley value. Therefore, it is natural to ask whether we can introduce
two parameters a; and as (a1, as € [0,1]) on the basis of which each player receives her a;-Egalitarian
Shapley shares from the coalitions of size less than k and her as-Egalitarian Shapley shares from the
coalitions of size greater than or equal to k. In this section, we obtain a value that addresses this question.
Let a= (a1, as) € [0,1]? and k € {1,2,...,n}. We interpret the components a; and ay of the parameter
« as the level of solidarity shown to two distinct groups of coalitions which differ in their size. Following

Theorem 1, we define the generalized coalition-size dependent solidarity value as follows.

Definition 7. Given a= (a1,a2) € [0,1]> and k € {1,2,...,n}, The (k, a)-Generalized coalition-size
dependent solidarity (GCDS) value denoted by ®(k:®)=GCDPS . G(N) — R™ with respect to the parameters
k and « is given by

@Ek’a)_GCDS(U) — (I)?I_Sh(’l)<k) + @?Z_Sh(fuzk). (71)

(k,0)-GCDS .

The expression for ®; in Eq.(7.1) can be simplified as follows:

PP (y) = L@ ®FP(vay) + (1 - ) (vey) |
+{a20FP (v1) + (1 = a2) 05" (v2) } (7.2)
Remark 7. From Eq.(7.2), observe that

(a) For a; =1 and ap = 0, (I)z(,k"")‘GCDS _ k—EDS_

p(k-@)-GODS

(b) For a3 =0 and a2 = 1, = Sol”, the solidarity value due to [3].7

q)gk,a)-GCDS

(¢) For a; = ag = a (say), = &>~ 9" the standard Egalitarian Shapley value due to [21].

Next, we obtain a characterization of the (k,a)-GCDS value along the line of the characterizations
of the k-EDS value and the Egalitarian Shapley value due to [21]. Generalizing the o-E axiom due to

[21], we propose the (k, a)- Egalitarian axiom as follows.

SNote that, in our formulation, it is k + 1.
"This follows from the fact that Sol?(v) = ®*~EDS(y*) where v* is the dual game of v. It is easy to show that

®h(v) = R (v*), see [21] also. We use this result to obtain that Sol?(v) = & (v% ) = &P (v>y).
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Axiom 14. An efficient value ® : G(N) — R" is (k, a)- Egalitarian if ®;(v) = a4 U<’°n(N) + a2 g

n

each k-nullifying null player.

Following [21], we observe that an efficient and (k, a)- Egalitarian value gives the k-nullifying null player a
fixed fraction of o of the egalitarian share from the game vy plus a fixed fraction of as of the egalitarian
share from the game v>j. When efficiency is not required, this egalitarian share is called the per capita
income, see [21]. Thus, the (k, a)-Egalitarian value exhibits solidarity for the non-productive players in
a game.

Next, define the set W* = {w¥ € G(N)|S C N, S # (0} with respect to the parameters k and o where
for each () # S C N, the TU game w} is defined as follows:

W (T) = { ares(T) + (1 — ar)us(T) if s < k
s ages(T) 4+ (1 — az)ug(T) if s>k

It follows that W* = {w§ € G(N)|S C N, S # 0} is a basis for G(N) and therefore, every v € G(N) has

a unique representation of the form

k,a *
v = Z )\g )(v)ws (7.3)
S#0
where the coefficients )\(Sk’a) are given recursively by,

AP @)y = p(9) VSCN: s=1. (7.4)
AP = w(8) — (1—an) Y ATV () - (1 —az) Y ATV (), (7.5)

TCS TCS

t<k t3k

VSCN :s>1.

In the following, we give an illustration of the above formulations with an example.

Example 2. Let N = {1,2,3}. Let a= (a1, as) be given. Also let, kK = 2. Then using the definition of
w for each S C N, we obtain the matrix of the basis W* = {w§ € G(N)|S C N, S # 0} as follows.

ws(D)/T | wiy | why | s | Whay | Whay | W | Whes
(1} 1 0 0 0 0 0 0
(2} 0 1 0 0 0 0 0
(3} 0 0 1 0 0 0 0
{1,2} (1—ay) | (1—ay) 0 1 0 0 0
{1,3} (1—aq) 0 (1—aq) 0 1 0 0
(2,3} 0 (1-—ay) | (1—a) 0 0 1 0

{1,2,3} | (1—a1) | (1—a1) | QA—0a1) | l—a2) | 1—a2) | (1—a2) 1

Table 2: The Matrix Representation of the basis vectors w§ of Example 2.

It follows from Table 2 that the set W* = {w§ € G(N)|S C N, S # 0} is a basis for G(N), where
N = {1,2,3}. Every v € G(N) is expressible as a unique linear combination of these basis vectors as
given by Eq.(7.3). Thus we have, for all S C N,

0(8) = A5 (0)wiry (8) + A5 ()wisy () + AGT (0)wisy (9) + A5 (0)w]y 5 ()
AL S w5y (9) + A5 S (0)w]5,5)(S) + AT 55 (W)wi 5.5 (9)-
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Using the values of wg from Table 2 we obtain the following system of equations.

o) = AT ), v@) =257 @), vB) =25 ),
(1,2 = AT —a) + A5 @)1 —a) + 205 @)
o(1,3) = AGP )1 ) +AGT @)1 - ar) + 255 ()
v(2,3) = AGY )1 ) +AGT )1 - ar) + 255 ()
0(1,2,3) = AT @)1 —a) + A5 @)1 —a1) +AG (0)(1 — 1) + A

FAGS (1 = a2) + 255 (0)(1 = @) + A5, (v)

Il
<
=
g
>
N
£

—(1- aQ){v 1,2) — o(1)(1 — ay) — v(2)(1 — al)}
~(1 = az){v(1,3) = v()(1 — a1) —v(3)(1 — a1) |
—(1- ag){v(z 3) — v(2)(1 — a1) — v(3)(1 — 041)}.

These values are in accordance with the recursive formulae for )\(Sk’a) (v) given by Eq.(7.4) and Eq.(7.5).

The next theorem characterises the value @gk’a)'GCDS.
Theorem 3. The following statements are equivalent:
(1) ® satisfies Eff, Sym, Lin and is (k, a)-Egalitarian.

()
(2) @ is given by ®;(v) = Y g.;cq S

(3) P = @(k,a)—GCDS

S

(4) ®(v) = @M 5 (vey) + D22~ (vgp).

Proof. The proof proceeds exactly in the same way as for Theorem 1, and is therefore omitted. O

8 Conclusion

In this paper we provide a new value for TU games that exhibits the characteristics of the Equal Division

rule in small coalitions and the Shapley value in sufficiently large coalitions. Our model generates a

whole range of values that includes the Shapley value and the ED at its two extremes. We provide a

characterization of the proposed value and have developed a mechanism that implements our values in sub-

game perfect Nash equilibrium. We also generalize the k-EDS value by taking all possible expectations

over the threshold coalition size k. One interesting extension of this idea could be to explore games

with coalition structures where partition of the players based on who constitutes a family and who does

not.

Then we could consider ED within a family and marginalism outside.

Additionally, a further

straightforward generalisation of this value can be obtained by integrating several values instead of just

ED and the Shapley value for multiple threshold levels of k’s where k’s range from 1 to n. We leave these

questions for future research.
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