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Abstract

Progress in the field of computational materials science is largely driven by the methods
available for simulating materials and predicting their properties. For optical excitations
in particular, successful ab-initio formalisms exist but their computational implementation
often faces challenges in terms of performance and numerical efficiency. Overcoming these
barriers by proposing and developing alternative methods for the calculation of linear and
nonlinear optical properties is therefore the overarching objective of this thesis.

The state of the art for the description of linear optical excitations in extended systems
is given by the Bethe-Salpeter equation (BSE) framework, in which the number of k-points
required usually leads to computational limitations. We then propose an efficient double
grid approach to k-sampling, involving a coarse k-grid that drives the computational cost
and a fine k-grid that is responsible for approximately capturing excitonic effects while
requiring minimal extra computation. Our approach is compatible with Haydock’s iterative
solution of the BSE and produces satisfactory results for systems with spatially-delocalised,
loosely-bound excitons. The validity of the approximations involved and the limitations of
the approach are also discussed.

The nonlinear optical regime is typically addressed with non-perturbative methods based
on explicit time propagation, which makes them computationally costly. We tackle this
issue by proposing a reformulation of the so-called real-time approach [Phys. Rev. B 88,
235113, (2013)] based on Floquet theory, which leads to a self-consistent time-independent
eigenvalue problem. The method presented here applies to periodically-driven quantum

systems with weak electric fields and remains valid for extended systems as it uses the

i



dynamical Berry-phase polarisation.

The implementation of this Floquet scheme at the independent particle level reproduces
the results of the real-time approach for 2"¢ and 3™ order susceptibilities of a number
of bulk and two-dimensional materials, while reducing the associated computational cost
by one or two orders of magnitude. The inclusion of local fields and many-body effects
introduced instabilities in the Floquet self-consistent cycle that could not be yet mitigated,
leading to only a handful of converged results at the time-dependent Hartree level. These
divergencies are linked to high population inversions, according to insights gained following
the development of a Floquet analysis tool capable of extracting Floquet states from a
time-dependent solution produced by, e.g., the real-time approach.

After critically evaluating the contributions of this thesis to the field of computational
materials science, it was concluded that the methods proposed and developed here have the
potential to accelerate the ab-initio calculation of linear and nonlinear optical properties.
Avenues for future exploration on these topics are also identified in light of the findings

reported in this work.
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Chapter 1

Introduction

We introduce two overlapping research fields that provide the context for the present thesis.
First, we describe the optical phenomena to be studied in this work and present a short
account of their relevance for current and potential applications. Next, we assess our
ability to make quantitative ab-initio predictions of materials properties and discuss the
implications this has for computational materials science as a research area. We then focus
on currently available methods for the calculation of optical properties and the challenges
they face in terms of performance and numerical efficiency. These computational barriers
motivate the alternative formulations proposed and developed in this work, and help us
establish a number of key questions to be addressed throughout this thesis.

Quantum mechanics represents one of the great revolutions in twentieth-century physics [1],
and arguably, in all of science. More than a hundred years have passed since this radical
shift in our understanding of the world around us, yet it continues to puzzle even the bright-
est minds with counter-intuitive phenomena like entanglement and its deep philosophical
implications. This has warranted a characterisation of quantum mechanics as a strange
theory that became ubiquitous in science communication circles. While there may be an
element of truth in that depiction, an utilitarian (and somewhat contrasting) perspective
should have far greater prominence on the general perception of this theory, i.e., quantum
mechanics is a very powerful ‘engineering tool” we have at our disposal. There is a great
deal we do understand about quantum mechanics, which has enabled or assisted the devel-

opment of remarkable technologies such as computers, electronics and lasers. It is in this



context that the present thesis is conceived, as it relies on or relates to said technologies, and
it stands on the firm theoretical foundations of quantum mechanics. Moreover, it follows
a similar mindset of improving theoretical frameworks in pursue of further technological
developments.

The modelling and simulation of materials at the microscopic scale is often cited as
another technology derived from quantum mechanics |2] and the developments that followed,
e.g., the availability of computers. It implies the formulation of mathematical frameworks
for the quantitative prediction of certain properties, their computational implementation
and execution. This set of tasks form what is known as computational materials science, or
simply, computational materials. This field is at a momentous stage, establishing itself as
a central discipline within physics and reaching a growing variety of scientific areas as an
increasingly standard tool. At its core, the present thesis seeks to improve the capabilities
of this technology by means of devising and implementing alternative and more efficient
algorithms to overcome the limitations faced by currently available methods (See Section
. As an overarching solution to these challenges is unlikely, progress is rather made by
addressing these issues with a particular problem in mind [3]. In this thesis, the motivating
question is given by optical phenomena, a subject that combines considerable theoretical
and computational complexity with significant relevance in terms of current and prospective

technological applications (See Section .

1.1 Optical phenomena

Light is arguably the most useful probe we have of the physical reality around us. Whether
it is coming at the James Webb Space Telescope from a distant galaxy, or probing the inner
structure of matter, electromagnetic radiation always reveals something about the media it
propagates through. Naturally, this is only possible thanks to the interactions between light
and matter, which are collectively referred to as optical phenomena. A deep understanding

and control of light-matter interactions has huge potential for applications, not only using



light as a probe, i.e., designing ever more capable optical instruments, but also as a means
to achieve some goal, e.g., photovoltaic cells.

The present thesis will focus on optical phenomena between infrared to near-ultraviolet
radiation and the electrons in crystalline solids. In detriment of reflection and transmission,
we are interested in the propagation of light through a material, which can involve processes
such as optical absorption. This interaction implies the transfer of energy from the incoming
radiation to the electrons, thus promoting them from their ground state to a higher-energy
state in what we call an optical excitation. The latter is a central concept in this thesis,
which we intend to study from a theoretical standpoint. This will require a quantum-
mechanical description of the energy levels accessible to the electrons within a crystal (i.e.,
the electronic structure) as well as some account of the changes induced by the excitations.
Moreover, ab-initio formalisms will be used throughout the thesis, which implies dispensing
with any empirical parameters in favour of just the periodic table and the principles of
quantum mechanics. A critical assessment of existing theoretical frameworks (see Chapter
together with the development and implementation of new methods (see Chapters

constitutes much of this thesis.

1.1.1 Linear optics

The effects of an electric field, £, in a material can be understood in terms of the polari-
sation they induce, P, i.e., the dipole moment per unit volume resulting from the charge
displacements generated by the electric field. These processes are mathematically con-
fined to a so-called response function or susceptibility, x(£), a magnitude representing an
input-output relationship between £ and P. While this response function is, in general, a
function of the intensity of the electric field, neglecting this dependency is usually a very
good approximation,

P=x(€)€& — P=x¢, (1.1)



where the tensorial nature of these variables is ignored for simplicity, as well as their time
and space dependencies. Eq. embodies the physics of the linear regime, which captures
the predominant effects of optical excitations and successfully describes a wide variety of
optical phenomena, e.g., absorption.

The vast majority of optical phenomena that can be observed experimentally and ex-
ploited in practical applications can be well described within the linear regime. A deep
understanding of the processes involved in linear optics is therefore of utmost importance,
and the progress made so far has led to innumerable applications. We restrict this dis-
cussion to the field of optoelectronics since this thesis focuses on electronic excitations in
gapped materials, i.e., the applications for which this thesis could be relevant would prob-
ably fall within that area. Optoelectronic devices are nowadays ubiquitous, permeating
several aspects of our daily life. For instance, light-emitting diodes (LEDs) find numerous
applications in low-cost illumination (which warranted the 2014 Nobel Prize in physics |4]),
signals and digital displays, among others [5]. Together with optical fibres, they have rev-
olutionised telecommunications, playing a major role in the rise of information technology.
Optoelectronic devices also find applications in photovoltaic (solar) cells for sustainable
energy generation [6]. Photodetectors are also essential for optical instruments, enabling
a wide range of spectroscopies that allow us to further characterise materials. Moreover,
recent advances in optoelectronics relate to the role low-dimensional materials can play in

this area, in terms of new or tuneable physical effects and better device integration [7-9].

1.1.2 Nonlinear optics

The linearity proposed in Eq. can be seen as the leading term of an expansion in powers
of the electric field,

P=xW &+ x® 24+ x® &340, (1.2)

where x(™ is the nth-order susceptibility [10]. The fact that higher-order response functions

are several orders of magnitude smaller than y(!) explains why the linear regime is such a



good approximation and nonlinear effects can only be observed with high-intensity electric
fields. The latter became available only after the discovery of the laser (1960), which
provided a highly-coherent high-intensity monochromatic light beam. This allowed for the
observation of second optical harmonics (x(?) in crystalline quartz [11], in what constituted
the first nonlinear optics experiment of the laser era. This milestone marks the beginning
of a new chapter in the field of nonlinear optics, which has been flourishing ever since.

Nonlinear optics has developed into a vast and very rich subject, encompassing a wide
variety of optical phenomena and holding promise of potential applications in several areas
of photonics, e.g., all-optical switching [12,13]. An important distinction within this field is
determined by the intensity of the light beam required to observe a given nonlinear process,
resulting in the so-called ‘traditional’ and extreme nonlinear regimes. The transition to
the extreme regime occurs whenever the energy associated with said intensity becomes
comparable or surpasses the characteristic energy of the material under study [14], at which
point the power expansion in Eq. is no longer a good approximation. The extreme
regime requires field intensities beyond 1 x 102 Wem™2, which could only be achieved
several decades after the discovery of the laser. At variance, the seminal experiments
by Franken et al. [11] were conducted with intensities around 1 x 107 Wem ™2, which is
high enough to generate measurable optical harmonics without affecting the validity of Eq.
1.2l The use of these so-called ‘weak’ electric fields, i.e., weak in comparison with the
extreme nonlinear regime, limits the extent to which electrons are expected to populate
excited states, a concept we will revisit in Chapter [6] The present thesis will focus on this
‘traditional’” regime and refer to it simply as nonlinear optics.

Progress in this field has resulted in several applications, among which we can distinguish
nonlinear optical spectroscopies as an invaluable tool for investigating materials properties.
This is largely due to second harmonic generation (SHG) and its symmetry dependence,
i.e., it is a forbidden process in systems with inversion symmetry. For this reason, it
has been traditionally used on surfaces and interfaces [15-H17], and more recently for the

characterisation and imaging of two-dimensional flakes [18-21]. This nonlinear optical



phenomenon can also act as a highly sensitive probe of magnetic ordering in atomically-
thin materials [22-24] and multiferroics [25,26]. In particular, SHG presents itself as a useful
probe for two-dimensional antiferromagnets provided the phase transition breaks inversion
symmetry, thus filling a gap between traditional magnetometric techniques and magneto-
optical Kerr effect (MOKE) microscopies. While the former require large sample volumes,
the latter can detect two-dimensional magnetism only if the net magnetisation is non-zero,
which typically applies to ferromagnets [27]. Finally, due to the sensitivity to changes in
the electric polarisation, SHG can also probe the dynamics of excited systems, tracking,
for instance, the formation of excitons, exciton-phonon coupling and demagnetisation of

antiferromagnets [28,29].

1.2 Computational materials science

The field of computational materials has been growing fast over the past decades, primarily
due to the tremendous success of density functional theory [30] (DFT) and the ingenious
formulation of Kohn and Sham [31] (KS). Despite the fact that the underlying ideas of
DFT were present in the late 1920’s and were put on firm ground by 1964, the widespread
application of this framework only started in the 1990’s (which, in part, relates to the com-
putational resources available at the time). An almost exponential growth in the number of
DFT-related publications was registered since then, surpassing ten thousand yearly contri-
butions by the late 2000’s [32]. In terms of impact, a 2014 list of the most cited 100 papers
included twelve publications relating to DFT, two of which made it to the top 10 [33]. A
more recent scientometric study tracks citations of the 31 most used electronic structure
ab-initio packages based on DFT, also revealing an almost exponential growth of the yearly
number of publications citing said codes [34].

The other pillar of this rapid expansion is computational, i.e., the widespread availability
of high-performance computing (HPC) resources. Electronic structure methods benefited

from a steep and sustained increase in the computational power available to perform ab-



initio calculations, first growing according to Moore’s law [[] and, more recently, boosted by
the advent of GPU cards for highly intensive computing tasks. The rise to prominence of
ab-initio methods, particularly DFT, was also possible thanks to the development of a vast
number of commercial and freely-available codes implementing the KS scheme and other
approaches. The apparent threat this poses for the reproducibility of DF'T results has been
recently addressed in a community-wide effort [35]. Crucially, it was concluded that most
of the codes and methods used nowadays predict essentially identical results, putting past
and future research efforts on a firmer footing.

All this remarkable progress in electronic structure theory and computation has greatly
contributed to many areas of research, in particular, as DFT codes became standard tools in
disciplines well beyond the communities that developed them. Numerous properties are rou-
tinely calculated with relative ease and quick turnarounds, specially ground state properties
via DF'T, like atomic structures, elastic constants, magnetic orderings, etc. In essence, we
have a technology capable of computing several properties in quantitative agreement with
experiments, thus providing physical insights into various phenomena and complementing
experimental efforts. Crucially, the predictive power of ab-initio electronic structure meth-
ods has the potential to unlock the field of computational material exploration. This stems
from the fact that simulating materials can be more straightforward and cost-effective than
conducting the analogous experiments in the laboratory. Hence, one can use this technol-
ogy to perform a high-throughput screening of tens of thousands of materials in the quest
for a desired property, which has been facilitated since the advent of automation tools for
electronic structure calculations [36,37]. High-throughput studies can then contribute to a
more educated selection of materials for experimental trials, considerably reducing the cost
and time scales associated with materials discovery and functionalisation.

The rapid growth of computational materials science as a research field has been primar-
ily driven by DF'T, which has a very high ratio of predictive power to computational com-

plexity. However, its most widely used formulation turns it into a ground-state method [31],

"Whether the limits of Moore’s law have been nowadays reached or not is currently debated.



which has its obvious limitations, i.e., arguably more interesting physics comes from elec-
tronic excitations, like optical properties. Many-body perturbation theory (MBPT) offers a
suitable and very successful framework for tackling these problems, at the expense of being
much more computationally demanding than DFT [38-41]. Having benefited from a sus-
tained increase in the computational power available, MBPT methods came to represent a
growing contribution to the success story of electronic structure methods. Nonetheless, the
computational demands of MBPT methods are still their main shortcoming. Overcoming
these computational barriers can assist MBPT in following a similar trajectory as DFT in

terms of research impact and is therefore a key motivation in the present thesis.

1.2.1 Limitations and challenges

While MBPT presents an advantage respect to DFT regarding the physics it can success-
fully describe, it usually involves more cumbersome calculations [38-41]. DFT considers
one-particle equations for non-interacting electrons and approximates (non-local) electron-
electron interactions via a local mean-field scattering potential. At variance, MBPT theory
treats non-locality explicitly through the self-energy operator, which inevitably translates
into heavier computations. Another important factor determining the computational cost
of both frameworks lies in the need for convergence studies. This refers to the truncation
of parameters that should in principle be infinite, as required for any numerical imple-
mentation, and implies finding the minimum value of any such parameter that nonetheless
captures all the relevant physics. Examples of these parameters are the number of basis
states in a basis expansion or the density of sampling points in a numerical integral. In
comparison with DFT, MBPT requires more convergence studies and usually presents a
slower convergence, i.e., it requires larger values of the same parameters.

Among these parameters we can distinguish the so-called k-points. This relates to
the discrete sampling applied to a group of numerical integrals that play a crucial role

in periodic systems and will be discussed in Sections and 2.2 As a general obser-



vation on gapped materials, suffices to say that DFT presents a faster convergence with
respect to k-sampling than MBPT, i.e., it requires fewer k-points overall. Depending on
the system under study, this can render MBPT calculations prohibitively costly, particu-
larly when computing optical properties via the Bethe-Salpeter Equation (BSE). In fact,
more often than not, the BSE scheme runs into computational limitations while seeking
k-points convergence and, as a result, the calculation of optical spectra is not as straight-
forward or streamlined as that of DFT-based ground state properties. Overcoming these
computational challenges will boost our ability to calculate optical spectra effi-
ciently with currently available supercomputers, thus furthering the capabilities
of computational materials as a research field. This is therefore a key motivation of
the present thesis, which is addressed in Chapter [3]

The calculation of nonlinear optical properties represents another area of computational
materials science where successful theories exist but their implementation faces consider-
able barriers in terms of the computational resources required. Most successful approaches
for the calculation of nonlinear susceptibilities in extended systems, certainly beyond the
second order in Eq. involve explicit time evolution governed by a given Hamiltonian,
e.g., the so-called real-time approach [42]43]. This method allows for a relatively straight-
forward inclusion of excitonic effects within the MBPT framework, as it only entails adding
the corresponding self-energy operator to the Hamiltonian. Another crucial advantage of
the real-time approach lies on the capability of computing susceptibilities to many orders
simultaneously, since it is not perturbative in the electric field. However, these benefits
are sometimes overshadowed by the computational cost it entails, which is very high even
by MBPT standards. It is therefore a central incentive of the present thesis to
reduce this barrier and bring the simulation of nonlinear optical processes into
the mainstream of computational materials science. The use of Floquet theory (in-
troduced in Section holds promise in circumventing the elevated computational cost of
the real-time approach while retaining its main advantages, as will be explored in Chapters

4HO



1.3 Structure of this thesis

As we tried to convey in the previous sections, the overlap between the research fields of
optics and computational materials science results both in remarkable opportunities and
sizeable challenges. The former refer to the idea of accelerating the discovery of functional
materials for applications in optoelectronics and nonlinear optical devices. The latter are
represented by the computational limitations faced by currently available methods in the
calculation linear and nonlinear optical properties. The present thesis contributes to tack-
ling these shortcomings and aims at enhancing the capabilities of computational materials
science.

The reminder of the thesis will be structured as follows. Chapter [2] describes the theo-
retical background regarding the currently available frameworks for the calculation of linear
and nonlinear optical properties, leading to a discussion on their shortcomings and previous
attempts to overcome them. The basics of Floquet theory are also presented here. The
methods in Chapter [2| represent a benchmark upon which improvements will be proposed
and tested in subsequent chapters. Chapter [3|is devoted to linear optics and proposes an
efficient approach to k-sampling in the BSE scheme. We seek to investigate whether this
approximation can still capture excitonic effects correctly and evaluate the computational
gains achieved by this method.

Chapters focus on nonlinear optical properties. The key question to address here
relates to whether Floquet theory can be used to reformulate the time-dependent problem
of the real-time approach as a time-independent eigenproblem, and what conditions are
required of the Hamiltonian to achieve that. As equally important is to verify that the
above-mentioned advantages of the real-time approach are retained in the reformulated
eigenproblem. Moreover, it is also essential to quantify the speed-up attained by this Flo-
quet approach. We attempt this in two stages depending on the level of theory considered,
i.e., we reformulate the real-time approach at the independent-particle level in Chapter

and we defer the inclusion of excitonic effects to Chapter [f]
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Chapter [6] explores how the eigenstates of the Floquet eigenproblem can be obtained
from the solution of the real-time approach, and proposes a method to achieve that. This
attempts to reveal what kind of so-called Floquet states should be expected in each situa-
tion, and how they depend on the inclusion of excitonic effects.

Finally, Chapter [7] revisits the key questions set out here in light of the advances pre-
sented in Chapters thus providing the conclusions of this thesis alongside an outlook

to future endeavours.
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Chapter 2

Theoretical background

We review the current theoretical frameworks for the ab-initio description of linear and
nonlinear optical processes, starting with a discussion on Density Functional Theory as
the method of choice for ground-state calculations. We then consider the linear regime,
covering from the Independent Particle Approximation (IPA) to the inclusion of many-body
effects for the description of excitons via the Bethe-Salpeter equation (BSE). Next, we
review the tools available for predicting nonlinear optical properties with particular focus
in time-dependent approaches. We highlight the challenges and bottlenecks affecting the
efficiency of these methods as a motivation for our own implementations. In addition, we
set out the basics of Floquet theory and its application to periodically driven quantum
systems. E]

The present thesis is broadly concerned with ab-initio optical excitations of electrons in
solids. In particular, we focus on neutral excitations, i.e., electron-hole pairs, as those
involved in spectroscopic measurements of optical absorption or second harmonic generation
(SHG). This is intrinsically a time-dependent problem, as we perturb a system with an
external field, £(t), and analyse its response in real time. Indeed, this logic motivates one
of the frameworks used to describe these phenomena from a theoretical standpoint, i.e., the
so-called real-time approach. The latter implies solving the time evolution of the system

with the perturbing field in order to access its dynamical properties. Among these, one can

IChapter [2] includes content that first appeared in two published articles reporting work carried out as
part of this PhD, with some emendations and changes of phrase to better elaborate the work. In particular,
the last subsections of Section [2.2.2) were adapted from Alliati, Sangalli & Griining, Frontiers in Chemistry,
9, 763946 (2022), and Section first appeared in Alliati & Griining, Electronic Structure, 5, 017001
(2023).
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obtain the dynamical polarisation, P(t), induced by the external field, which is a central
quantity in the study of light-matter interaction. This polarisation is usually expanded
in powers of the electric field (see Eq. , thus defining n-th order response functions
or susceptibilities, x(™. Ultimately, these functions relate to the observables measured in
the experiments we intend to reproduce and can be easily obtained once the dynamical
polarisation is known as a function of time.

An alternative framework for describing optical excitations implies finding individual
expressions for the various susceptibilities based on transition probabilities between occu-
pied and unoccupied states, e.g., calculating correlation functions via response theory. This
can be achieved considering partial derivatives respect to the external field or the induced
charge density (rather than time derivatives), which results in a time-independent formal-
ism. The choice between the real-time or perturbative approaches usually depends on the
regime of optical excitation under consideration. The perturbative approach is preferred in
the linear regime, i.e., calculating y" to obtain absorption spectra, and will be described
in Section . With the exception of some perturbative expressions available for x|
nonlinear optical excitations in solids are normally addressed with real-time approaches, as
explained in Section[2.3] In any case, either as the unperturbed system or as a starting point
for the time-dependent problem, an ab-initio description of the electronic ground state is
required (see Section [2.1]). Finally, Section presents Floquet theory as an alternative
for reformulating the time-dependent formalism into a time-independent non-perturbative

eigenproblem, provided time periodicity is present in the system.

2.1 Ground state electronic structure

In the atomic scale, matter can be represented as a collection of atomic nuclei and their
corresponding electrons interacting with one another and among themselves via Coulomb
forces. Adding the kinetic energy of each particle to these electrostatic contributions, one

can obtain the Hamiltonian operator for a system of P nuclei and N electrons,
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(2.1)
2NN ) P N

+ = e
éﬁm—m ZZ!R

where m, e and r; are the mass, charge and position of the electrons while M;, Z; and
R represent the nuclear mass, charge and coordinates. In principle, all the information
included in Eq. is known and one should be able to find the energy eigenstates of this
Hamiltonian, U(Rq, Rs..Rp, 1y, re...ry). The latter would provide the ground state many-
body wavefunction and a general solution to the time-dependent Schrodinger equation,
U(R4,Ry..Rp,ry,ra...ry, t), from which any property of the system can be derived. In
practice, this is impossible to solve with the exception of very few simple systems. The
main issue with this Hamiltonian is the two-body nature of the Coulomb interaction, which
makes the Schréodinger equation non separable. Mathematically, it means that the 3(P+N)
degrees of freedom in the equation are coupled. Physically, that the position of, e.g., one
electron depends on that of the nuclei and all the remaining electrons.

For almost every system of interest, solving the Schrodinger equation will require us to
decouple some of these degrees of freedom, turning the solution into an inevitably approx-
imated one. Two of such approximations, on which most electronic structure methods are
based, separate the nuclear degrees of freedom from one another (classical nuclei approxima-
tion) and from the electronic ones (Born-Oppenheimer approximation [44] E| ). The former
approximation amounts to neglecting exchange and correlation effects among the nuclei,
as well as considering each nucleus as an individual and well-localised wave packet. The
Born-Oppenheimer approximation is inspired in the classical picture of electrons moving
much faster than the nuclei owing to their mass difference. It is more accurate to describe

it as a separation in energy and time scales of the electronic excitations form the nu-

2While some of the sources cited in Section are in German, the corresponding topics have been
covered in numerous solid state physics and electronic structure textbooks, e.g., [45H47].
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clear ones (phonons), which results in ignoring non-radiative transitions between electronic
states. This allows us to factor the wavefunction into a nuclear and an electronic part, i.e.,
U = O(Ry,Ry...Rp,t)P(ry, ra...rx), where the nuclear wavefunction, O, is also a product
of individual wave packets. The electronic wavefunction, ®, depends only parametrically

on the nuclear coordinates and is an (adiabatic) eigenstate,

A

7‘[6q)i(r17r2...r]\[) = Eiq)i(rl,rg...rN) (22)

of the so called electronic Hamiltonian,

N k2 2
HE:_Z_V ZZ|r 1 ZZ’RI_I'2| (2.3)

I=1 i=1 j#i I=1 =1

of a given nuclear configuration, {R;}.

These approximations have turned the original problem into a much simpler but still
unsolvable one, i.e., finding the eigenfunctions of the electronic Hamiltonian. This is re-
ferred to as the electronic problem and consists of N interacting electrons in the external
Coulomb field generated by the nuclei. The main obstacle in its solution is that this time
independent electronic Schrodinger equation is, again, non separable. Hence, its solution
depends, in principle, on the 3N electronic coordinates. Unsurprisingly, the origin of this
problem is the same as before, namely, the two-body nature of the Coulombic interactions
between electrons. However, in the case of electrons, correlation effects are very impor-
tant and cannot be safely ignored as in the case of nuclei (where a product of individual
wavepackets gives a good approximation to the nuclear wavefunction). Indeed, electron
correlation is the essence of the electronic problem, to which much of this thesis will be
devoted.

Mathematically, electron correlation means that the electronic wavefunction cannot be
written as a product of non-interacting one electron wavefunctions. Nevertheless, solving

the electronic problem via DFT will involve doing exactly that, but only as a reference
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system within a framework where correlation is nonetheless accounted for and, more im-

portantly, the wavefunction is no longer the fundamental variable.

2.1.1 Density Functional Theory

The density as a fundamental quantity

The idea that the electronic density could be as fundamental as the wavefunction in the
many-body problem was first intuitive [48-50]. In what is known as Thomas-Fermi-Dirac
(TFD) theory, an inhomogeneous electron gas was considered as locally homogeneous and
its energy was written as a functional of the electronic density. The obvious advantage of
this framework is that the density depends only on the three spatial coordinates, while the
electronic wavefunction has 3N degrees of freedom. This ideas of the late 1920’s formed the
basis for the later development of Density Functional Theory (1964), where these statements
were proven and formalised by Hohenberg and Kohn [30].

The first Hohenberg and Kohn (HK) theorem indicates that the external potential is, to
within a constant, a unique functional of the electron density [30]. The implications of this
statement arise from the fact that, by defining the external potential, the electronic Hamil-
tonian is completely specified and so are the many-body energy eigenstates ®(ry, ra...rx).
As a result, the many-body ground state (and evidently the ground state energy) must be
a unique functional of the electron density. This means that there must exist a one-to-one
mapping between the ground state wavefunction of a system and its ground state electron
density. The latter is as fundamental as the wavefunction and both carry the same in-
formation. The second HK theorem, known as the variational principle, proves that the
energy functional assumes its minimum value for the correct electron density. This means
that obtaining the ground state energy and density of any external potential amounts to
minimising the energy functional of the electronic density, a function of the three spatial
variables. The complexities of the many-body problem are then confined to determining

the form of this energy functional.
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The HK theorems tell us that the energy functional exists, but not what it looks like.
In general, the energy functional, E[p], should have kinetic, electrostatic and exchange-

correlation terms,

Elp] = Tlp] + Ueat[p] + Ueelp] + Ec[p] + Ex|p] (2.4)

The electron-nuclei interaction, U..[p], does not pose any problems at this stage. The
electron-electron interaction is formulated as that of a system of non-interacting electrons
(Hartree term), U [p], plus the exchange and correlation contributions, Ex[p] and Ec[p].
For the latter two terms, reasonably good approximations exist and will be discussed below.
We shall now focus on the kinetic energy term, T|[p], for which the TFD expression (local in

density) poses severe limitations. The most widely used approach to this issue was proposed

by Kohn and Sham (1965) [31].

Kohn-Sham equations

As very often happens in many-body problems, the first approximation to a system of
interacting particles is one where they do not interact at all. In this case, the electronic
wavefunction would be given by a Slater determinant of many one-electron wavefunctions.
As stated above, this decoupling is not correct because electron correlation plays a very
important role in the physics being described. Nevertheless, Kohn and Sham (KS) managed
to find a non-interacting reference system that has some physical significance for the prob-
lem at hand. They defined an auxiliary, non-interacting system that nonetheless produces
the correct electron density, i.e., that of the interacting system. Therefore, the scheme of

KS results in the eigenproblem,

H*S¢iS(r) = EF¢[S(x), (2.5)
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where ¢X5(r) and EXS represent the eigenstates and eigenvalues of the so-called KS Hamil-

tonian,

~

N
S G
H™ = 2mvi + vks(r), (2.6)
i=1

a one-particle operator that depends on three spatial variables. One can then obtain the

electron density of the interacting system wvia the KS wavefunctions,

p(r) = Zﬁ\(bfs(r)ﬁ (2.7)

where f; is the occupation factor of state i. The resulting density is then used in the energy
functional, E[p] (Eq. 2.4).

The re-introduction of some wavefunctions in an otherwise wavefunctionless theory is
particularly appealing when it comes to finding the expectation value of the kinetic energy

operator. One can then calculate the kinetic energy of the reference system exactly,

hQ - KS|72| 4KS
To =~ 2 SO IVIO), (28)

and carry over the difference with respect to the true kinetic energy, i.e., the kinetic cor-
relation energy, to the correlation functional. Computing the kinetic energy wvia Eq. [2.8
supposed a great improvement with respect to the density functionals derived from TFD
theory. Important shortcomings of the latter such as the prediction of infinite densities
around atomic nuclei and the lack of quantum density fluctuations in accordance to the
atomic shell structure are avoided by Eq. [31].

All that is left is to formulate a reference potential, vkg, such that the energy eigenstates
of the KS Hamiltonian produce the same electron density as the true many-body system.
Applying the variational principle to both the reference and the interacting systems, and

equating the resulting chemical potentials leads to,

Uks(T) = Veat(r) + /

|rp(_r’1)‘/| dr’ + vxc[p](r), (2.9)
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where vxc[p](r) = %ﬁw is the exchange-correlation potential and the integral term

represents the Hartree potential. We observe that the reference potential, vks, depends on
the electron density, thus imposing the requirement for a self-consistent solution of the KS

equations.

Exchange-correlation functional

As mentioned before, electron-electron interaction is the main obstacle in the quantum
many-body problem, which includes complex physical effects as exchange and correlation.
An appropriate description of these effects is of utmost importance for the success of any
ab-initio framework and, within DF'T, it is attempted via approximated functionals of the
electronic density.

A suitable starting point is the local density approximation (LDA), which was employed
in the seminal papers by Hohenberg, Kohn and Sham [30,31]. It considers an inhomoge-
neous electron gas as locally homogeneous, therefore using available functionals for the
homogeneous electron gas. While this approach has been successful in describing many
solids over the years (e.g., Perdew-Zunger [51]), it also shows some limitations, particularly
around inhomogeneities of the charge density like those found in low-dimensional systems.

The obvious improvement over LDA consists on expanding the functional in terms of the
gradient of the density, which somehow introduces non-locality. This is the main idea behind
the so-called generalised gradient approximations (GGA), of which many formulations have
been proposed (e.g., PW91 [52] or PBE [53]). GGA functionals provided an improvement
over LDA in many respects and have been extensively used in electronic structure methods.
There is a wide variety of more advanced functionals one could choose from, like meta-GGA,
hybrid functionals incorporating Fock exact exchange, functionals including Van der Waals
interactions or those adding a Hubbard ‘U’ on-site interaction term (see, e.g., [46,147]).
Nevertheless, we consider LDA and GGA to be reasonably good approximations for the
purposes of this thesis. This is because DFT will only be used as a starting point, while

electron-electron correlation will be accounted for via the many-body perturbation theory
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framework (see Section [2.2]). Moreover, this thesis is generally concerned with validating
methods against each other, rather than making quantitative predictions in agreement with

experiments.

Bloch’s theorem and plane waves

There is an important aspect related to the form that the one-electron wavefunctions take in
a periodic potential, which is particularly relevant for DFT calculations on solids and other
systems with periodic boundary conditions. According to Bloch’s theorem [54], the eigen-
states of any operator with translational invariance, such as a single-particle Hamiltonian

with a periodic potential, will be of the formE]

o(r) = e p(r), (2.10)

i.e., the product of a pure phase, where k is a vector in reciprocal space, and a periodic
function, u(r), with the periodicity of the lattice. While any wavevector k should be
allowed in principle, it can be proven that only those in the first Brillouin zone (BZ) lead
to distinct wavefunctions. As this is still an infinite number of vectors, one has to sample
the BZ discretely with a grid of k-points. The latter must be carefully selected so that
results are roughly insensitive to the inclusion of additional k-points. This is referred to as
achieving convergence with respect to k-points or the sampling of the BZ.

Another key element in solving electronic structure methods involves representing the
one-electron wavefunctions in a way that facilitates their computational implementation.
The energy eigenstates are then expanded in a basis set and the problem is now to find the
coefficients of such expansion. The choice of basis sets will depend on characteristics of the
system under study, seeking to make the problem more amenable. Wavefunctions of elec-
trons in extended systems with periodic boundary conditions are usually expanded in plane

waves [46,47]. This would be equivalent to replacing the periodic part of the wavefunction,

3An analogous statement in one dimension had been proven earlier by Floquet in an analysis of differ-
ential equations with constant or periodic coeflicients (see Section .
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p(r), by its Fourier series. Importantly, these basis functions do not depend on energy, so
the Schrodinger equation becomes a linear eigenvalue problem [46]. In addition, the ki-
netic energy operator is a diagonal matrix in this representation, which is computationally
convenient.

Although the Fourier series of the one-electron wavefunctions is infinite, they must be
truncated to a finite number of terms for any computational implementation. This imposes
a maximum wavevector G,.., or an energy cutoff, which also determines the the minimum
distance in real space that can be resolved. The number of functions in the basis set must
be carefully selected through convergence studies and, in this regard, plane-waves offer a

systematic way of doing so by simply increasing the energy cutoff [46].

Practical aspects

There are numerous practical aspects that must be considered when solving the KS equa-
tions and it is not possible to cover them all here, so we will briefly mention some of them.
The first one concerns the widely used pseudopotential approach (see, e.g., [55-57]), in
which only the valence electrons are treated explicitly. Conversely, the core electrons form
an effective core with the nucleus, thus screening the nuclear potential. Some numerical
aspects include the use of density-mixing schemes to prevent charge sloshing and facilitate
convergence of the self-consistent loop (see, e.g., [58]), or the inclusion of smearing in the
occupations to deal with integrals across the BZ (see, e.g., [59]). Much attention is also
devoted to the choice of minimisation algorithms to avoid full diagonalisation of the KS
Hamiltonian (see, e.g., [60]). Finally, it is worth mentioning that the DFT formalism can
be extended to consider spin polarisation in the so-called local spin density approximation
(LSDA - see, e.g., [46]). Non-collinear calculations can also be performed via the spinorial
formulation of DF'T, which also takes into account the orientation of the spins in the lattice

and allows for the inclusion of spin-orbit coupling.
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2.2 Optical excitations in the linear regime

Let us start by discussing three approximations used throughout this thesis for the calcula-
tion of optical spectra, which are also widely adopted in the literature. First, we consider a
semi-classical approach to the problem, where the electrons are described quantum mechan-
ically while the electric field is treated classically, i.e., not quantised. Second, we assume
that the electric field is spatially constant within a unit cell and invoke the dipole approxi-
mation [61], which is reasonable considering the photon energy range explored in this work
in comparison with the atomic lengths involved. This approximation enables a gauge trans-
formation such that the effect of the electric field on the electrons can be expressed solely
by a scalar potential (i.e., the vector potential is zero within this framework) [61]. This
scalar potential is of the form —er&(t), where the electric field £ is constant in space. We
therefore work within the so-called length gauge (or density-density approach), which is less
susceptible to numerical issues and instabilities than the velocity gauge (or current-current
approach) [62].

Finally, we use the fixed-nuclei approximation, thus ruling out any non-radiative elec-
tronic transition assisted by lattice vibrations (phonons). This eliminates an important
energy dissipation mechanism of electronic excitations, which has to be accounted for phe-
nomenologically instead. In practice, a phenomenological dissipation term is included when
calculating response functions, thus providing broadening to the spectra. This term can
take various forms depending on the formalism it is applied to, as will be pointed out
throughout this thesis. We note these three approximations, as well as the use of the

length gauge, will also apply to our study of the nonlinear regime (see Section .

2.2.1 Response functions via perturbative methods

As anticipated, the calculation of optical properties in the linear regime is usually carried
out wvia perturbative methods, i.e., formulating expressions for x() based on the charge

density induced by an external potential. While real-time approaches can certainly be used
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to obtain this first-order response function, perturbative methods are much preferred in
the linear regime, as they are simpler and more efficient. The derivation of these pertur-
bative expressions has been predominantly conducted via two contrasting frameworks [38],
i.e., many-body perturbation theory (MBPT) and time-dependent density functional the-
ory (TD-DFT). The latter has been successfully applied to finite systems [63] and benefits
computationally from a mean-field treatment of the electron-electron interaction. However,
the use of approximated functionals in this framework, usually lacking spatial non-locality,
makes it difficult to properly account for excitonic effects [38]. This imposes severe limita-
tions on its ability to describe absorption spectra in semiconductors and insulators, where
excitons play a crucial role (see e.g., [64-66]). Therefore, this thesis will not address TD-
DFT specifically, only referring to it for comparison or completeness whenever appropriate.
We will focus on MBPT instead, which offers a well established framework for the descrip-
tion of excitons in solids via a non-local, energy dependent, multivariable object, i.e., the
self-energy [38139,/67]. This inevitably leads to a more cumbersome formalism, as it in-
volves four-point quantities such as the BSE kernel or the two-particle Green’s function.
As a result, MBPT entails higher numerical complexity than TD-DFT, which can be ex-
pressed in terms of a two-point kernel based on a local exchange-correlation potential [38].
Indeed, overcoming these computational limitations of MBPT by proposing methods with

improved numerical efficiency is a key motivation in this thesis (see Chapter [3)).

Screening

Much of the complexity of dealing with electronic excitations in solids can be ascribed to
the idea of screening. The latter will be intuitively introduced with an example involving
two electrons at positions ry and re (they are considered static for simplicity). In a vacuum,
those electrons interact via a Coulomb potential ve,(ry, ra) = \rTlrll Inside a material, one
must also consider the impact of these electrons on the system as a whole, comprising many
other electrons and charged particles. In particular, the presence of an electron at position

r; will induce rearrangements of electrons leading to a charge density difference everywhere
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else in space, dp(rs), that will then act on the electron at position rs,

WCo(rl,rg) = Uco(l“1,r2) + /dr3 UCo(r17r3> 5P(r3>a (2-11)

where the sum of both contributions is the screened Coulomb interaction, Wg,. In the
linear regime, one can assume this so-called polarisation density is linear with respect to

the perturbation that created it,

op(rs) = / dry Xpp(r3, Ta) voo(Ts, T2), (2.12)

where x,,, is the density-density linear response function. We can then formulate the

screened Coulomb interaction as,

Weo(ry,re) = /dr5 g1 (r1,T5) voo(rs, Ta), (2.13)

where the static inverse dielectric function was introduced,

e M (r,r5) = 0(ry —1r5) + /dr3 Vco(T1,T3) Xpp(Ts, T5). (2.14)

As a result, the Coulomb repulsion between the two electrons is, in general, greatly reduced
by the presence of the material. This simple example misses a crucial aspect of the di-
electric function, i.e., its time/energy dependence, as the electrons were considered static.
Nevertheless, it provides an intuitive picture of the physics involved in charged excitations
like those occurring in photoemission spectroscopy experiments. One could also consider
a similar situation between an electron-hole pair created in the material by an incoming
photon, resulting in a screened Coulomb attraction between these particles. This sort of
neutral excitations dominate the physics involved in absorption spectroscopies. In these
experiments, it is also useful to think of an external potential applied to a material, Vi,

and the resulting total potential inside the material, Vio; = € V. , which includes a po-
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tential induced by the rearrangement of electrons. This picture will help us formalise the

dielectric function.

Linear response theory

We introduce this topic following the discussions in Refs. [39] and [68]. We start by
considering a system taken out of equilibrium by a time-dependent perturbation, e.g.,
a potential Vi (r,t) switched on at ty3. This potential will couple to the density op-
erator adding a perturbing contribution to the Hamiltonian of the system, i.e., H (t) =
HO + [ dry p(rs) Vexs(ra, t). We now evaluate how a given observable evolves in time under
this Hamiltonian by taking the expectation value of the associated operator in the Heisen-
berg picture. In light of the previous discussion on screening effects, we are interested in

the density operator,

(prr(r1,t1)) = (Uk(t1,0)p(r1)Us(t1, %)), (2.15)

with the time-evolution operators defined in the Schrodinger picture as,

Us(ty, to) = e fio #H+[ dra plr2) Vexs(rasta), (2.16)

This exponential can be expanded as a power series in Vi,

t1 o t1
US(tlytO) ~ e—ifto dtoH (1 — Z/ dtg/dl‘g ,6(1‘2) ‘/;Xt(rQ,tQ) + O(Vg{t)) . (217)
to

The leading term of this expansion would recover the equilibrium density, (px(r1,¢;))°, in
Eq. (the superscript indicates that the expectation value does not include the effect
of the perturbation V). Since we are interested in the linear response of the system, we
only consider terms up to first order in Viy and replace this expansion in Egs. [2.15] and

In this process, a dynamical retarded correlation function between the two instances
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of the density operator is formed,
_Z.CpR;(rla tla Iy, t?) = _Z@(tl - t2)<[,5H(r17 t1)7 ﬁH(r27 t2)]—> = Xélp) (r17 tla Iy, t2)7 (218)

where © is the Heaviside function. Defining the first order density-density response function,
Xf;lp), as in Eq. , we arrive at the change in the electron density to first order in the

external perturbation,

Sp(ri,t1) = (pr(r, 1)) — (Pr(r, 1))’ = /dtzdrz X(l)(rlatl,r2,t2) Vext(r2,t2), (2.19)

where we eliminated the pp subscript as we only work with density-density response func-
tions in this thesis. Moreover, in the MBPT literature, this response function is referred to
as the reducible polarisability, x**¢. We will use this nomenclature for the rest of Section
(we eliminate the superscript indicating first order as it should be clear from context).

We now calculate the total potential inside the material as the sum of the external and
induced potentials. We suppose the latter is created by the induced density of Eq.

through the Coulomb interaction,

Wiot (r1,11) = Vet (11, 81) + /dt3dr3 Vco(T1, 1,13, t3)0p(rs, t3)

= Vext(r1,11) —|—/dt3dr3/dt2dr2 Veo(T1, 1, T3, 13) X 4T3, t3, Ta, 1) Vit (T2, t2).

(2.20)
We then re-write Eq. as,
Vit (r1, 1) = /dtzdl'z e (r1, 1, 11 — t2) Vet (T2, 1), (2.21)
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with the inverse dielectric function defined as,

e (ry, Tty — 1) = 8(ry — 11)d(t; — to) + /dl‘3 Veo(T1, I“S)Xred(l"?n ro,t3 — ta)0(ts — t1).
(2.22)

We can write this magnitude in frequency space as,

e (r,ro;w) = 6(ry — 1) + /dr3 Voo (r1, T3) X (13, To; W), (2.23)

thus making its energy dependence explicit. In addition, if the system presents translational

invariance, we can express the inverse dielectric function in G-space,

red

séTG,(q, w) = da.a + vco(q + G)x¢'e(a,w), (2.24)
where q represents the transferred momentum.

Micro-macro connection

In order to transition from the microscopic quantities obtained via linear response to macro-
scopic properties that one can associate with experiments, the former should be averaged
over the spatial variables. To this end, the macroscopic dielectric function is defined as the

reciprocal of the long-wavelength part of the inverse dielectric function [69,70],

em(q,w) = — . (2.25)

In particular, the imaginary part of the macroscopic dielectric function in the limit q — 0
represents optical absorption, since the momentum of the incoming photon in the energy
range studied in absorption spectroscopies is negligible.

It is insightful to formulate an expression analogous to Eq. but for the dielectric
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function instead of its inverse,
g(ry,ro;w) =6(rg —1ry) — /dr3 Voo (1, T3) X" (13, To; W). (2.26)

Eq. contains the so-called irreducible polarisability, ", which is related to x"*? via a

Dyson-like equation,

X" ry, rosw) = X (1, To; W) +/dr3/dr4 X (11, Ty w)vee (T, T3) X (T3, Tos W), (2.27)

Then, if " was available in some approximation (see Section , one should perform
a matrix inversion to solve Eq. for x"*¢ before obtaining ey; from Egs. and .
Alternatively, one could think of simply evaluating Eq. and taking the head of the
dielectric matrix in reciprocal space, £90(q,w), in order to obtain ey without any matrix
inversion. However, this procedure would not be correct in general since the averaging

l'and not . In order to understand this, we can apply

procedure has to be done over £~
spatial averages on both sides of Vs = e 'V, and realise that V. could be taken out of
the average as it is a slowly varying potential. The same argument would not be true on
Vixt = €Viot, since Vi presents fluctuations in the inter-atomic scale, and we could only
obtain an average of the product €Viy. In fact, it is precisely these microscopic variations
of Vi,; that we are concerned with in this section, the so-called local field effects. More
formally, the fact that all matrix elements of eg g contribute to the head of the inverse
dielectric function, £, o, through a matrix inversion reflects the local field effects and stems
from the inhomogeneities of the system. In an homogeneous system, all quantities would
depend on the distance |r; — rp| rather than explicitly on r; and ry. This would result in
the dielectric function being a diagonal matrix reciprocal space, in which case Eq.
would reduce to simply en(q, w) = eg=o.g'=0(q,w), i.e., only a single matrix element would

need to be computed.

Given the computational incentives of potentially avoiding a matrix inversion in GG-space
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or requiring only one matrix element, it would be useful to find an expression for ey with
the mathematical structure of the homogeneous case. This can be achieved by defining an
interacting polarisability [3§],

X=xX"+ X"V X, (2.28)

where the integrals of Eq. are implied. In Eq. 2.28] a modified Coulomb potential, v,
was defined as being equal to the regular Coulomb potential, vc,, except for the long-range
component (q + G = 0), which is set to zero. With these definitions, the macroscopic

dielectric function can be calculated as,

em(q,w) = 1 — veog=o(q) YG:O,G’zo(qa w) (2.29)

which will be useful in solving the Bethe-Salpeter equation (See Section [2.2.2]).

2.2.2 Many-body perturbation theory

We now turn to MBPT ﬂ in order to find suitable approximations for the calculation of the
response functions introduced in Section [2.2.1] This vast formalism has been discussed at
length in several reviews [38,/40,41,/67] and textbooks [39,68,71]. In this section, we only
present a brief account of some aspects of MBPT based on their relevance for the present
thesis.

A central quantity in this framework is given by the propagators, which are defined as
the probability amplitude of finding an electron at ry and ¢, having created an electron at ry
and t; (this would represent a one-particle propagator). If an independent particle Hamil-
tonian is considered, it can be proven that the independent-particle retarded propagator is

the Green’s function (i.e., mathematically, the resolvent) of the corresponding Schrédinger

4Much of this thesis revolves around the comparison between perturbative and non-perturbative ap-
proaches for the calculation of optical properties. In this context, the term ‘perturbative’ refers to the
external electric field applied in spectroscopic measurements, and this is how it should be interpreted
within this thesis. As an exception, we clarify that what is treated perturbatively in the MBPT framework
is the electron-electron interaction.
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equation,

[i@t2 — ﬁo(rg)] Go(rl, tl, Iy, tz) = i§(r1 — 1'2)(5(751 — t2) (230)

For this reason, these propagators are normally referred to as Green’s functions in electronic
structure theory, be it at the independent particle level or beyond. These Green’s functions
carry important information about a given system of interacting electrons, e.g., charge
density, electron addition or removal energies, etc, and are a much simpler object to work
with compared to any approximation to a many-body wavefunction.

In trying to obtain an expression for a one-particle propagator, one usually resorts to
its equation of motion (EOM). However, it can be shown that said equation will contain a
two-particle Green’s function. If one tries to find the latter writing its EOM, four-particle
Green’s functions will appear in the expressions. With the exception of some particular
cases, this usually goes on indefinitely, i.e., the EOMs for the Green’s functions do not
close. This is normally referred to as a hierarchy of Green’s functions. An approach to deal
with this issue implies forcing the EOM of the one-particle Green’s function to close by
expressing the two-particle Green’s function as a functional derivative of the former respect
to an external perturbation. As a result, the self-energy operator is introduced, i.e., a non-
local frequency-dependent one-particle operator that holds information of all higher-order
Green’s functions. This technique eventually leads to a closed set of five coupled integral

equations known as the Hedin equations [72],

G(1,2) = G°(1,2) + G°(1,3)2(3,4)G (4, 2), (2.31)
I'(1,2,3) = §(1,2)0(1,3) + %ﬁf’;) G(4,6)G(7,5)[(6,7,3), (2.32)
Y(1,2) = —iG(1,3)G(4,1)T'(4, 3,2), (2.33)

WCo(lv 2) = UCo(L 2) + UCO(L 3)Xirr(g7 ZL)WCO(ZL 2)7 (2‘34)
See(1,2) = iG(1, 8)Weo(17,3)1(4, 2, 3), (2.35)
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where the bar over a numeric coordinate denotes integration. Eq. is the Dyson equa-
tion for the interacting one-particle propagator. The kernel of this equation is the above-
mentioned self-energy, which can be seen as a dynamical non-local exchange-correlation
potential acting on an excited electron or hole. Eq. provides an expression for the
vertex function, which represents the interaction between an electron and a hole. Indeed,
in Eq. for the polarisability, the vertex function modulates a product of said propaga-
tors which, on its own, would represent a non-interacting electron-hole pair (each Green’s
function in Eq. represents a particle or a hole, depending on the time indexes). In
Eq. 2:34] an expression for the screened Coulomb potential is given along the lines of the
results found in Eqs. [2.13 and .14 Finally, the self-energy can be calculated with Eq.

2.35] as a function of already known quantities and fed into Eq. to continue cycling
through this set of equations.

The Hedin equations constitute a central result of MBPT that allows one to calculate
the one-particle propagator of an interacting system including dynamical screening effects
via the self-energy. The self-consistent solution of this set of equations is a formidable task
and rarely pursued, not least because it has to be done analytically, rather than numerically.
Nonetheless, part of the success behind the Hedin equations lies on including all the relevant
physical effects explicitly in such way that even the strongest approximation, i.e., no self-
consistency at all, leads to useful results (e.g., electron energy loss spectra at the RPA level

or quasi-particle energies via the GoW, scheme).

Random-phase approximation

In the context of MBPT, the random-phase approximation (RPA) implies calculating the
inverse screening matrix, 6&%) A, With less than one cycle through Hedin’s equations. We start
by taking some approximation for the one-particle propagator, G°. In this thesis, we will

use the DFT ground state to formulate a non-interacting one-particle propagator, as it is
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often the case elsewhere in the literature. We achieve so using the Lehmann representation,

Z o; 1) & (1‘2)

G I'1 o, W
Y EKS—l—zl/

(2.36)

where v, is a real infinitesimal that takes a negative or positive value for occupied or
unoccupied states, respectively. This means that the non-interacting propagator, G°, can
be readily calculated once the KS energies and wavefunctions are known, following the
solution of the KS eigenproblem (see Eq. . Next, we enter Hedin’s scheme in Eq.
with G° and assuming Y. = 0, thus obtaining G ~ G. This also results in neglecting the

vertex corrections, i.e., [ =1 after evaluating Eq. [2.32l Then, Eq. [2.33]is simplified to,
X"(1,2) = —iG"(1,2)G°(2", 1). (2.37)

Using Eq. in Eq. [2.37] we obtain

KS* KS KS* KS
Xirr(rb I'Q,UJ) _ Z (fj B fl) ¢j (I:)_QSEEE:'Sl)_CbéKS()rj—) fjj (rZ)’

i?j

(2.38)

where f; represent occupation factors and v is a positive real infinitesimal. With this
irreducible polarisability, one can solve the Dyson-like Eq. for x"*? and the calculate
the inverse dielectric function at the RPA level evaluating Eq. [2.23]

It is interesting to note that a perturbative first-order scheme derived from the TD-
DFT formalism arrives at a similar result |73]. Identifying the response function with the
functional derivative of the electron density respect to the external potential, one obtains

a Dyson-like equation,

XTDDFT — \KS L (KS[y b fo] TR-DFT, (2.39)
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where the integrals are implied and the so-called exchange correlation kernel is defined as,

dvxc(p(ri),r1)
op(r1)

fxc(ry,12) = 6(ry —11) (2.40)

In Eq. %5 can be calculated with the KS wavefunctions and energies as shown in Eq.
[2.38] Then, if one neglects fxc in Eq. [2.39] the RPA polarisability is recovered. Finally,
ignoring the local field effects, vg,, either in TD-DFT ( Eq. or in the RPA (Eq.
results in what we call the independent-particle response, ppy -

In general, the RPA fails to reproduce absorption spectra, often even qualitatively, due
to a poor description of excitonic effects. This is because the polarisability is calculated in
terms of a non-interacting electron-hole pair, since the vertex function has been ignored (see
the product of propagators in Eq. . TD-DFT improves upon the RPA by including
exchange and correlation effects via the kernel in Eq. [2.39, However, despite this being
formally correct, currently available functionals for fxc usually fail to compute absorption
spectra of extended systems in agreement with experiments. Overall, the description of
excitons and the interactions between the electron and the hole are crucial for the quality
of theoretical optical spectra, particularly in semiconductors and insulators [64-66]. One
can account for these effects by computing the vertex corrections in a second iteration
through Hedin’s equations (see Eq. . This formulation introduces a two-particle
propagator for the electron-hole pair and a Dyson-like equation to obtain it, which is in

fact the Bethe-Salpeter equation.

Bethe-Salpeter Equation

In order to avoid a matrix inversion in G-space, we will use the interacting polarisability

defined in Eq. [2.28] %, which allows us to take the q — 0 limit directly on the dielectric
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function (see Eq. [2.29)). This interacting polarisation is obtained as,

o T . _ o ' _
lim Xa=og=o(@w) = =ilm > > [A,uda G = 0)Awmie(a, G = O)] Ly (),

(2.41)

which is analogous to Eq. but replaces the product of one-particle propagators with

a single two-particle propagator. This electron-hole (e-h) two-particle Green’s function,

L pmk, (w), is a key quantity in the BSE scheme as it describes the dynamics of an exciton.
n'm

We express this Green’s function in e-h space, i.e., a basis comprising all vertical transitions

at every k-point in the BZ between an occupied band v and an empty band ¢, {vck}. Eq.

2.41limplies a change of basis from e-h space to G-space, from which the oscillator strengths

emerge,

Anmk(q7 G) = <nk‘ei(q+G).r’mk - q> (242)
The Bethe-Salpeter equation is then a Dyson-like equation for L,

L g (@) = L3 (@) [ St + 1Y Ete (W) L ety ()] (2.43)

n'm’k’ veky n'm’k’
veky

where the matrix = is the so-called BSE kernel,

Zrmk = Whmk — 2Vimk. (2.44)

veka veky veky

The first contribution to the BSE kernel is the e-h attraction,

Wase = 3 A = k = k1, G) A (@ = k — ka, &) sl (aw = 0) veo(q + @),
B ey
(2.45)
where the inverse dielectric matrix is calculated at the RPA level and, usually, in the static

limit, w = 0. This term represents the statically screened interaction between the electron
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and the hole within an exciton. The second term is the e-h exchange,

ggf{ll( - G%;OAnmk q 0 G)Avckl (q 0 G) UCO(G) (246)

which depends on the bare Coulomb interaction.

In order to compute excitonic spectra at the BSE level, one option is then to solve the
Dyson-like Eq. for L. However, this requires an inversion of the BSE kernel, which
can be prohibitively costly for systems with many electrons that require several unoccupied
states for convergence and dense sampling of the BZ. Alternatively, the problem can be

re-cast as a two-particle Hamiltonian in e-h space [38],

H o = B S SmmrOvac + (fore — fore) E nmk (2.47)

n'm'k’ n'm'k’

where FE,,,x is the energy of the vertical transition from band n to band m at point k
according to either the KS or quasi-particle (QP) energies. The definition of H* in Eq.

allows us to express the two-particle Green’s function as,

L ik (W) - [HQp - ]w]_nlmk (fmk - fnk)a (248)

! ",/
n'm’k n'm'k’

where I is the identity matrix. Replacing Eq. 2.48 in Eqs. [2.41] and [2.29] leads to,

— 2
en(w) = 1 - lim rqxzi;{ D Nl O (. 0) [HY — Ll g - (249

We seek to express the matrix [H? — [w]! | in its spectral representation, for which we

n'm’k’
need to solve the eigenproblem,
H e AR = B AT, (2.50)

. . . . . . Lo 11 .
thus obtaining the excitonic energies, Ey, and wavefunctions, A7 ™* . We therefore arrive
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at an expression for the calculation of optical spectra at the BSE level,

A;\Lmk [Az’m’k’]*
SM((U) 1= (llli% W z;( z;{/ nmk q7 n m’k’(qa O)] z)\: . E)\ : (251)

However, computing spectra with Eq. requires the diagonalisation of H? (see Eq.

2.50]), which can become prohibitively costly as the size of the e-h space increases.

Haydock solution of the BSE

Apart from the above-mentioned inversion and full diagonalisation approaches for solving
the BSE, Lanczos-based methods [74] offer a cost-effective alternative for sparse matri-
ces [75]. Lanczos approaches eliminate the need for inverting the BSE kernel or fully
diagonalising the two-particle Hamiltonian. Rather, the latter is re-expressed as a tri-
diagonal matrix based on recursive relations, which leads to an iterative solution of the
problem that is computationally cheaper than full diagonalisation. While previously de-
scribed solvers produce the full set of both excitonic energies and wavefunctions of the
system at hand, Lanczos schemes lead to a partial solution of the problem, e.g., it may
only provide the eigenvalues. In particular, Haydock’s implementation [76] of the Lanczos
approach can only provide matrix elements of the resolvent of the eigenproblem in Eq.
2.50)), (Vo|(H?P — Iw)~|V}), in a given initial (normalised) state, |Vy). Defining the latter
as [Vo) = —> with,

1P

= lim — Al (q,G = 0) |[nmk), 2.52
’ q—0 |q| 7;( k ) | > ( )

allows us to re-write the macroscopic dielectric function in Eq. simply as,
em(w) = 1 —4n|| P|* (Vo|(H* — Iw) ™' [Vp), (2.53)

and make use of this resolvent. Therefore, Haydock’s algorithm can provide the optical
spectrum, but not the excitonic wavefunctions [|65}/76,77]. Haydock’s scheme [76] is based

on mapping a stationary quantum problem into a semi-infinite chain model consisting of
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basis states |Vj;), which we call Haydock vectors. The subscript it stands for iteration and
highlights the fact that these states are obtained recursively. In this basis, the Hamiltonian
of the problem is a tri-diagonal matrix described by the coefficients a;; and b;. Haydock
then provides a set of recursive relations to compute these coefficients and basis vectors

iteratively starting from |Vp),

Aip = <Vz‘t|H2p|Vit>7 (2-54)
bit+1 = H(H2p - @it)’v;t> - bit"/;tfl>”7 (2-55)
1
Vier) = 3 [(H? = ait)|Vie) = bae| Vir-1)]- (2.56)
it+1

Eqgs. [2.54 correspond to Hermitian Hamiltonians (the pseudo-Hermitian case has a
slightly more complicated form [78]). Finally, Haydock’s algorithm provides a recipe for
the calculation of the resolvent matrix element in the form of a continued fraction of the
Hamiltonian coefficients, a;; and b;. We can then use this continued fraction to calculate

the optical spectrum at each iteration ¢t according to,

1t
e (w) =1—|P|?

1
T (2.57)

o) - —E
(w—ag)—%

until the difference between spectra of successive iterations is below an acceptable thresh-
old. We note that the number of denominators in the continued fraction of Eq. is
determined by the iteration, e.g., the dielectric function at the tenth iteration, 65\140) (w), is
calculated with coefficients up to a9 and bqg.

Despite the numerical advantages offered by Lanczos solvers, a given system could still
be too big for computing optical spectra at the BSE level. As the diagonalisation itself
ceases to be a problem with Lanczos schemes, the bottleneck now shifts to the previous step
of computing and storing the BSE kernel, which can render the calculation impracticable
depending on the size of the e-h basis. For instance, a material with 10 bands that requires

a 30x30x30 k-grid would imply a (resonant) BSE kernel matrix of dimension 675000, thus

37



requiring a few TB of memory. While this may be covered by some state-of-the-art high-
memory nodes, it is quite close to the limits of today’s supercomputers. Any increase in the
size of the system could easily become prohibitive, e.g., duplicating the number of bands to
include spin-orbit coupling or requiring a supercell. At this point, there is little alternative
for solving the BSE and computing optical spectra, which is the challenge we intend to
tackle in Chapter |3l We attempt to do so by proposing double-grid approach to k-sampling
compatible with Haydock’s solution of the BSE. Our method prioritises simplicity and
distinguishes from previous double-grid approaches (see brief review below) by requiring

minimal extra computation and memory.

Double k-grid strategies for BZ sampling

A crucial point in the efficiency of BSE calculations lies in the dense k-grids required
to achieve an accurate description of excitons. This is because excitonic wavefunctions are
usually quite spread out, with a periodicity well beyond the unit cell, and in order to expand
them in a basis of transitions {vck}, very dense k-grids are required. The computational
requirements imposed by k-sampling then represent a major bottleneck in the BSE scheme.
Therefore, the introduction of alternative numerical methods and approximations that can
effectively deal with k-point convergence in the BSE is of utmost importance.

This issue has been the target of many research efforts over the years, usually approached
with the use of double k-grids. Rohlfing et al. introduced a scheme to interpolate the BSE
matrix in the BZ [66],79]. Their strategy is based on a double grid approach by which the
kernel matrix elements are properly calculated on a coarse k-grid and approximated on a
fine k-grid. As a function of q, the k-point difference between two transitions in e-h space,
the BSE kernel is sharply peaked at the origin and a regular interpolation in the BZ would
fail. However, expressing these matrix elements as aq=2+bq~! + ¢ results in the coefficients
varying slowly in the BZ. These coefficients are then interpolated by virtue of knowing them
exactly in the coarse k-grid. Their approximation also considers the varying phases of the

single-particle states in the BZ, which requires knowledge of the wavefunctions in the fine
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k-grid. This crucial point becomes a drawback when one is limited by memory and disk
storage rather than computation, which is increasingly the case nowadays.

More recently, Fuchs et al. proposed the use of hybrid k-meshes in the form of a coarse
k-grid for the whole BZ and a denser k-grid around the T'-point [80]. Even though the
kernel matrix elements are properly calculated on both grids, this method allows to refine
k-sampling only where is needed, resulting in fewer k-points in total. The downside of
using non-uniform grids becomes apparent in the calculation of the electron-hole attraction
term of the BSE kernel, since it requires knowledge of the screening matrix, e71(q,0), at
q = k — K (see Eq. 2.45). If k and k' are part of a non-uniform grid, q will likely not
belong to this grid. This poses no complication for model dielectric functions, as is the case
in Ref. [80]. However, if one intends to use the RPA screening, non-uniform grids require
computation of the screening matrix at many more g-points than if a uniform grid had
been used (or at least an interpolation).

Kammerlander et al. applied double grid techniques to solving the BSE by inversion [81].
In the latter, the BSE kernel is calculated on the coarse k-grid while the fine k-grid is
used to compute the independent particle part of the two-particle response function. This
technique, which also benefits from Wannier interpolation of the KS wavefunctions, has
proven successful in accurately reproducing the spectra of several materials. However, as it
ultimately relies on matrix inversion, its application is limited to small systems, i.e., systems
which could be computed by the inversion solver in the coarse grid, albeit underconverged.

Finally, an interesting generalisation of the method in Ref. |[66] has been proposed by
Gillet et al. [82], where the interpolation of the BSE kernel matrix element at a given fine-
grid k-point considers eight coarse-grid k-points around it. Importantly, this method is
compatible with Haydock’s solution scheme to the BSE. Moreover, substantial savings in
memory requirements and disk storage are achieved by interpolating kernel matrix elements
on the fly. Nevertheless, this method still requires knowledge of the KS wavefunctions in
the fine grid. Depending on the number of bands and density of the fine grid, this can

entail prohibitive memory requirements.
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2.3 Non-linear optics

We now focus on the study of response functions beyond the linear regime, i.e., x™ with
n > 1. High-harmonic generation (HHG) phenomena can reach orders of around a few
tens and beyond, which requires real-time non-perturbative methods for its theoretical
description. On the opposite end of the nonlinear regime, we find second and third harmonic
generation (SHG and THG), i.e., n = 2 — 3. In this area of nonlinear optics, and for Y in
particular, there may still be an argument for perturbative approaches as an alternative to
real-time, non-perturbative formalisms. Therefore, both perturbative and non-perturbative
methods are available in the literature (see below). However, the latter are usually preferred
over perturbative approaches due to their relative simplicity, especially when electron-
electron correlation is included.

As far as nonlinear optics is concerned, this thesis focuses on SHG and, to a lesser
extent, THG (See Chapters . We note that the three approximations stated at the

beginning of Section [2.2] are still used in our study of the nonlinear regime.

2.3.1 Perturbative vs non-perturbative approaches

Perturbative approaches are often extensions of frameworks that proved successful for linear
optics. For instance, Sipe et al. presented a scheme for the calculation of nonlinear optical
response of semiconductors at the IPA level and derived expressions for the second order
susceptibility, x® [83]. A study by Dal Corso et al. introduced a Sternheimer approach for
the second order response of insulators based on the TD-DFT action functional within the
LDA [84]. Luppi et al. derived perturbative expressions for x(? in extended systems from
TD-DFT [85]. The latter included excitonic effects by means of a long-range contribution
to the exchange-correlation kernel and proved valid for weakly bound excitons [85]. Finally,
the inclusion of many-body effects at the BSE level warranted a few attempts up to the
second order [86,[87]. Crucially, perturbative approaches require a specific formulation

for each order in the response one intends to calculate and their generalisation to higher
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orders is not straightforward. Indeed, the resulting expressions for nonlinear susceptibilities
become extremely complex with increasing orders in the perturbation and increasing levels
of theory as regards correlation.

At variance, non-perturbative approaches involve explicit time propagation and can
describe nonlinear phenomena to several orders in the electric field simultaneously, thus
offering a convenient workaround to the shortcomings described above. Moreover, they are
flexible in the sense that including many-body effects amounts to just adding the relevant
operators into the effective Hamiltonian. In these methods, the integration of an EOM
allows for the calculation of the dynamical polarisation, from which susceptibilities to any
order (in principle) can be extracted. The quantity evolved in the EOMs varies among the
different time-propagation methods. For instance, TD-DFT implies the time evolution of
the electron density and is typically applied to isolated systems [63,88-91]. Propagating the
Green’s function was proposed in the so-called Kadanoff-Baym equations (KBE) [92]. A
simplification of the KBE using the time-diagonal of said Green’s function, i.e., the density
matrix, was proposed by Attaccalite, Griining and Marini [93]. Subsequently, Attaccalite
and Griining proposed a scheme based on evolving the periodic part of the Bloch functions
[42]. Crucially, this method is valid for systems with periodic boundary conditions (PBCs)
since it is based on the modern theory of polarisation [94-96] and uses the Berry-phase
formulation of the dynamical polarisation [97] (see Section [2.3.2)). This real-time approach
[42] has been successfully applied for the calculation of nonlinear optical properties in
extended systems [98-102]. We proceed to describe this real-time method in detail since

much of the present thesis focuses on improving it (See Chapters [4H6)).

2.3.2 Real-time approach

We consider the Hamiltonian of a crystalline solid coupled to a time-dependent electric
field,
H=H"+ H®, (2.58)
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where H° is the zero-field unperturbed Hamiltonian while HE represents the perturbation.
We denote the Bloch eigenstates of the cell-periodic unperturbed Hamiltonian, e =™ [f0¢ikr
as ik (r). Then, the wavefunctions ¥y, (r) = X7 1, (r) are the eigenstates of the unper-
turbed Hamiltonian, H°. In what follows, the periodic part of these functions will be
referred to as the zero-field time-zero states, |k, ), and will be used as a starting point for

time integration or as a basis. In practice, these time-zero states will be defined at the DF'T

level, i.e., ¥, (r) = ¢E3(r).

Equation of motion

The real-time approach to nonlinear optics, as referred to within this thesis, was set out
by Attaccalite and Griining [42, 43|, and follows the scheme introduced by Souza et al.
for the dynamical Berry-phase polarisation [97]. The central objects in this formalism are
the time-dependent Bloch states, |vk,), which represent the periodic part of the states,
Yrn(r,t) = €T vy, (r,t). The states |vy,) are obtained upon time-evolution of the time-

zero states, |, ), according to the EOM,

(Hﬁff - @'at) [ogen) = 0, (2.59)

with the boundary condition,
|Vin) (£ = 0) = |txcn), (2.60)

and the effective Hamiltonian,
He = 1O+ W (€). (2.61)

The unperturbed Hamiltonian in Eq. [2.61 H 0 is a single-particle operator that varies
according to the level of theory considered [43103] while the perturbation, W (E), represents
the coupling with the external field, £.

The real-time approach is then based on integrating the EOM (Eq. numerically,
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for which the linearised Crank-Nicolson method is used [42}97],

1—iAt/2 H(t)

Vkn) (t + At) = -
) ) 1+ iAt/2 He(¢)

|Vkn) (t)- (2.62)

This is carried out in KS space, thus resulting in several EOMs for the projections, (tue|vin) (%)
The accuracy and stability of this numerical integration depends on having a short time-
step, usually in the order of 1-10 as. The latter parameter is material-dependent and
reflects how fast the dynamics of a given system are. Ultimately, having access to the
time-dependent Bloch states, |vk,), will allows us to compute dynamical properties, such
as the polarisation as a function of time. From the latter, susceptibilities to any order in

the electric field can be extracted (see below).

Levels of theory

Three levels of theory are considered in the real-time approach as regards electron-electron
correlation, which manifest in the expressions for the effective Hamiltonian in Eq. [2.61]
Let us start by the IPA level [42,93],

H'™ = A*[p] + Agploo] + W(E), (2.63)

HTPAL0

where HPA0 represents the corresponding unperturbed Hamiltonian. This includes the
KS Hamiltonian, H%S [po], which is a functional of the ground-state density, po, plus the
quasi-particle corrections, Aqgp[og]. The latter could simply reflect a rigid shift (scissor
operator) or involve QP corrections obtained from a Gy, scheme, thus formally depending
on the ground-state density matrix, go. In any case, HPAY is a functional of only ground-
state quantities and, therefore, time-independent. The time dependence of the effective
Hamiltonian at the IPA level is then confined to the electron-field coupling operator, W(é' ).

The first step beyond the IPA level is including the Hartree potential, V' [p], in the
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effective Hamiltonian [43],93],
H™™ = H"[po] + Agelo] + Vo] + W(£), (2.64)

which represents the so-called time-dependent Hartree (TDH) level. The Hartree term
is simply the classical Coulomb potential originating from the time-dependent electron

density. Its expression can be derived from the Poisson equation in G-space,
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VIp(G, )] = (p(G,t) = po(G)) GE’ (2.65)

leading to a linear functional of the density, V[p(G,t)], which we will write as V# (G, 1)
for simplicity. In Eq. the G=0 term is omitted for the reasons explained in Section
. VH(G,t) represents a local potential that inherits its time dependence from the
density. We note that the ground-state Hartree potential is already taken into account at
the DFT level (see U, in Eq. and, therefore, included in HPAO  Ag g result, the
Hartree potential added at the TDH level should represent the difference respect to the
ground state contribution. This is achieved by subtracting the ground state density, i.e.,
p — po in Eq. 2.65], which takes advantage of the linearity of the functional.

Finally, we turn to the inclusion of correlation effects in the real-time approach. In
principle, this could be done by adding a time-dependent exchange-correlation functional to
Eq. 2.64] thus arriving at the TD-DFT level. However, currently-available approximations
to this functional face limitations when attempting to describe excitons in extended systems
[38], as explained above. Therefore, we chose to consider correlation effects through the
addition of the screened-exchange self-energy, ¥55%[g], into the effective Hamiltonian [43]
93],

HSEX = H55]po) + Age[oo] + V(o] + E5¥[o] + W (), (2.66)

as a functional of the density matrix, 0. We will refer to this as the Hartree plus screened

exchange (H+SEX) level of theory. Formally, this implies taking the static limit of the GW
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self-energy to arrive at the Coulomb hole plus screened exchange (COHSEX) self-energy,

ECOHSEX = —1/2 WCO<I'1, To; Q) 5(1'1 - r2) +3 WCO(r17 ro; Q) Q(rl? ra, tl’ (267)

v Vv
»COH YSEX

where the screened Coulomb interaction, Wy, is calculated at the RPA level in the static

Weo
do

limit (w = 0). A further approximation entails neglecting the functional derivative
in which case ¥“°" becomes time independent [93]. Therefore, the EOM is only concerned
with 355X (see Eq. , provided we remove the initial contribution at time zero. Since
YSEX is now a linear functional of the density matrix, o, this can be achieved by subtracting

the ground state density matrix, o°, before evaluating said functional. This operator is then

obtained in KS space as,

ZZSZ],EIE( - Z MZ:iAl,k (ij’k—q(t) - Q?j’k—q)a (268)

ji'q 779

where the Coulomb integrals,

Mz;z'{/k = Z Aijx(q, G') A:’j’k<qu G) WCOG’G/(q)7 (2.69)
i G
are pre-computed and stored in a database. As a result, each step in the time evolution
requires computing the density matrix, o, and evaluating Eq.

Overall, the real-time approach includes electron-electron correlation in a non-perturbative
framework, thus allowing for the description of excitonic effects in nonlinear optical phe-
nomena [43]. We note that the TDH and H4+SEX levels of theory reduce to the RPA and
BSE, respectively, in the linear response limit [93]. Crucially, Eqgs. [2.63] and
highlight one of the main advantages of the real-time approach, i.e., the inclusion of many-
body effects is as simple as adding terms to the effective Hamiltonian in Eq. [43]. This
flexibility is in stark contrast with perturbative approaches, where the complexity of the

formulations increases dramatically as correlation is added into the formalism (e.g., [83]).
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Berry-phase formulation of the electron-field coupling operator

A direct coupling to the electric field in the length gauge, i.e., —er&, should be avoided
in extended systems since the position operator is ill-defined in the presence of periodic
boundary conditions [94-96]. In the linear regime, this is usually circumvented using the
commutation relation [f[ ,T] = p+[Vyu, ], where V,,; is the non-local part of the Hamiltonian.
However, since the real-time approach is meant to describe nonlinear optical processes, an
electron-field coupling operator valid beyond the linear regime is required.

This is achieved by a Berry-phase formulation of the dynamical polarisation, resulting
in a dipole operator in the form of a covariant k-derivative that makes its way into the

electron-field coupling operator [97],
Wi (&) = (&) + i (E). (2.70)

In Eq. wk(€) is the electron-field coupling operator in its Berry-phase formulation as

outlined in Refs. [42] and [97],
. P
A~ i ” . -
wk (&) = Ly agl N} (€ -a,) EU 0 Piks , (2.71)

where a,, represents a lattice vector and Ngl is the number of k-points along a string parallel
to the direction of the corresponding reciprocal lattice vector b,. Also, ¢ = 41 and
k? = k + 0Ak,, i.e., the next k-point in the grid along the direction of b, (the definition

of next depends on the sign of o). The projector operator in Eq. has the form,

M
Pag = Y _ [ugm) (Viem, (2.72)
m=1

where m runs over the occupied bands, M. The state |Uks,,) is the so-called dual of the

state |vkm,), namely,

M
|7~)kgn> = Z [Sl:klgé]m,n ’ngm>; (2.73)

1
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with the overlap matrix elements

[Skkg |nm = (Vkn|Vkgm)- (2.74)

Within this Berry-phase scheme [97], the Lagrangian of the system leads to the EOM
for the time-dependent Bloch states used in the real-time approach, Eq. [42,143]. As
mentioned above, numerically integrating Eq. allows us to obtain the time-dependent
states |vk,) at every time step ¢;, with which we can update the overlaps [Skkg|nm (Eq.
2.74). Ultimately, we can use these overlaps to calculate the polarisation in its Berry-phase

formulation,
N1

e f a,
P, = “9mo NI k; Im | In E det (Skxg) | | > (2.75)

with the electron charge e, occupation factor f, unit cell volume v. Eq. provides
the dynamical polarisation in the direction « of the lattice vector a,. The corresponding
reciprocal lattice vector b, is used to determine the number of k-points in a string along

its direction, Nc‘l, as well as the number of k-points in a plane perpendicular to b,, namely

Nt

«

Response functions

Within the regime where the dynamical polarisation is time-periodic with the periodicity

of the perturbation, wy, it can be formulated as a Fourier series,

P(t) =) pmemeot, (2.76)

where scalar magnitudes are used for simplicity. In addition, one can consider its expansion

in orders of the electric field £ (cf. Eq. [1.2),

P(t) = xVE) + YD EX 1) + xPDEX () + O(E 1)), (2.77)
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where the tensor nature and time dependence of the susceptibilities x(™ are omitted for
brevity. Comparing Egs. and finally allows us to extract susceptibilities to any
order. The relation between the Fourier coefficients, p™, and the desired susceptibilities
will depend on the order, n, and the shape of the electric field, typically chosen to be a sine
function, (et — e~ot) /24,

This procedure shows another main advantage of the real-time approach. As a non-
perturbative scheme, it allows for the simultaneous determination of susceptibilities to
different orders in the electric field. This is also facilitated by having a Berry-phase derived
electron-field coupling operator that remains valid to every order in the electric field. At
variance, perturbative approaches require a different formulation for each order they intend

to consider.

Dephasing

The electronic systems solved throughout this thesis are perfectly isolated due to the ap-
proximations introduced, e.g., Born-Oppenheimer, fixed nuclei, etc. This implies neglecting
important dissipative effects that occur in excited electronic systems, such as inelastic elec-
tron scattering or scattering processes with other degrees of freedom like phonons or defects.
These effects represent the interaction of the electrons with the environment and contribute
to the decay of excited electronic populations, providing a finite lifetime to the excitations.
Ignoring these processes altogether results in failing to reproduce the dynamics of open
systems.

In order to mitigate this shortcoming, dissipation effects are included phenomenolog-
ically in the real-time approach by means of a dephasing term. This implies adding the
dephasing operator,

Lpp = —iv (|Ukn><vkn| - |Mkn><:ukn|) (2-78)

to the EOM for state |vy,), Eq. 2.59, In Eq. 2.78, v is a positive number in eV chosen to

provide a desired broadening to the spectra. In the EOM, this operator acts as a restoring
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force proportional to the departure of the state |vy,) from equilibrium, |uy,), thus limiting
the population of empty states upon excitation.

Another function of this dephasing term relates to the fact that, in order to extract non-
linear response functions at frequency wy, one must drive the system with a monochromatic
perturbation of the same frequency, which in turn produces a time-periodic dynamical po-
larisation with the same period. This is a necessary condition for the expansion of the latter
as a Fourier series (see Eq. and the extraction procedure described above. Only then
one can ensure that, e.g., p@® of Eq. contains the information for y® in Eq. .
Let us, for the sake of argument, add a second electric field to the system, &£'(t), of fre-
quency w’ = 2wy. It becomes clear that the Fourier transform of the dynamical polarisation

(2) in the case with only one electric

evaluated at 2wy, i.e., p(2wp) (which was equal to p
field), will now contain information about the second order response of the system to the
original electric field, ¥, plus the first order response, y’ (1), to the new electric field, £'(t).
Moreover, this first order response will overshadow y(?, as the latter is orders of magnitude
smaller. The situation would be worse if one had multiple electric fields, e.g., if one has
a non-periodic field that has non-zero Fourier components at a continuum of frequencies
(i.e., infinitely many electric fields). At this point, the Fourier transform of the polarisation
at frequency w will only be able to provide the linear response of the system at w (plus
various higher order contributions due to excitations at different frequencies that would be
impossible to pick apart).

In a real-time calculation, the system is taken out of equilibrium by switching on an
electric field at ty. Essentially, the electric field around this initial time is non-periodic,
implying the above-described complications. Hence, regardless of how smoothly one tries
to introduce it, the system feels a kick at ty, which excites every electronic transition in
the material. These unwanted excitations are then suppressed by means of the dephasing
term until the system is purely driven by a monochromatic electric field with frequency
wo, at t > ty. At this point, the periodicity of the solution is restored, the dynamical

polarisation is time-periodic with the same frequency as the perturbation and nonlinear
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susceptibilities can be extracted. The amount of simulated time required to reach this
point, i.e., to properly dephase the response, is therefore a convergence parameter of the

real-time approach (see Section and Fig. |4.5)).

Computational cost

Despite its many virtues, the real-time approach often presents challenges regarding its
elevated computational cost. This is its biggest disadvantage and originates from its time-
propagation nature, due to the the short time steps and long simulated times required. This
implies repeating a handful of operations, e.g., building a Hamiltonian matrix, for tens of
thousands of time steps. The computational cost of these schemes renders the calculation of
nonlinear optical properties prohibitively costly in many cases, certainly for large systems
and complex materials. Therefore, finding alternative formulations and methods that could
alleviate these computational demands is of utmost importance.

Arguably, there is a particular case in which much of this cost is avoidable, i.e., com-
puting nonlinear optical susceptibilities. In these calculations, the system is driven by a
periodic perturbation and the response is sampled at a handful of times within one period,
i.e., only one period worth of dynamical polarisation data is needed to extract suscepti-
bilities. However, a considerably longer time is required to dephase the response before
sampling it, in order to filter out all the eigenfrequencies that are excited when the electric
field is first introduced. This amounts to a total simulated time that greatly exceeds the
time window actually used to probe the response and, combined with the expensive numer-
ical integration of the EOMs (often with short time steps), is responsible for the elevated
computational cost of this scheme. It would then be desirable to devise a strategy where the
dephasing is not needed, numerical time-evolution is avoided and/or the problem becomes
time-independent altogether. Floquet theory, outlined in Section [2.4] offers a framework in
which all of the above are possible for periodically-driven systems, which motivates much

of the present thesis (see Chapters .
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2.4 Floquet theory

The semi-classical approximation to light-matter interaction phenomena usually results
in Hamiltonian operators exhibiting time periodicity in their explicit time dependence
(Schrédinger picture), which originates from the coupling of the electrons to, e.g., a monochro-
matic light beam. The intrinsically time-dependent problem posed by optical excitations
could certainly benefit from this characteristic. However, neither response-based perturba-
tive methods nor the real-time approach make use of the time periodicity in the Hamiltonian
governing the time evolution. In fact, this extra symmetry of the Hamiltonian is exploited
to a much lesser extent than its spatial counterpart, i.e., the analogous translational invari-
ance of extended systems that motivates Bloch’s theorem and underpins much of solid-state

electronic structure theory.

2.4.1 Quasi-energy eigenproblem

Floquet theory offers a suitable framework to address the time evolution of so-called
periodically-driven quantum systems in light of the additional symmetry given by time-
periodicity, as initially proposed in the seminal works of Shirley [104], Sambe [105] and
Salzman [106]. This relies on the fact that, provided a time-periodic Hamiltonian, the
corresponding time-dependent Schrodinger equation is a differential equation with periodic

coefficients,

~

(H —id,) d(r,t) = 0, (2.79)

where H(t +T) = #(t). A differential equation of these characteristics admits the applica-

tion of Floquet’s theorem [107] E], which states that its solutions would be of the form,

Y(r,t) = e ¢(r, 1), (2.80)

SFloquet theory has been covered in numerous textbooks, e.g., [108./109)
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i.e., a pure phase times a periodic function that retains the periodicity of the Hamiltonian,
o(r,t+T) = ¢(r,t). The latter represents a so-called Floquet state while the argument in
the pure phase contains the Floquet quasi-energy, £&. Given their periodicity, Floquet states

can be expanded in a Fourier series,

+oo

Br,t) =Y e g (x), (2.81)

y=—o00

where the coefficients, @(r), receive the name of time-independent Floquet states, ~ runs

over the Floquet modes and wy = 2% is the frequency of the perturbation in #H. These
exponentials form an orthonormal basis for the Hilbert space of periodic functions of time,

L0, T, with the inner product,
1 [T . :
7 /0 dt et gmwt = 5, (2.82)

In this basis, the time derivative operator, 0;, is multiplicative, much like the momentum
operator in the space of eigenfunctions of the translation operator, i.e., plane-waves. With
this in mind, we replace Eqgs. and in Eq. take the inner product with et«o?

and arrive at the eigenproblem,

+o0
Z ’CUW ¢’y<r) = ¢n(r)> (283)
y=—00
where the matrix elements of the so-called quasi-energy operator, K=%H- 10, take the

form,

A

Koo = IHIY) —woby5- (2.84)

The matrix element formed in Eq. [2.84) (n|#|y), can be written in terms of an unperturbed
time-independent Hamiltonian, H U and a time-dependent part which represents the cou-

pling of the electrons with the electric field, H¢ (cf. Eq. 2.58). Since the latter is time
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periodic, one can expand it as a Fourier series,

+oo
He(t)= ) e HE. (2.85)

(=—

This Fourier expansion together with the orthonormality condition in Eq. leads to,

. 1 [T 4 . . ~
(n#) = / dt 0 e = HOG 4y HE G, (2.86)
¢

which has a diagonal part arising from the time-independent unperturbed Hamiltonian
plus an electron-field coupling operator which is given by the Fourier coefficient of Eq.
evaluated at ( =n — . It is precisely the time dependence of this operator that makes it

non-diagonal in Floquet space, thus coupling different Floquet modes in the eigenproblem

of Eq. [2.83] Finally, using Eq. in Eq. [2.84] we write the quasi-energy operator as,
Ky, = HE .+ (H° = yw0)d, .. (2.87)

Egs. [2.79H2.87] show how Floquet theory offers a suitable framework for reformulating
the time-dependent Schrodinger equation as a time-independent eigenproblem (a more de-
tailed account of this procedure will be presented in Section . In this eigenproblem, the
time-independent Floquet states represent the eigenvectors while the Floquet quasi-energies
assume the role of the eigenvalues. While the quasi-energy operator in Eq. takes the
form of an infinite matrix, any practical implementation of this formalism would truncate
the number of Floquet modes to a well-converged 7.

The use of Floquet theory to solve the time-dependent Schrodinger equation resulted
in ab-initio methods like Sturmian-Floquet theory [110,/111] and R-matrix-Floquet the-
ory [112,[113], typically used to describe atomic multiphoton processes in intense laser
fields [114,]115]. Floquet approaches to the time evolution of the density matrix operator
of atoms and molecules have also been attempted, leading to the Liouville supermatrix

framework [116,/117]. More recently, Floquet formulations of TD-DFT have been pro-
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posed (see below a discussion on its limitations) and applied to atomic and molecular
systems [1184120]. In Chapter [4] we present yet another Floquet method, obtained by
reformulating the EOMs of the real-time approach to nonlinear optics [42,/43] (Eq. .
Nonetheless, a crucial feature of our scheme, which distinguishes it from previous Floquet
approaches, is that it can be applied to extended systems. This is achieved by deriving the
electron-field coupling operator from the dynamical Berry-phase formulation of the polar-
isation [97], thus remaining valid in the presence of PBCs. Besides, the proposed method
shows some similarities respect to Floquet-TD-DF'T, like the effective nature of the Hamil-
tonian operators involved, the requirement for a self-consistent solution and the use of the
adiabatic approximation |121] (see below). In fact, the addition of an exchange-correlation
potential to the TDH level of our Floquet formulation (see Section would repre-
sent a Floquet-TD-DFT scheme. However, the proposed Floquet scheme can also include

many-body effects via a non-local COHSEX self-energy (see Section [5.1.4)).

2.4.2 Practical aspects

In practical implementations, it is customary to further expand the time-independent Flo-
quet states, 57(1'), in the basis of eigenstates of the unperturbed Hamiltonian, H 0 which
we can call u(r) in agreement with Section [2.3.2] These functions form an orthonormal set
for the Hilbert space we denote R. Therefore, the eigenproblem in Eq. is solved in a

composite Hilbert space, £5[0,7] ® R, with the inner product,

=g [ @, (2.59)

where (-|-) is the usual inner product in R. This composite space was originally introduced
by Sambe as the Hilbert space for Floquet steady states and the functions e~y (r) form
an (infinite) orthonormal basis for it [105].

Another interesting feature of this Floquet formulation relates to the fact that the quasi-

energies are defined modulo wy. In essence, if ¢ is an eigenstate of the quasi-energy operator
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with eigenvalue &, then ¢, = ety is also an eigenstate with eigenvalue &, = & — nwy.
Therefore, ¢y and ¢,, lead to the same physical state, ¢, in Eq. [2.80] This is equivalent to
the folding of reciprocal space into the BZ for periodic systems. Indeed, we can define any
interval of length wy in the real axis as an w-BZ, e.g., [—wo/2,wo/2].

Since all quasi-energies can be mapped into a finite interval of length wy, the use of an
infinite basis set determines that the quasi-energy spectrum becomes dense in the w-BZ, i.e.,
there are infinitely many eigenfunctions, infinitely close to any quasi-energy in w-BZ, which
also adds complexity to the structure of avoided crossings of the quasi-energy operator. This
problem has been identified as the absence of an adiabatic limit [122], meaning that the state
to which the system evolves in an adiabatic switching-on of the electric field is not unique. It
was nonetheless concluded that these pathologies are circumvented whenever a finite basis
for L5 ® R is employed, which is, in any case, required for practical implementations [122].

A somewhat related issue concerns the compatibility between Floquet theory and the
TD-DFT formalism. The initial Floquet formulation of TD-DFT [118] was met with strong
criticism, as it was later recognised that the mapping between a time-periodic density
of a Floquet state and the time-periodic potential it evolves in is not unique, certainly
for strong electric fields [123]. The application of the TD-DFT equations to Floquet
states is nonetheless correct [124], given an initial state that will determine the form of
the exchange-correlation functional. However, the requirement of time-periodicity in the
exchange-correlation functional is in general not met [121]. Two assumptions are needed
to achieve this, which are only valid for weak fields. First, that the memory effects of
the exchange-correlation potential, inherently incompatible with time periodicity, can be
neglected in favour of a functional that is local in time, e.g. adiabatic LDA (ALDA). Such
functional would be periodic provided the density presents periodicity. However, the latter
is also not true in general and requires, as a second assumption, that each zero-field state

evolve adiabatically to a single Floquet state. This so-called adiabatic approximation will

also be used in the Floquet method proposed here (see Sections [4.1.1{and |5.1.1{for details).

Finally, we briefly mention that the Floquet quasi-energies do not have a direct phys-
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ical interpretation. Despite being the eigenvalues of an eigenproblem resembling a time-
independent Schrodinger equation, it has been argued that their identification with the
energy of the system as a physical magnitude is misleading |125]. Moreover, the so-called
average energy has been proposed as the ‘energy’ of a Floquet ground state. In analogy
with Bloch’s theorem, the quasi-energies play the role of the quasi-momentum or crystal-
momentum, while the band energies would find their counterpart in the average energy.
This lead to a variational formulation of the Floquet eigenproblem in terms of the average
energy [126], which disputes previous attempts based on the quasi-energy alone |127]. The

average energy formalism is revisited in Section [6.3.2
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Chapter 3

Double grid for k-sampling in
BSE-Haydock

We propose an efficient double-grid approach to k-sampling for the calculation of absorption
spectra compatible with Haydock's iterative solution of the BSE (see Section . Our
method relies on a coarse k-grid that drives the computational cost, while a dense k-grid is
responsible for approximately capturing excitonic effects with minimal extra computational
requirements. Tests performed on bulk Si, bulk GaAs and monolayer MoS, produced spectra
in relatively good agreement with data reported elsewhere. The validity of the approxima-
tions involved and the strong limitations of the approach are also discussed, particularly
regarding strongly-bound excitons. [[]

As discussed in Section [2.2.2] k-point convergence is a critical issue for the calculation of
optical absorption spectra via the BSE scheme. The dense k-grids required for the descrip-
tion of excitonic wavefunctions often render these calculations prohibitively costly. Double
k-grid approaches where the full BSE is solved in a coarse k-grid while a denser k-grid is
included in some approximated way have been useful in reducing the computational cost
of these calculations [66}/80-82] (See Section [2.2.2)). Nonetheless, the availability of efficient
Lanczos-based solvers of the BSE results in the computational limitations gravitating to-

wards memory footprint and disk storage rather than computational power, i.e., being able

!The work presented in Chapter [3| was carried out as part of this PhD and first appeared published in
Alliati, Sangalli & Griining, Frontiers in Chemistry, 9, 763946 (2022). Content from the published article
is used here, with some emendations and changes of phrase to better elaborate the work.
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to compute and store the two-particle Hamiltonian matrix. In this Chapter, we propose
a double k-grid approach compatible with the Haydock solver of the BSE that requires
no additional memory compared to a coarse k-grid calculation and implies minimal extra
computation. In particular, knowledge of the wavefunctions in the fine k-grid is not needed,
nor is the calculation of the RPA screening at any extra k-point. Therefore, the computa-
tional cost remains roughly at the level of the coarse k-grid. The proposed method and its
computational implementation are described in Section [3.1] Absorption spectra computed
with this method for a number of materials are presented in Section and compared with
experimental results where available. This is followed by a discussion on several aspects
of the approach, including its computational cost, the approximations it entails and its

limitations. Supplemental material regarding this development is provided in Appendix [A]

3.1 Implementation

We start by considering a coarse k-grid where no new approximations are introduced by our
approach, i.e., the BSE kernel and two-particle Hamiltonian are computed for all vertical
transitions involving k-points in this grid, which requires knowledge of the KS wavefunctions
and energies at each of these k-points (see Egs. . The solution of the BSE in this
grid would typically be computationally manageable but produce underconverged optical
spectra. Therefore, a much denser fine k-grid will be added to the system. We will denote
k-points belonging to the fine grid with the letter k, while those in the coarse grid will be
labelled K. Moreover, k-points will be grouped in domains centred around the K-points
in such way that Dom(K;) will be composed by the k-points that are closer to K; than to
any other K-point (as an example, see Fig. for a visual representation of these domains
in monolayer MoS;). The number of k-points in this fine grid would ordinarily be too large
for the BSE to be solved in full, and hence, additional approximations will be introduced
for the fine grid. The two-particle Hamiltonian in Eq. can be thought of as a shift

(the diagonal matrix containing the energies of each transition) plus a rotation (the BSE
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kernel). The approximation proposed here implies that the diagonal matrix is calculated in
the fine k-grid, for which knowledge of only the KS energies of each band at every k-point
is required. The BSE kernel, however, will not be calculated in the fine k-grid but rather,
only in the coarse k-grid. Hence, every matrix element involving at least one transition in
the fine grid will be approximated based on the kernel matrix elements in the coarse grid.
This allows us to dispense with the KS wavefunctions in the fine k-grid, which has a great

impact on memory requirements.
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Figure 3.1: Visual representation of the coarse 12x12x1 and fine 48x48x1 k-grids in
monolayer MoS,. There is a fine-grid k-point underneath every coarse-grid K-point. The
fine-grid domains centred around a selection of K-points are shown in different colours (key
in bottom-right corner). Both the full BZ (right panel) and the region around the I" point
(left panel) are represented.

The way in which the BSE kernel is extended from the coarse to the fine k-grid has
been carefully considered as it has significant impact on the results. The best agreement
with experimental spectra was achieved with an approach we refer to as diagonal kernel
extension (DKE). Let us consider one k-point in the coarse grid, Kj. There will be a group
of k-points in the fine grid that map to it, namely those in the domain Dom(Kj). We will
label those with a second numerical sub-index as Ky, , K1,, K13, .-, K1,, -... Given that the fine

grid contains the coarse grid, we have that k;, = Ky, while k1, with ¢ # 1 are other fine
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grid points close to K;y. Having established the nomenclature in this way, then the DKE
would imply the definition

E nmry, — 2 nmKj 5”-/, (31)

where the R.H.S can be calculated according to Eqs. [2.44H2.47| while the L.H.S is the
unknown matrix element we are trying to approximate (see Eq. in Appendix |A| for
a visual representation of Eq. . Thus, Eq. is only exact for transitions involving
k-points that belong both the coarse and the fine grids simultaneously (i = ¢ = 1), and
approximated otherwise. Even though the BSE kernel is not, in general, a diagonally-
dominant matrix, it is true that the diagonal matrix elements usually have values orders
of magnitude higher than those of immediately close off-diagonal elements. The DKE
approach preserves this character when extending the kernel from the coarse grid to the
fine grid. Essentially, each matrix element of the coarse grid BSE kernel expands into a
block in the fine grid matrix. The DKE method ensures that each block is strictly diagonal,
which is very relevant when expanding one of the diagonal matrix elements of the coarse grid
matrix. In practice, Eq. implies setting to zero some fine-grid kernel matrix elements
(if not most, depending of the ratio between the number of k-points and K-points). The
remaining fine-grid matrix elements are made equal to a corresponding coarse-grid matrix
element (see Eq. . Other possible strategies for kernel extension that ignore this guiding
principle of the DKE tend to produce poorer results (see Section .

Finally, let us discuss how this double grid method fits within Haydock’s algorithm.
It is apparent from Egs. that this scheme relies mainly on the matrix vector
multiplication H?P|V,), so we will focus on how this is adapted to account for the fine k-
grid. The matrix in question (H?) has already been described above, i.e., the BSE kernel
is approximated by DKE (Eq. and the diagonal part needs no such approximation as
the KS energies are known in the fine k-grid. All there is left is then to define how the
Haydock vectors |V,) are extended to the fine grid and initialised. The initial Haydock

vector |Vp) is calculated in the coarse k-grid according to Eq. [2.52 Each component is
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associated to one transition vck and thus, when moving from the coarse to the fine grid, the
number of components will increase according to the ratio between the number of k-points
and K-points. From Eq. it is clear that the KS wavefunctions at the k-points would
be required to properly initialise the Haydock vector in the fine k-grid. As our method
is designed so that these fine-grid wavefunctions are not needed nor loaded into memory,
those components will be initialised as being equal to the corresponding transition in the

coarse k-grid. In other words,

. .
|P>FG = Z llg% m AchI(q7 G = 0) Z |UCK’L;>7 (32)
vcK K. €
! DO;;(KI)

where FG denotes the fine grid. It is apparent that |P)pg has many more components
than |P), due to each coarse grid transition (at Kj) being replicated into many transitions
at all the k-points in the domain of Kj. The recursive relations in Eqs. [2.54H2.56| would
formally require the multiplication of the fine grid (full) BSE kernel times Haydock vectors
of the size of |P)rg. In our implementation, we calculate this matrix-vector multiplication
without allocating the (DKE-approximated) fine-grid BSE kernel into memory. Instead, we
perform this operation having only allocated the coarse-grid kernel. This choice has a large
impact in the memory footprint of our double-grid method, since the fine-grid BSE matrix
can reach tens of TB in size, e.g., for a 60x60x60 k-grid. This matrix-vector multiplication

can be expressed in the fine-grid e-h space as,

rnmnli = E = nmky; Cp/m/ky ) (33)
, = n'm'ky v
n’'m K,I/i/ il
where Cpe;, = (veky|V) are the components of the vector to be multiplied and r are,
1

analogously, the coefficients of the resulting vector. The summation in Eq. runs over

the fine-grid e-h space. However, applying the DKE (Eq. to the BSE matrix in Eq.
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3.3, we obtain,

Tnmnl - E § = anI z i Cn'm/! RI/ = § = anI Cn'm/ Ky, (34)

/ IK K
n'm'Ky n'm'Ky n'm'Ky

Dom(KI/)

where the BSE matrix elements in the R.H.S are those of the coarse-grid kernel and the
resulting summation runs over the K-points in the coarse grid only (see Eqs. and
in Appendix [A] for a visual representation of Eq. [3.4). Computationally, this means adding
a loop over the k-points in the domain of each K, which can alternatively be recast as a
matrix-matrix multiplication (see Eq. . In practice, we divide a given Haydock vector
|V} in fragments by grouping its components, Crmuy,» according to their k-point index,
t. Hence, instead of evaluating Eq. for each ¢ index, we build a matrix with those
fragments as columns and multiply the coarse-grid BSE kernel by it (see Eq. .

We highlight that the implementation conducted as part of this thesis involves the ex-
tension of Haydock’s algorithm to the double grid, while the Haydock solver itself, alongside

the BSE scheme, were already coded.

3.2 Results and discussion

The double grid method proposed here to calculate optical spectra via the BSE has been
implemented in the Haydock solver of the Yambo code [128,129] and tested on a variety
of semiconductors. In this section, we present the resulting optical spectra of bulk Si,
bulk GaAs and monolayer MoS,;. An assessment of the computational cost of this scheme
in comparison with the full BSE is also provided. We conclude this section discussing the
approximations made in our double k-grid approach and its limitations. Although Gamma-
centred k-grids were used throughout this study, our method can also be used with shifted
grids (see an example in Appendix [A]). The starting KS wavefunctions and energies were
computed with Quantum Espresso [130] using norm-conserving pseudopotentials and the

Perdew-Zunger LDA exchange-correlation functional [51]. The calculation of optical spectra
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was performed in the length gauge and within the dipole approximation.

3.2.1 Absorption spectra

Fig. shows the absorption spectrum of bulk Si, which is notoriously difficult to converge
with respect to k-points since a very dense k-sampling is required to properly describe its
excitons. The starting point for our Si calculations is a severely under-converged 8 x 8 x 8
k-point grid. Indeed, the spectrum produced by this coarse grid alone shows numerous spu-
rious peaks (see left panel of Fig. [3.2), which reveals a high degree of artificial localisation
of the excitons imposed by the 8 x 8 x 8 k-grid. We then took the latter as the coarse grid
for the double grid method and added a fine grid of k-points to it. Fig. shows that a
fine (double) grid of 24 x 24 x 24 k-points on top of this coarse grid immediately suppresses
this artificial localisation. Denser double grids improve upon this result. Ultimately, the
spectrum obtained with a 60 x 60 x 60 fine k-grid on top of an 8 x 8 x 8 coarse K-grid is
in relatively good agreement with experimental data available in the literature for Si bulk
at 10 K [131] (see Fig. [3.2). The right panel of Fig. shows a comparison with other
theoretical results obtained from the literature. Among the latter, Ref. [79] uses the BZ-
interpolation of Rohlfing et al. [66] (described in Section while Refs. [64] and [132]
solve the BSE in shifted k-grids without any such interpolation. Importantly, Ref. [133]
includes the coupling to the lattice (zero-point) vibrations and the resulting renormalisation
of optical strengths. All five theoretical spectra presented in the right panel of Fig. [3.2
show relatively good agreement with the experimental data.

As in the case of Si, GaAs also requires very dense k-sampling for its optical response
to be converged. The coarse grid in this case is an under-converged 10 x 10 x 10 Gamma-
centred k-point grid. Various spurious peaks are present in the spectrum calculated with
this coarse grid alone, which points to a high degree of artificial localisation of the excitonic
wavefunctions (see left panel of Fig. [B.3)). It is apparent that adding a fine (double) k-grid

of 20 x 20 x 20 does not solve the problem fully. However, the spectra with 40 x 40 x 40 or
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Figure 3.2: Optical absorption spectra of bulk Si calculated at the BSE level and compared
with experimental data at 10 K [131] (labelled Exp.). Left: Results obtained with the
double-grid method proposed here. The label Ng = 8% corresponds to a regular BSE
calculation on a single 8 x 8 x 8 coarse k-grid. The label N, = 60% corresponds to a double-
grid BSE calculation with an 8 x 8 x 8 coarse k-grid and a 60 x 60 x 60 fine k-grid. We
consider all e-h pairs from the top 4 valence bands to the 4 bottom conduction bands. All
k-grids are Gamma-centred. Right: A comparison with other theoretical spectra available
in the literature.

60 x 60 x 60 k-grids match the experimental data relatively well (see Fig. , respectively).
The right panel in Fig. [3.3]shows a comparison with available experimental data for GaAs at
22 K [134]. In addition, other theoretical results obtained from the literature are displayed,
both with BZ-interpolation [66] and without it [65]. All three theoretical spectra agree
relatively well with the experimental data.

The k-point convergence of the absorption spectrum of monolayer MoS,; within the
BSE scheme has been previously discussed [135,/136], where the splitting of the first exciton
was attributed to spin-orbit coupling. Moreover, it was argued that several studies obtain a
similar splitting due to an underconverged k-sampling of the BZ and mistakenly report it as
matching experimental results. In fact, the appendix of Ref. [135] shows that a calculation
in which spin-orbit coupling is not accounted for should not show any splitting in the first

exciton.

Here, we intend to investigate whether our double-grid method can eliminate this un-
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Figure 3.3: Optical absorption spectra of bulk GaAs calculated at the BSE level and
compared with experimental data at 22 K [134] (labelled Exp.). Left: Results obtained
with the double-grid method proposed here. The label N = 10% corresponds to a regular
BSE calculation on a single 10 x 10 x 10 coarse k-grid. The label N, = 603 corresponds
to a double-grid BSE calculation with a 10 x 10 x 10 coarse k-grid and a 60 x 60 x 60 fine
k-grid. We consider all e-h pairs from the top 4 valence bands to the 4 bottom conduction
bands. All k-grids are Gamma-centred. Right: A comparison with other theoretical spectra
available in the literature.

physical splitting in a calculation without spin-orbit coupling. We start with the spectra
computed on a (single) grid of 12 x 12 x 1 k-points, which splits the first exciton into
two peaks at around 2.2 and 2.5 eV (see left panel of Fig. . Indeed, adding succes-
sive double grids results in suppressing the splitting in favour of just one peak at around
2.3 eV. Moreover, this is achieved with a negligible computational overhead respect to the
underconverged 12 x 12 x 1 k-points calculation (See Section [3.2.2]).

In any case, dense k-grids in monolayer MoS, still amount to a manageable total number
of k-points owing to its two-dimensional nature, which requires only one k-point in the
vertical direction. Therefore, full BSE calculations on dense grids could be conducted
for this material using high-memory computing nodes, e.g., requiring around 500 GB of
memory per processor for a single-grid 60 x 60 x 1 BSE calculation. This is much less

severe than a 60 x 60 x 60 calculation for bulk Si, in which case the BSE kernel required

tens of TB of memory, thus resulting prohibitively costly. The spectra of monolayer MoS,
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calculated in dense (single) grids is presented in the right panel of Fig. [3.4) showing a
noticeable reduction in the above-mentioned splitting of the exciton. These results also
feature a gradual shift in the position of the first and second excitons with increasing k-
sampling. A comparison with the double-grid spectrum indicates that our method fails to

reproduce this shift as a result of the stark approximations made in the BSE kernel.
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Figure 3.4: Optical absorption spectra of monolayer MoS, at the BSE level. The label
Nk = N? corresponds to a regular BSE calculation on a single N x N x 1 coarse k-grid.
The label N, = 60? corresponds to a double-grid BSE calculation with a 12 x 12 x 1 coarse
k-grid and a 60 x 60 x 1 fine k-grid. Left: Results obtained with the double-grid method
proposed here. Right: Comparison with full BSE calculations on dense (single) grids. We
consider all e-h pairs from the top 3 valence bands to the 5 bottom conduction bands. All
k-grids are Gamma-centred.

Finally, we discuss the impact of the coarse-grid starting point for a double-grid calcu-
lation. The first observation derived from our experience with this method indicates that,
if the coarse grid is very far from convergence (e.g., 3x3x1 for MoS,), the double grid spec-
trum would not be correct or meaningful (see, e.g., Fig. . Therefore, around these low
densities of k-points, we conclude that a denser coarse-grid will usually represent a better
starting point. However, upon increasing the k-point density of the coarse grid, we reach
a point where the advantage of doing so is not always clear. For example, the left panel of

Fig. [3.5 shows absorption spectra of Si bulk obtained with a 60x60x60 fine grid and two
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different coarse grids, 12x12x12 and 8x8x8 (the latter is the result from Fig. . While
the 12x12x12 coarse grid shows better agreement with the experimental data in the region
between the two peaks and beyond, the quality of the spectrum around the first peak has
deteriorated respect to the 8 x8x8 coarse-grid result. In the case of GaAs, the comparison
with experimental spectra worsens slightly upon increasing the k-point density of the coarse
grid from 10x10x10 to 14x14x14 (see right panel of Fig. [3.5). The exception to this is
the feature around 2.1 eV, which improves with a denser coarse grid (see Sec. . For
MoS,, Fig. shows a comparison between double-grid spectra obtained with different
coarse grids and the full BSE calculation on a 60x60x1 k-grid. The description of the first
exciton with a 24x24x1 coarse grid worsens respect to the one obtained using a 12x12x1
coarse grid (see left panel of Fig. . This is due to a sizeable shift in the position of the
first exciton when going from a full 12x12x1 BSE calculation to a full 24x24x1 one, which
then gets reversed upon using even denser grids (see right panel of Fig. . As a result, a
48 x48x 1 coarse grid represents a better starting point regarding this first exciton (see right
panel of Fig. [3.6). The rest of the spectrum appears to improve with denser coarse-grids.
Overall, this analysis highlights the dependence of the double-grid result on the quality of
the coarse-grid spectrum as an important shortcoming of this approach. This hinders the

predictive power of the double-grid method presented in this Chapter (we revisit this issue

in Section [3.2.4)).

3.2.2 Computational cost

As described in Section [2.2.2] Lanczos approaches to the BSE eliminate the need to in-
vert the BSE kernel or fully diagonalise the two-particle Hamiltonian, which would become
the bottleneck of the calculation whenever required. Instead, Lanczos solvers replace these
highly demanding tasks by very efficient and computationally inexpensive iterative schemes.
This numerical advantage means that the solution step itself does not drive the computa-

tional cost any longer, but rather, computing and storing the BSE matrix now becomes
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Figure 3.5: Optical absorption spectra of bulk Si (left) and GaAs (right) at the BSE level
via the double-grid approach using different coarse grids. We consider all e-h pairs from the
top 4 valence bands to the 4 bottom conduction bands. All k-grids are Gamma-centred.
the bottleneck of the calculation. The method proposed in this work addresses this issue
directly. First, the KS wavefunctions in the fine grid need not be available, i.e., not stored
nor loaded into memory. Moreover, the kernel matrix elements in the fine grid, and conse-
quently, the corresponding oscillator strengths, need not be calculated. As a result, the size
of the BSE kernel matrix will effectively be that of the coarse grid kernel. For instance, if
we consider a coarse grid of 10 x 10 x 10 and a fine grid of 60 x 60 x 60, then there would be
1000 K-points and 216000 k-points. The full BSE kernel would have ~ (200 x N, x N,)?
more matrix elements than the approximated one, where N, and N, denote the number of
valence and conduction bands, respectively. Depending on the number of bands required
for convergence, the steps of computing and storing that many matrix elements may draw
the line between what is feasible and what is not, not only in terms of processing power,
but also due to memory and disk-storage limitations.

Let us consider monolayer MoS, to address how the computational cost compares be-
tween our double grid approach with a given fine k-grid and the regular (full) BSE calcula-
tion using that same fine grid as the only (single) k-grid. While this Section focuses on the

computational cost comparison, the spectra produced by all calculations involving, e.g., a
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Figure 3.6: Optical absorption spectra of monolayer MoS, at the BSE level via the double-
grid approach using different coarse grids. Left: Using a 24 x 24 x 1 coarse k-grid. Right:
Using a 48 x 48 x 1 coarse k-grid. We consider all e-h pairs from the top 3 valence bands
to the 5 bottom conduction bands. All k-grids are Gamma-centred.

24x24x1 k-grid, is presented in Fig. [A.3] Fig. 3.7 shows the combined time required to
calculate the BSE kernel and compute the absorption spectra via Haydock’s scheme as a
function of k-points used in each calculation. For comparability purposes, all the calcula-
tions shown in Fig. have been carried out with just one processor. For the full solution
of the problem (brown circles) the number of k-points has quadratic scaling from one k-grid
to another (as it does for any 2D material) and the CPU time scales quadratically with the
total number of k-points. This latter dependence stems from the size of the e-h basis set and
the number of matrix elements of the BSE kernel, i.e., (Ng x N, x N,)?. The computational
cost of the double grid approach proposed in this work (green-blue diamonds connected by
lines) increases only slightly with the size of the fine-grid, when the same coarse grid is
used. Since the BSE kernel is calculated only in the coarse-grid, this increase is due to
the Haydock solver, which now has to process larger Haydock vectors. Nonetheless, it is
apparent that the Haydock-related increase in CPU time is minor and far more manageable
than the scaling of the full BSE problem. Overall, the fine grid has little impact on the

CPU time required by the method we propose. In fact, Fig. clearly shows that the
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Figure 3.7: CPU time in seconds required to calculate and store the BSE kernel, and solve
it via Haydock’s iterative scheme as a function of the number of k-points. Brown circles
represent full BSE calculations. The data for 48 x 48 x 1 and 60 x 60 x 1 k-grids have
been estimated via a quadratic fitting. The diamonds denote double-grid BSE calculations.
Lines connect double-grid calculations that use the same coarse-grid. All calculations were
carried out in one processor for comparability purposes. We consider all e-h pairs from the
top 3 valence bands to the 5 bottom conduction bands.

computational cost of the double grid method is roughly driven by the coarse grid.

3.2.3 Kernel extension to the fine grid

The extension of the BSE kernel from the coarse to the fine k-grid is the key approximation
of the double-grid approach proposed in this thesis. There are a number of strategies
one could use, many of which require knowledge of the KS wavefunctions in the fine k-
grid [66,82]. At variance, we only considered strategies where said wavefunctions were
not needed and the fine-grid BSE kernel matrix was not allocated in order to limit the
memory footprint of our method, such as the DKE approximation we defined in Eq. [3.1}

As explained in Sec. [3.1], the latter was chosen for this implementation given its simplicity
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and low computational cost. Nevertheless, there are other possible strategies for kernel
extension one can consider, which have similar characteristics to the DKE. In particular,
we also examined the so-called full kernel extension (FKE). We define the FKE approach
so that each matrix element of the coarse k-grid BSE kernel is expanded into an all-ones

block in the fine grid times the original matrix element,

= nmky, = = nmKy VZ',Z',, (35)

(see Eq. in Appendix |A| for a visual representation of Eq. . As a result, the way in
which the fine-grid matrix vector multiplication is carried out also differs from the DKE.

In the FKE, this operation is performed as

Tnmnli = § Z nmKy E Cn’m’nI/ ) (36)
! k3

i’ €
Dom(Kjy/)

(see Eqgs. and in Appendix for a visual representation of Eq. . We note that
Egs. and [3.6] of the FKE are analogous to Egs. and [3.4] of the DKE, respectively.

In terms of the spectra produced by either kernel extension strategy, the comparison
consistently favoured the DKE over the FKE in all the materials tested in Sec. [3.2.1] as
shown in Fig. |3.8] The difference may be less noticeable in systems with weaker excitonic
effects. In the case of bulk Si, it is apparent that the DKE is better than the FKE at
suppressing the artificial localisation found around 3.6 eV. For GaAs, the DKE also shows an
improvement with respect to the FKE when dealing with the artificial localisation at around
3.1 eV. Finally, monolayer MoS, shows a greater difference between both approaches. In
fact, the FKE approach shows little to none improvement with respect to the 12 x 12 x 1
single k-grid as far as the first exciton is concerned (cf. Fig. . Overall, the trend found
in this work indicates that the DKE is consistently better than the FKE, which is why we
chose the former for this implementation.

In order to explain the better performance of DKE over FKE, we will discuss the
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Figure 3.8: Optical absorption spectra of bulk Si (left panel), bulk GaAs (middle panel)
and monolayer MoS, (right panel). Comparison of spectra obtained by using the diagonal
kernel extension (DKE) and full kernel extension (FKE) approximations. Computational
details as in Figs. |3.21{3.4]

properties of the BSE kernel and the two-particle Hamiltonian matrices, which are related

by Eq. [2.47] In general, the kernel matrix elements = ,,,x are sharply peaked at q = 0

n'm’k’

166,79], i.e., for k = k’. This does not mean that every matrix element with q = 0 will
have a higher value than the remaining matrix elements. In fact, that is only true for the
diagonal elements Emﬁ’ while the q = 0 elements coupling different sets of bands (En@m}(k)
are closer in value to all other q # 0 matrix elements. We exemplify this with monolayer
MoS; in Fig. [3.9] The latter shows the modulus of every matrix element between a given
transition (v = 13, ¢ = 14 and k; = (—0.166, —0.166,0)) and every other transition in the
e-h space, i.e., one row of the BSE kernel matrix. This data is plotted as a function of the
magnitude ||q||/||q||maz s9n(g.), where q = k — ky. Fig. [3.9A shows the BSE kernel as
obtained with a single grid of 6 x 6 x 1 k-points, where we can see that the diagonal matrix
element (the selected transition with itself) is an order of magnitude higher than all other
matrix elements (many of which also have q = 0). The fine grid of 12 x 12 x 1 k-points
better captures the build-up to the peak of the graph as it has many more k-points around
k; (see Fig. [3.9B). Unfortunately, the double grid approach proposed here cannot capture
this feature because it is meant not to imply any extra computation or storage of matrix

elements at fine grid k-points. However, the reader should bear in mind that while this

feature is missing in our approximated BSE kernel, the benefits of this double grid approach
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reside in exactly knowing the transition energies at the fine grid k-points (see Appendix
for a detailed discussion). Therefore, what we require from the approximated kernel is to
avoid introducing unphysical matrix elements, and in this regard the DKE performs much
better than the FKE. Fig. [3.9C shows how the BSE kernel matrix elements approximated
by DKE still represent a function of q that is sharply peaked at the origin. Conversely, the
FKE approach means that many matrix elements in Dom(k;), and consequently at q # 0,
will take the value of the peak. We know that such behaviour as a function of q would
not arise should more k-points be included (see ) Hence, we believe DKE constitutes
a better approximation of the BSE kernel than FKE. Further arguments in favour of the
DKE over the FKE are presented in Appendix [A]
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Figure 3.9: Modulus of the BSE Kernel matrix element between one transition (vck;) and
every other transition in the e-h space (nmk). The data plotted here corresponds to MoS,
with all the bands required for convergence. Panel A shows the matrix elements considering
only a single grid of 6 x 6 x 1 k-points. The DKE (panel C) and FKE (panel D) matrix
elements are obtained from a 6 x 6 x 1 coarse K-grid and a 12 x 12 x 1 double k-grid. The
fine grid data (panel B) is simply what DKE and FKE try to approximate, i.e., the kernel
matrix elements obtained with one single grid of 12 x 12 x 1 k-points.
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3.2.4 Limitations of the approach

The double-grid approach presented in Sec. is based on two approximations: the DKE
(Eq. and the approximation of the starting Haydock vector (Eq. . The DKE has
been extensively analysed in Sec. From the analysis, it emerges that the predominance
of the matrix elements with q ~ 0 is crucial to the success of the approximation. This is
consistent with the spatial de-localisation of the exciton over many unit cells. Conversely,
when the exciton is localised on few unit cells, as it is the case for instance in wide-gap
insulators, the approximation may break down because of the significant contribution to
the BSE kernel of matrix elements with q # 0. We verified this is the case, for example,
for bulk h-BN. The breakdown of the approach for these cases is, however, not critical. In
fact, excitons that are localised on few unit cells can be described accurately with a modest
k-point sampling and the double-grid is not needed.

The approximation for the starting Haydock vector (Eq. implies the assumption
that (within the length gauge and the dipole approximation) the dipole matrix elements in

the fine grid can be approximated by those in the coarse grid, namely,

(nn1i| r |ml-£1i> ~ (nK1| r |mKI>, (37)

for k1, € Dom(Kj), where T is the position operator. This assumption can be verified at
the level of the independent particle approximation (IPA) by comparing the IPA spectrum
obtained with the double-grid approach (which we call Haydock-IP) with the IPA spectrum
calculated on the fine grid. In fact, in the independent particle case, Eq. is the only
approximation introduced by the double grid. For the systems considered in Sec. [3.2] we
verified that indeed the IPA spectra obtained within the double-grid approach agree well
with the TPA calculated on the corresponding fine grid (see Fig. . It is also interesting
to note that this particular approximation is valid for h-BN, which singles out the BSE
kernel (q ~ 0) approximation as the only factor hindering the application of the double-

grid method to this material. In particular, GaAs shows a minor discrepancy in the IPA
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spectra around 2.1 eV (see Fig. [3.10)), a region of the spectrum where k-point convergence
is markedly difficult. This is due to the steep dispersion of the conduction band of GaAs
around the Gamma point, where the optical gap occurs (see, for example, [134]). As a
result, the approximation of the oscillator strengths around Gamma by the corresponding
matrix element at Gamma (Eq. is a rather poor one, which translates into an unphysical

feature around 2.1 eV in the BSE spectrum as well (see Fig. |3.3]).
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Figure 3.10: Optical absorption spectra calculated at the IP level using the double grid
method (labelled Hay-IP) and wvia a regular (full) calculation on a dense grid (labelled
IP). In all cases, the fine grid in the double-grid Haydock-IP calculation is of the same
dimensions as the dense grid used in the regular IP calculation. The coarse grids and
fine/dense grids used for each material are as follows. Si: 8 x 8 x 8 and 60 x 60 x 60, GaAs:
10 x 10 x 10 and 40 x 40 x 40, MoSs: 12 x 12 x 1 and 60 x 60 x 1, h-BN: 12 x 12 x 4 and
24 x 24 x 8, BP(c): 14 x 10 x 4 and 42 x 30 x 12, BP(p): 5 x 5 x 6 and 30 x 30 x 36. All
k-grids are Gamma-centred. The PW91 exchange-correlation functional [52] was used for
BP.

There are also instances in which the approximation in Eq. breaks down substan-
tially. As an example, Fig. shows this breakdown for the optical absorption of bulk
black-phosphorus (BP) along the armchair direction (this material has been studied in

Ref. [137]). The IPA spectrum obtained within the double-grid approach has strong peaks
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around 0.3 eV which are not present in the reference calculation. The appearance of this
artefact can be understood considering how the dipole matrix elements (Eq. [3.7)) are cal-
culated given that the position operator is ill-defined in a system with periodic boundary

conditions. Within the linear regime, we use the commutation relation,
[H,r] =P + [V, 1], (3.8)
where V,,; is the non-local part of the Hamiltonian H and p is the momentum operator.

This results in the dipole matrix elements being expressed as,

K,| b+ [Vi,1] mK
(K| § |my) = S Pt (Vo 1] [mKy) (3.9
ETZK[ - EmK]

BP has a minimum KS band-gap of about 0.2 ¢V (0.1 eV at the DFT level) and thus the
corresponding dipole matrix element is large. Within the double-grid approach, all fine-grid
Kk-points in the domain of the K-point corresponding to the minimum KS band-gap use
the same value, which largely overestimates the actual dipole matrix element. Notably,
carrying out the calculations in the primitive rather than in the conventional unit cell (see
Fig. , improves the agreement with the reference IPA fine-grid spectrum, suggesting
that in this case the coarse grid does a better job at sampling the Brillouin zone around
the K-point corresponding to the minimum KS band-gap. Nevertheless, this Haydock-IP
spectrum still presents artificial features between 0.5-1.0 eV, preventing the application of
the double-grid method presented in this work to BP.

Overall, the intention of our double-grid approach was to reduce the computational and
memory requirements of the BSE scheme by virtue of not using the fine-grid wavefuctions
and avoiding the allocation of a matrix with the dimensions of the fine-grid e-h space.
However, this resulted in very crude approximations and imposed severe limitations on the
validity of the our method. In addition, the double-grid results are strongly dependent on

the quality of the coarse-grid spectrum, which hinders the reliability and predictive power of
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this approach. For these reasons, other BZ-interpolation schemes available in the literature
are still preferable. In particular, the methods of Rohlfing et al. [66,79] and Gillet et al. [82]
are able to deal with strongly bound excitons. Moreover, while they require the fine-grid
wavefunctions, only the method by Rohlfing et al. allocates memory for a fine-grid BSE
kernel. Instead, Gillet et al. avoid storing said matrix in memory by proposing an on-the-fly

interpolation.

3.2.5 Usage recommendations

We now provide some recommendations for using the double-grid method presented here.
Based on the discussion in Section [3.2.4] a minimal coarse grid must be identified, i.e., the
coarser grid that nonetheless satisfies the approximation in Eq. 3.7 This is done in two
steps. First, a full fine grid IPA calculation must be converged with respect to k-points,
arriving, e.g., at a 60 x 60 x 60 k-grid. The next stage would entail running several double-
grid calculations at the IPA level with varying coarse grids and a fine grid of 60 x 60 x 60
until the spectrum agrees with the full fine-grid IPA calculation (e.g., see top row of Fig.
3.10). We highlight this is a fairly inexpensive procedure as it only involves calculations at
the TPA level.

We can then perform double-grid BSE calculations using the recently found minimal
coarse grid. Alternatively, one may choose to go beyond that minimal coarse grid in an
attempt to provide a better starting point for the double-grid BSE calculation (which
is not always guaranteed, as explained in Section . With the chosen coarse grid,
successive double-grid BSE calculations of increasing fine grid should be carried out in
order to converge the dimensions of the latter. However, we highlight that convergence
of the fine-grid in the double-grid method does not guarantee the validity of the DKE
approximation. At this point, one should turn to available data, either experimental or
theoretical, in order to assess the validity of the results on physical grounds. As mentioned

above, this limits the reliability and predictive power of our method.
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Chapter 4

Floquet approach to nonlinear optics

at IPA level

We use Floquet theory (see Section to reformulate the real-time approach to nonlinear
optics (see Section m) as a self-consistent time-independent eigenvalue problem. The
proposed method applies to periodically-driven Hamiltonians and makes use of the dynam-
ical Berry-phase polarisation, thus remaining valid for extended systems. We implemented
this Floquet scheme at the independent particle level and compared it with the real-time
approach. Our reformulation reproduces real-time-calculated 2"¢ and 3"® order suscepti-
bilities for a number of bulk and two-dimensional materials, while reducing the associated
computational cost by one or two orders of magnitude. [

As discussed in Section the main drawback of the real-time approach to nonlinear op-
tics [42] lies in the elevated computational cost associated with it. The latter stems from the
expensive numerical integration of the EOMs (Eq. combined with the long simulated
times required to properly dephase the response. For periodically-driven systems, Floquet
theory offers a time-independent framework which would naturally circumvent these short-
comings (See Section. In this work, we invoke Floquet theory to re-cast the EOM of the
real-time approach as a time-independent self-consistent eigenproblem. This reformulation

and its computational implementation are described in Section [£.1] Considerable atten-

!The work presented in Chapter 4| was carried out as part of this PhD and first appeared published in
Alliati & Griining, Electronic Structure, 5, 017001 (2023). Content from the published article is used here,
with some emendations and changes of phrase to better elaborate the work.
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tion is devoted to dealing with the Berry-phase expression for the electron-field coupling
operator [42,97], which makes our approach valid for extended systems and distinguishes
it from previous Floquet works (e.g., [118]). In Section [4.2] the proposed Floquet approach
is validated by computing nonlinear optical susceptibilities for a number of materials and
comparing the spectra with the real-time results. An assessment of the computational cost
required by our Floquet method is also provided, followed by a discussion on its limitations.
The present Chapter is concerned exclusively with the IPA, while more advanced levels of
theory are deferred to Chapter [f] Supplemental material regarding this development is

presented in Appendix [B]

4.1 Implementation

Throughout Chapters {6 we choose the IPA to be defined at the DFT level plus a static
quasi-particle correction. With this assumption, the effective Hamiltonian in Eq. takes
the form of Eq. [2.63] which we repeat here for clarity,

™ = 15pg) + Ageloo] + W(E), (4.1)

A1PA0

H™A0 represents the unperturbed Hamiltonian at the IPA level. It is composed of

where
the KS Hamiltonian, HXS [po], and the quasi-particle corrections, Agp[oo], for which we
will use a rigid (scissor) shift. As explained in Section , the unperturbed Hamiltonian
at the IPA level is time-independent while the time dependence of H™ is confined to the
electron-field coupling operator, W(S ). Finally, since the unperturbed Hamiltonian, HO is

formulated at the DFT level, we can also refer to the zero-field states, |, ), simply as KS

states.

79



4.1.1 Time independent Floquet-Kohn-Sham basis

We start by defining the so-called Floquet-Kohn-Sham (FKS) basis. Let us assume that
the effective Hamiltonian in Eq. m is time-periodic with a period, T' = i—’;, given by the
frequency of the perturbing electric field, wy. Invoking Floquet’s theorem, one can assert
this EOM will admit solutions in the form of Eq. i.e., e~ ¢, (1), where &, is the
Floquet quasi-energy and the time-dependent Floquet states, ¢, (), retain the periodicity
of the Hamiltonian, ¢,(t) = ¢, (t + T). The general solution to Eq. would then be a

linear combination of said functions,

o) = 3t €7 [, (4.2)

Making use of the adiabatic approximation for weak fields [121], we can assume each time-
zero KS state will evolve adiabatically into a single Floquet state and retain only one term

in the summation of Eq. (.2} i.e.,

[Un) = €75 Ba) = €7 i), (4.3)

where we replaced the label a with the index of the state at k-point k and band n. Pro-

jecting over the zero-field KS states, |k, ), we get,

“+o00 —+o00
[okn) = €780 S i) (il ) = €750 N dieni () 1) (4.4)

where the index ¢ runs over both occupied and empty bands. As the coefficients di,;(t) =
(Uxi|Pxn) retain the time periodicity of the Floquet states, dini(t) = dini(t + T'), they can

be expanded in a Fourier series,
+oo

dii(t) = ) €™ dicui (1), (4.5)

n=—00
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where 1 will be referred to as the Floquet mode. Finally, with Eqs. [£.4] and [£.5], we arrive

at the representation of the time-dependent Bloch states we will use in this work,

+oo +oo
[Uhn) = €%t TN " () ) (4.6)
n=—00 7

where the coefficients Elvkm-(n) depend on the band index ¢ and the Floquet mode 7. The
states given by |[kni;n) = ekt e=inwot | S form a basis for FKS space. This composite
Hilbert space includes £2[0,7] plus the space spanned by KS eigenvectors, i.e., R. The
inner product in £5[0,7] ® R is defined as ((:|)) = fOT dt (-|-), with (-|-) the usual inner
product in R. The dimension of FKS space must be truncated to Ny X (2nmax + 1) for any
practical calculation. N, is the number of bands in the summation of Eq. while 7max
is the maximum Floquet mode used for the expansion in Eq. 1.5 In this work, we define

Nmax 10 Telation to the FKS states, i.e., nyax implies the definition,
dini(n) = 0 i [7] > Dinax. (4.7)

4.1.2 Quasi-energy eigenproblem

The use of FKS basis in the EOM of the real-time approach (Eq. allows us to turn
it into a self-consistent time-independent eigenproblem. Choosing the Hamiltonian in Eq.
m at the IPA level (Eq. and expanding the time-dependent Bloch states in FKS
basis (Eq. [4.6), we arrive at the EOM,

+oo  +oo
D0 30 (HEN i) emtetem 0 Gy () ) = 0 (1.8
Jj y=—o0

Acting the operators H° and —id, we obtain,

+oo  +oo
Z Z (EEA + Wi(t) — &kn — ’Yw0> e Snt e 08 i (V)| pag) = 0, (4.9)
J y=—o0
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where E™* are the KS energies shifted by the quasi-particle corrections and the time-
dependence of Wi (€) is shown explicitly. We multiply to the left by [ dt e*iéint eimot (1, |

and arrive at,

+oo  +oo
D00 (B = = 1w0) Gy + Wisn7)| diy(r) =0, (4.10)
J y=—o0

where Wiq;(n, ) are the matrix elements of Wi(t) in FKS space. It is also worth noting
that the operator (ﬁlﬁ — iat) is diagonal in FKS space, with matrix elements given by
(EE;.A — &kn — fywo). Now, Eq. [4.10| can be rearranged as an eigenvalue problem for the

Floquet quasi-energies,

+oo  +oo
Z Z |:(EII(1;A — ’}/W()) 57;,]'57777 + Wkij (777 ’7):| dknj(’y) = gkn dknz(n) (411)
Jj ==

We define the operator on the LHS of Eq. |4.11] as the quasi-energy operator ICE)A. Its

matrix elements in FKS space are (cf. Eq. 2.87)),
lCEj]A ( ) (EIISA - ’)/CL)()) 5i,j6n,7 + Wkij (7]7 ’7)7 (412)

and the eigenvalue problem in Eq. reduces to the shorthand notation (cf. Eq. [2.83)),

+oo +oo
DN KEN0,7) dieni (1) = Ekn dini (), (4.13)
Jj y=—00

Formally, the matrix elements Wy;;(n, v) can be obtained by expressing the time-periodic
electron-field coupling operator in Floquet space, i.e., Wi(t) = erioo e~ ol 11 (¢), and
taking the inner product,

+oo

Wiaij (n,7) = / dt eTieomt N et Tt (g WA(C) g - (4.14)

(=—o0
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Replacing the time integral with a delta function, we arrive at,

sz‘j(na '7) Zg—_oo 5{,77—7 <Nki|Wk(O|Mkj>

= (ptaes| Wic(n — )| 1) - (4.15)

An expression for Wy;;(n,y) will be obtained in Section [4.1.3] We can anticipate from Eq.
that Wy;;(n,~) will couple different Floquet modes in the eigenproblem of Eq. {4.11}

4.1.3 Electron-field coupling operator W (&)

In order to obtain the matrix elements Wy;;(n,v) (Eq. [4.15), we consider a sinusoidal

electric field of amplitude & and frequency wy, and re-write Eq. as,

i =i Sl N (& a) 2,0 (U5 ) Py

= 87r Z”L 1 N” (80 al) Za’ g 20-2 02 602 iWOtpkkga (416)

where 0o = 1. The summations in Eq. add up to twelve equivalent terms. In what
follows, we will work with just one of them for simplicity. Choosing the positive exponential

(09 = +1) and replacing k7 by k*, we define,
ﬁ;kJr = €+iw0tpkk+. (417)

We start by acting P W+ on a time-dependent Bloch state,

Pl o) = Pl et 3 i dem )ine). (4.18)

Y=—00
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where we have expanded the state |vy,) in FKS basis as shown in Eq. . Multiplying the
RHS of Eq. to the left by [ dt et®ent etiwol (1] we arrive at

+oo +oo

> / dt et ot (o] P ) €0t Gy (1)

= I Prter s (1,7) dieni (7)- (4.19)

In Eq. we have extracted an expression for the matrix elements of the projector,
P (1,7) = / dt e (| Pracr |1 €7 (4.20)
Using Eqs. and 4.17], we find,
M
Pt (0,7) = /dt D! (il > Bt ) (Viem i) €77 (4.21)

The dual |Oy+,,) can be expressed via the overlaps matrix as in Eq. [2.73]

M M

P (m.7) = / dt e (]S IS Lo [ty ) (Ve i) €770 (4.22)

m  mi

Eq. contains the inverse of the matrix Syy+, i.e., the time-dependent overlap already

defined in Eq. Transforming Eq. to FKS basis (Eq. [1.6), we arrive at,

_ +iéx kaJr +iCawot ,—in2wot
[Skk+]m,m1 = € mt " Z@f—oo 7]2*—006 € X

ey dimm (C2) (o | Hact i) dict myiy (112)- (4.23)

Defining the time-zero zero-field overlaps as [S}, ] = (lkj,|f+i,) and making the re-

J2,t2

placement 1, = 19 — (o, we get to,

i —1i§ —inhwot
[Skk+]m,m1 = etilmt o™ %ictm, ¢ Zn AT injywot v

(e S5 8 i (@[S Liaicmeia (G ) - (4:24)
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We now define the terms in the parentheses of Eq. M as [gkkJr]m,ml (n5) and obtain,

[Skict Jmm, = €Fkmt e htm,! i e‘méwot[gkm]m,m(né), (4.25)
1y =—00
which implies the need for a self-consistent solution to the eigenproblem in Eq. given
that the matrix elements Wy;;(n, ) will depend on the solutions {ka(n)}kﬂ’i,n through
the overlap matrices [Siac+|m.m, -
According to Eq. [£.22] we need the inverse of the matrix Syy+. How this inversion
is performed will be discussed in Section For now, we will assume we can find an

expression for [Slzkl+]m1,m expanded in Floquet modes as,

+00
[Slzkl-f]ml,m — e—iﬁkmt €+Z£k+mlt Z e_inéLUOt[Dkk+]m1,m(n;)7 (426)

I
MNy=—0

where the signs of the quasi-energy exponentials have been inverted with respect to Eq.

Inserting Eq. into Eq. we arrive at,

Plijrij (n,7) = fdt e~ t(y—n—1wot Z% Zﬁi o—ibimt o Hiictmit 5

(il (32075 €50 Diges I, 6) i) Wt ) 1) (4:27)

Furthermore, we now use Eq. to replace the time-dependent Bloch states in Eq.

as,
<Ukm| — o1 ikmt Z e TiGiwot Zdl*{ng (<1><,U/kz’3‘ (4.28)
(1=—00 13
and
|Uk+m1> = €_Z£k+m1t Z e_mlwot Z dk+m1i1 (7]1>|/~Lk+i1>' (429)
N1=—00 i1

Inserting Eqgs. and into Eq. [4.27] the quasi-energy exponentials cancel each other
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out and we arrive at,

PkkﬂJ( )= /dt e MOtZZ Z _%WOt Dkk+]m17 (m5) x

momi 172——00

+oo —+00 +oo +0o0
D e N " iy, () (il e,y Y €T "y () (s i), (4.30)
N1 =—00 (51 (1=—00 i3

where (pis|p;) = diy; eliminates the summation over i3 and a new zero-field overlap is
formed, namely [SP, +]is; = (fixilpuc+i, ). Grouping all the Floquet mode summations and

exponentials together, we obtain,

Prcrsy(17) = 0 o X o E o ([ dt et tmaimmceoty 5

S S [Diict Jims o (0)) e ict iy (1) [She i Jiimj(Cl)a (4.31)

where the first parenthesis encapsulates the time dependence. This term results in the
condition (y —n—1+n,+mn — ;) = 0. Choosing to replace ¢; and thus eliminating this

summation via d¢, 14y s, We finally arrive at,

kk+zj n 7 Z Z'rbf—oo 7]1*—00 dl*{m] (’y - n—- 1+ Tlé + 771) X

Zml [Dkk+]m1,m<77§) :OO [Pyt Jiia Jk'*‘mlh (m)- (4.32)

The expressions for the eleven remaining instances of Pkk” can be derived by analogy to
Eq. [£.:32] Once all these projectors are computed, we can go back to Eqs. [4.16] and
to finally obtain the matrix elements of the electron-field coupling operator W;;(n,~)
in FKS space.

To summarise, we have laid out all the steps needed to reformulate the time-dependent
real-time EOM (Eq. into a time-independent eigenproblem (Eq. in FKS basis
(Eq. . Crucially, our scheme is valid for extended systems since we use the Berry-phase

derived electron-field coupling operator. The latter depends on the solutions {ka(n)}k,n,i,n
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and thus the eigenproblem in Eq. must be solved self-consistently. As our Floquet re-
formulation is time-independent, it does not require expensive numerical time-integrations,
which will alleviate the computational burden. Nonetheless, we retain the main advantage
of the real-time approach, i.e., the scheme remains non-perturbative in the electric field,

allowing for the simultaneous calculation of susceptibilities to different orders in the electric

field.

4.1.4 Computational implementation

The Floquet scheme presented here involves, for each frequency wy, a self-consistency cycle

where the eigenvectors calculated in one iteration (solving Eq. [4.11)) are fed to the next

one (Egs. [4.24] and [4.32) until convergence is reached. The condition for convergence

is based on the absolute error in the real and imaginary parts of the susceptibility to
every order requested by the user. Algorithm [4.1.4] shows the main steps in a Floquet
calculation as implemented in our code. As the real-time approach [42], our Floquet code
offers parallelisation in frequencies and k-points. Moreover, it works both in the non-
magnetic (spin unpolarised) and magnetic non-collinear (spinorial) formulations.

In general, the size of the various matrices in Algorithm is determined by number
of bands in KS space, IV, and the total number of Floquet modes, (21, +1). For instance,
the matrices ﬁlfkg, Wy and Ky are of dimension Ny X (2nyax + 1), which would amount to
40 in a SHG calculation (nmax = 2) of a system with 8 bands. We note that the number
of k-points in the system does not enter in the size of the matrices. Instead, it determines
the number of matrices, e.g., there is one Ky eigenproblem per IBZ k-point. In the case
of the projector, ﬁfkg, the number of matrices scales with the pairs of adjacent k-points.
Finally, the dimension of the overlap matrices, Skks, is given by the number of occupied
bands, M. The number of said matrices is determined by the pairs of adjacent k-points

times the magnitude (2 X 2n9yax + 1), which arises from subtraction of Floquet modes (see

step between Eqs. [4.2314.24])).
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Algorithm 1 Workflow of a Floquet calculation as implemented in this work. A simplified
convergence condition is shown for clarity, while the code checks both real and imaginary
parts of the susceptibilities to every order requested by the user. The subscript it refers to
the iteration number while thr denotes an accuracy threshold specified by the user.

for w in frequency range do
while self-consistency not reached do
for k-point in IBZ do

invert overlap matrices Skis (Egs. [4.2414.26)
compute projectors ﬁffkq (Eq. 4.32

build Wy;;(n,v) matrix elements (Egs. 4.16}14.17))
build KCy;; (n,v) matrix elements (Eq. 4.12)

diagonalise Ky;; (1,7)

end for

calculate Polarisation P, (Eq. [2.75))

extract susceptibilities x™ (Eq. 2.77)
if (Im(x\" —x™, ) < thr) then

break while loop at w
end if

end while

end for

One of the challenges met during this implementation concerns the inversion of the
overlap matrix Sy, which is required to obtain the coefficients [Diget |, m(175) as defined
in Eq. [£:26. To this end, two strategies were implemented and compared. The first one
would entail avoiding the time domain entirely and remaining in Floquet space, i.e., one
could obtain the coefficients [Dyct |m,m (1) (see Eq. directly from the coefficients
[§kk+]m17m(n§) (see Eq. [4.25). This is indeed possible for scalar functions [138] and was
extended to matrices as part of this work. The alternative option is to trivially go to the time
domain evaluating Eq. for several sample times t;, invert the matrices [Sku+]my m(ti)
numerically at each ¢;, and Fourier transform the resulting [S,. Jm, m(t:) back to Floquet

space, i.e., solve Eq. for [Dyt Jmy.m (7). This numerical inversion in time domain
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resulted both more robust and less time-consuming than the approach based on Duffin’s
theorems |138].

The calculation of the polarisation via Eq. proved to be another obstacle in our
implementation. As before, the problem originates from the fact that what is available to us
are the Floquet coefficients of each overlap matrix, [gkk‘*']ml,m(né)u rather than the matrix
itself, [Skx+]m,,m- Inserting Eq. into Eq. , we see that we would need to calculate
the logarithm of a sum, which should be linearised by expanding it into a logarithmic series
if the 1, = 0 term dominates. While this does indeed lead to a manageable set of equations
to solve, it would turn our scheme into a perturbative one, thus losing one of the great
advantages of the real-time approach. In fact, the issue of what order in this perturbative
expansion corresponds to which order of the response in the electric field does not seem to
be a trivial one. As before, the alternative is to switch to the time domain, i.e., evaluate
Eq. for a handful of sample times ¢;, calculate the polarisation at each t; with Eq.
and proceed with the usual steps in Eq. to extract the required susceptibilities.

This resembles the usual choice one has in systems with translational invariance of going
back and forth from real to reciprocal space to calculate whatever operator is simpler in
either basis. By analogy, we can switch to time domain to perform a series of operations and
then Fourier transform back to Floquet space. It is key to understand that transforming to
the time domain does not necessarily imply the long simulated times and short time steps
(i.e., tens of thousands of sample times) characteristic of the real-time approach to nonlinear
optics. Rather, the assumed time periodicity means that one just needs to calculate the
observables across one time period only. Moreover, the number of time steps required
within that period is very limited as it corresponds to the total number of Floquet modes

one needs for [Ekkﬂmhm(né), which happens to be (2 X 29max + 1), i.e., 75, = 20max-
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4.1.5 Dissipation effects

The inclusion of dissipation effects in the context of periodically-driven systems has been
previously accomplished by adding an imaginary diagonal matrix to the quasi-energy op-
erator [106]. In this work, we propose introducing these effects via a phenomenological

dissipation term we define as,
iTi () = i (1= 8,0) 8130, . (4.33)

where 1 is a positive real number that provides the broadening to the spectra. The factor
(1 —04,0), denoted by the subscript 1 or superscript (1), ensures that processes to all orders
are damped to the same extent and will be further discussed in Section [5.1.3] Including

the dissipation term into the quasi-energy operator of Eq.
Kt (m,7) = (Bi5™ — ywo — vt (1= 64,0)) 85,565 + Wi (1,7) (4.34)

modifies the eigenproblem in Eq. as,

+oo  +oo

Z Z [ EPA 0 — i (1 — 8,0)) 80y + Wiaj(n, 7)] Jknj<’y) = En dini(n). (4.35)

j y=—o0

This addition can be understood in terms of an adiabatic switch-on of the electric field that

happens at t —+ —oo. Let us multiply the RHS of Eq. by a real exponential of the form,

—+00

|Ukn> _ e—iﬁknt Z —inwot dem |Mk 1/1(1—67,,0) t7 (4.36)

n=—00

where the limit vy — 0 is implied. We then act the time derivative operator of Eq. [2.59)]
—i0y, on these newly defined time-dependent states, |vk,), as done to obtain Eq. from
Eq. . This results in adding the term —iv; (1 —4,0) to Eq. , thus arriving at Eq.

We now consider what this term means for the time-dependent states themselves.
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Evaluating Eq. at t — —oo results in suppressing all terms with 7 # 0,

“+oo

|Vin ) (t = —00) = e Gnt Z dieni(n = 0) |1ui) - (4.37)

()

Formally, this requires that the time-dependent states, |vk,), be a superposition of KS
states, | k), when the field is introduced at ¢ — —oo. In practice, as we shall see in Chapter
|§|, the so-called central component (i = n,n = 0) of the eigenvector representing a state at k-
point k and band n departs from unity only to a negligible extent, i.e., ren i=n(n=0) =~ 1.
Other n = 0 amplitudes, i.e., dvkn izn(n = 0), are usually in the order of 107° — 107°.
Therefore, the introduction of this dissipation term requires that, at ¢ — —oo, a time-
dependent state, |vk,), be equal to the corresponding KS state, | ).

This damping term deals with the rich structure of avoided crossings characteristic
of Floquet quasi-energy operators, effectively removing the singularities that appear at
resonant frequencies. At the IPA level, these Floquet crossings occur whenever a multiple
of the frequency of the perturbation, wy, matches the energy difference between two states
of the system, i.e., the unperturbed (diagonal) part of the quasi-energy operator becomes
degenerate as a function of wy (see Eq. .

As an example, we consider a two-state model with 7. = 1. Let us focus on the
crossing shown on the left side of Fig between the zeroth mode of the valence state and
the first positive mode of the conduction state, i.e., (v,0) and (¢, +1), respectively. This
crossing occurs when the frequency of the perturbation, wy, matches the energy difference
between the states, . — F, = w,es. In the absence of any coupling between these modes,
i.e., Wi;(n,7v) = 0, the quasi-energy operator is diagonal and the eigenvectors are just the
canonical vectors in the basis of choice (see top vector in Fig. |4.1). This means that the
time-dependent state is simply the static (zeroth mode) valence state of the basis set, i.e.,
Elvkvi:v(n = 0) = 1. The introduction of the electron-field coupling operator would imply
non-zero off-diagonal matrix elements coupling the two modes in question. Even couplings

in the order of (E. — FE,) x 107'% would result in an unreasonably high mixing of these
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Figure 4.1: Left: representation of a Floquet crossing between the zeroth mode of the
valence band and the first positive mode of the conduction band, which happens when
the frequency of the perturbation, wy, matches the energy difference between the states,
E. — E,. Right: colour-coded representation of a Floquet eigenvector di,;(n) in a system
with two-bands and 7,.x = 1. The left (right) side of each vector represents projections
over the valence (conduction) state, while the numbers on top of the first vector indicate the
Floquet mode 7. Each square represents a component (or amplitude) within the eigenvec-

tor, e.g., diyy(0) is the so-called central component while dy,.(+1) represents the coupling
component. The three eigenvectors shown correspond to different situations regarding the
inclusion or not of the electron-field coupling operator and the dissipation effects.
states, i.e., ka:v(n =0) =~ Elvkvi:c(n =+1) =~ \/LE (see middle vector in Fig. . Not
only this implies a far greater population inversion than expected for such a weak field,
but also, it prevents the self-consistent loop from achieving convergence since the response
function diverges. Upon including damping in the system, the imaginary contribution —iv
lifts the degeneracy between these eigenstates. This results in an eigenvector where the
projection over the zeroth mode valence state remains close to one, c?km:v (n=0)~=1, and
the amplitude of the (c,+1) mode is orders of magnitude smaller, e.g., 107 (see bottom
vector in Fig. . As we will see in Chapter |§|, this degree of coupling between the
(v,0) and (¢, 4+1) modes gives the correct response function for the nonlinear regime under
consideration.

In the real-time approach [42], this demotion of electrons from the conduction band back

to the valence band is achieved by the dephasing term (see Eq. [2.78)). The latter prevents
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high population inversions and provides broadening to the spectra. For this reason, we
tried formulating this operator in FKS basis and including it into the eigenproblem. While
it did provide the correct broadening to the spectra, it also introduced instabilities into the
self-consistent loop and was hence discarded. We note that other possible expressions for
the dephasing operator result in imaginary contributions to the diagonal of the quasi-energy
operator when transformed to FKS basis, which is similar to the dissipation included in
Eq.

We note that the quasi-energy matrix in Eq. is no longer Hermitian due to the
addition of these imaginary contributions to its diagonal. Therefore, we used a diagonalisa-
tion routine suitable for non-Hermitian matrices and verified that the imaginary part of the
Floquet quasi-energies remained negligible. Finally, we also introduced a small imaginary
contribution to some KS eigenenergies (typically v; x 107%) in order to avoid singularities
arising from degeneracies or crossings in the KS band structure. This applies to those eigen-
values that differ in less than, e.g., 1 x 107 Ha, and is only added at the zeroth Floquet

mode.

4.2 Results and discussion

The Floquet approach to nonlinear optics presented in this Chapter has been implemented
into the Yambo code |128|129] and tested with a number of well-known materials. The latter
have been studied before from an ab-initio perspective [85/139-141] and within the real-time
formalism in particular [42,/43], which makes them ideal for validating and benchmarking
our method. To this end, a systematic comparison between the real-time [42] and Floquet
approaches has been conducted, where the real-time calculations were also performed using
the Yambo code [128,129]. The starting KS wavefunctions and energies were computed with
Quantum Espresso [130] using norm-conserving pseudopotentials and the Perdew-Zunger
LDA exchange-correlation functional [51]. The calculation of optical spectra was performed

in the length gauge and within the dipole approximation.
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AlAs h-BN MoS,

k-grids (nscf) 30x30x30 48x48x1 24x24x1
Bands (full,empty) 3,6 4.4 5,5
Band-gap correction [eV] 0.9 3.3 0.72
Broadening [eV] 0.04 0.15 0.15
Total time [fs] 118 83 85
Time step [as] 10 (2.5) 2.5 10
Floquet modes [Nmax] 2 2 2

Table 4.1: Computational details of the SHG calculations presented in Figs. 4.4] The
total time and time step have been selected through convergence tests available in Appendix
[B] The time step in parentheses applies to the inset in Fig. 4.2

4.2.1 Second Harmonic Generation

In this section, we report selected SHG spectra for bulk AlAs, monolayer h-BN and mono-
layer MoS, calculated both wvia the real-time and Floquet approaches (see computational
details in Table . Fig. [4.2] presents SHG spectra for bulk AlAs calculated by both
methods. The agreement between the two spectra is almost complete, despite the small
broadening deliberately used to highlight differences. The small discrepancies towards the
4eV to 6eV region are due to the choice of time-step in the real-time approach (see discus-
sion below) and vanish with a shorter time step (see inset in Fig. and details in Table
. Nevertheless, we consider the larger time step in Fig. [4.2 (10 as) to be well converged
for this calculation. Fig. [4.3] shows the spectra for h-BN while Fig. presents data
for MoSs. It is apparent that the results produced by either method are indistinguishable
from one another on this scale. This close matching between our Floquet method and the
real-time approach was found across a variety of k-point grids and broadening conditions
for all three materials, extending also to the linear response regime (the full set of SHG
and linear response results is provided in Appendix .

Both real-time and Floquet calculations were carefully converged with respect to the
relevant parameters in each case (see convergence tests in Appendix [B| and the resulting
parameters in Table . The Floquet approach requires convergence with respect to the
number of Floquet modes included in each calculation, i.e., max as defined in Eq. [£.7] Our

tests indicate that convergence with respect to Ny is very fast for SHG spectra, e.g., Nmax =
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Figure 4.2: Bulk AlAs SHG spectra on a 30 x 30 x 30 k-grid with a broadening of 0.04eV,
calculated by the real-time (RT) approach (black line with grey filling) and our Floquet
(FL) method (pink dashed line). The intensity of the electric field is 1x10° W em~=2. The
real-time spectrum is calculated with a 10-as time step. The inset shows a portion of the
spectrum re-calculated with a 2.5-as time step (green line), which reduces the discrepancies
found in the 4eV to 6eV range between the Floquet and 10-as real-time spectra.

RT = h-BN
60 | FL —— |

2.0 4.0 6.0 8.0 10.0
Energy (eV)

Figure 4.3: Monolayer h-BN SHG spectra on a 48 x 48 x 1 k-grid with a broadening of
0.15eV, calculated by the real-time (RT) approach (black line with grey filling) and our
Floquet (FL) method (pink dashed line). The intensity of the electric field is 1x10% W cm™2.
2 is enough to compute a well-converged SHG spectrum, even at higher intensities where

higher-order contributions should play a greater role (see convergence tests in Appendix

. In addition, our Floquet method requires an accuracy threshold to control the self-
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Figure 4.4: Monolayer MoS; SHG spectra on a 24 x 24 x 1 k-grid with a broadening of
0.15eV, calculated by the real-time (RT) approach (black line with grey filling) and our
Floquet (FL) method (pink dashed line). The intensity of the electric field is 1x 10 W cm 2.
consistency loop. This threshold should be selected according to the magnitude of the
response and will impact the computational cost of our approach through the number of
iterations required. For SHG, we chose an accuracy threshold of 2.44 x 10~° pm V!, which
must be satisfied individually by both the real and imaginary parts of the second order
susceptibility. This resulted in off-resonant frequencies converging within three iterations,
while energies close to resonance took four or five iterations.

Convergence in the case of real-time calculations must be studied with respect to two
crucial parameters, the total simulated time and the time step used in the numerical inte-
gration of the EOMs. Both are system-dependent and must be subjected to convergence
tests for every material. Regarding the former parameter, failure to allow for sufficient
simulated time would result the response not being properly dephased. In this case, some
eigenmodes of the system will still be excited since the introduction of the electric field
at time zero, manifesting as oscillations in the real-time spectrum. For instance, the well
converged spectrum in Fig. [1.4] was obtained with 85fs of total time. Fig. [£.5(a) shows
the same spectra of Fig. [4.4] alongside an underconverged spectrum calculated with a total

simulated time of 65fs, which is evidently not enough to suppress these oscillations (see

96



blue curve in Fig. [4.5(a)).

In terms of the time step, this needs to be sufficiently small since longer steps, albeit
more efficient, will introduce unphysical features in the spectra. For instance, the well-
converged h-BN spectrum in Fig. was obtained with a time step of 2.5as. A portion
of this spectrum was re-calculated with a low broadening (0.04eV) to highlight these un-
physical features and is shown in Fig. [4.5(b). While the well-converged 2.5-as spectrum
matches Floquet closely, the real-time spectrum integrated with a 10as step (thus, four
times faster) is severely underconverged, as is apparent from the blue curve in Fig. [4.5(b).
In our experience, a steeper dispesion in the band structure of a material correlated with
faster dynamics, and therefore, the need for shorter time steps. This is in line with inter-
preting large curvatures at the extrema of the band dispersion as a small effective mass of
the electrons. Overall, real-time spectra tend to the Floquet solution upon progressively
increasing the total simulated time and decreasing the time step, as inferred from Fig. |4.5]
Summarising, the convergence with numerical parameters impacts the execution time of the
real-time approach to a larger extent with respect to the present formalism, which is not
based on explicit time integration. The computational advantage of the Floquet approach

over the real-time one is presented in Section [4.2.3|

4.2.2 Third Harmonic Generation

In this section, we report selected third harmonic generation (THG) spectra of bulk Si
calculated both wvia the real-time and Floquet approaches. The full set of THG results
can be found in Appendix [B] Fig. [4.6] shows very good agreement between the spectra
calculated by either method. Convergence of the Floquet approach was also fast in this
case, requiring only ny,.x = 3 for THG spectra. However, additional Floquet modes may be
required at higher intensities in case one wants to capture higher-order contributions to the
third order response, which are present in the real-time result. These contributions depend

on the intensity of the electric field and thus gain relevance at high intensities. In order to
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Figure 4.5: Effects of underconvergence with respect to total simulated time (a) and time
step (b). Panel (a) shows the same spectra as Fig. |4.4] plus an underconverged real-time
(RT) spectrum obtained with 65 fs of total time (blue line). The latter compares poorly
with the 85fs required to properly dephase the system (black line with grey filling) and
approach the Floquet solution (pink dashed line). Panel (b) displays the spectra for h-BN
obtained with a well-converged time step of 2.5as (black line with grey filling), plus an
underconverged real-time spectrum with 10 as (blue line) that fails to approach the Floquet
solution (pink dashed line). At variance with Fig. [£.3] these spectra were calculated with
a broadening of 0.04 eV to highlight the differences.

demonstrate this, we re-calculated a portion of these spectra with a perturbation of higher
intensity and compared the results in Fig. 4.7l The latter shows that n,.x = 3 suffices to

reproduce the low-intensity real-time result while additional Floquet modes (7m.x = 5) are

required at higher intensities to capture these higher-order contributions.

4.2.3 Computational cost

We compared the computational cost of the real-time and Floquet approaches across the
entire data set of SHG calculations. Our results account for a so-called Floquet speed-up of
1-2 orders of magnitude (see Fig. . This speed-up is calculated as the ratio of the CPU
time required by either approach to perform the exact same calculation (see Appendix

for CPU time of each approach individually). Controlling the accuracy and convergence
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Figure 4.6: Bulk Si THG spectra on a 32 x 32 x 32 k-grid with a broadening of 0.15eV,
calculated by the real-time (RT) approach (black line with grey filling) and our Floquet
(FL) approach (pink dashed line). The intensity of the electric field is 1x10° W em™2. We
used 4 occupied and 3 empty bands and a band gap correction of 0.6eV. The real-time
spectrum was calculated with a total time of 114fs and a time step of 10as. The Floquet
spectrum was obtained with 7y, = 3.
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Figure 4.7: Higher-order contributions to THG spectra in bulk Si on a 32 x 32 x 32 k-
grid. Spectra are calculated by both the real-time (RT) and Floquet (FL) approaches with
electric fields of two different intensities, i.e., 1x10% (a) and 1x10' Wem™2 (b). The
number of Floquet modes is indicated in the legend as a subscript, e.g., FL5 corresponds
t0 Nmax = 5. Computational details in Fig. apply, with two exceptions. A time step
of 1as was used to rule out underconvergence in the real-time spectrum as a reason for
the discrepancies. The total simulated times were set in excess of those required by the
convergence tests for the same reason.
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of the spectra played an important role in this comparison. As regards Floquet, we used
Nmax = 2, Which is well converged, and a uniform self-consistent accuracy threshold for all
calculations. We then verified the latter was smaller than 0.1% of the real-time result we
intended to reproduce. We believe this is in line with what a regular user would do, however
we note that there would have been potential for greater speed-ups had this threshold been
fine-tuned in every calculation. As shown in Section [.2.1] the systematic way of converging
real-time calculations implies increasing the total simulated time and decreasing the time
step, i.e., two choices that increase the associated computational cost. While this was
carefully tested for each material, we avoided overconverging these parameters as it would
have unduly penalised the real-time approach (see Appendix for computational details,
convergence tests and all spectra in the data set).

The results in Fig. show the influence of the real-time convergence parameters, e.g.,
the speed-up is higher in h-BN as it required the longest simulated times and shortest time
steps (2.5 as) to closely match the Floquet spectra. MoSy shows an intermediate speed-up
since it was well converged with a 10-as time step but also needed long simulated times.
Finally, AlAs was calculated with a time step of 10 as, which is well-converged in the region
of interest despite the small discrepancies at 4eV to 6eV (see Fig. . While reducing the
latter with a 2.5as time step (see Fig. would have quadrupled the Floquet speed-up,
it would have unduly penalised the real-time approach in our view.

One parameter that s present in both methods and plays an important role in the speed-
up achieved is the broadening of the spectra. In the real-time approach, the broadening is
introduced through the dephasing term (see Eq. [2.78)) and impacts its ability to filter out
excited eigenfrequencies. In general, a small broadening will require a long time to properly
dephase the system and converge the spectrum. Hence, the broadening has an inverse
impact in the computational cost of the real-time method through the total simulated time
needed. At variance, the computational cost of our Floquet approach is almost insensitive
to the broadening, which is introduced wvia the damping term in Eq. It would

be expected that a smaller broadening could make convergence more difficult at some
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Figure 4.8: Computational cost comparison for SHG in the form of a CPU-time ratio
between equivalent real-time and a Floquet calculations. Hollow markers represent calcu-
lations with 0.15eV broadening (“Ib” stands for large broadening), while filled ones are for
0.04eV runs (“sb” or small-broadening). Floquet speed-ups are larger for the latter since
the simulated times required are longer that in the former case, at the same time that
Floquet CPU times are not significantly affected by the choice of broadening.

particular (resonant) frequencies. However, while it is true that the CPU time required by
Floquet scales linearly with the average number of self-consistent iterations per frequency,
adding one or two cycles at a handful of frequencies did not impact the total CPU time
significantly. As a result, the speed-up achieved with Floquet is much larger in small-
broadening calculations. In fact, Fig. [4.§ shows two groups of points per material. Within
the data of a given material, the uppermost points correspond to small-broadening results
(0.04eV) while the lowermost ones reflect the large-broadening calculations (0.15¢V).

We also performed comparisons on bulk Si THG spectra, which were calculated for just
one broadening (0.15eV) but two intensities, i.e., 1x10% and 1x10' Wem™ (referred to
as low and high intensity, respectively). In line with Section [4.2.2 we report high-intensity
calculations with ny,.c = 5 and low-intensity runs with 7y, = 3. This results in larger
Floquet speed-ups at low intensities, as shown in Fig. [4.9] Since high-intensity spectra

require . = 9, there is an increased computational cost related to the additional Floquet

modes in comparison with low-intensity calculations, for which 7. = 3 is well converged
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Figure 4.9: Computational cost comparison for bulk Si THG in the form of a CPU-time
ratio between a real-time and a Floquet calculation producing the same spectra. In the
labels, low and high I stand for intensities of 1x10% and 1x10'® W em™2, respectively. The
number of Floquet modes used is denoted by a subscript in the legend, e.g., FL; means

Nmax = O

(see Appendix for convergence tests). Nonetheless, the computational advantage offered
by Floquet becomes clear close to convergence with respect to k-point sampling (see Fig.
, regardless of the intensity. We point out that, with a broadening of 0.04eV, the
low-intensity speed-up for an 8x8x8 k-grid was 15.1 (not shown in Fig. 4.9)). This allows
us to reliably estimate a speed-up of around 146 for a 32x32x32 k-grid. Hence, at low
intensities where nn.c = 3 is well converged, the speed-ups obtained for bulk Si THG
spectra are comparable to those achieved for bulk AlAs SHG spectra.

The drop in Floquet speed-ups at high intensities, i.e., when including higher harmonics
to capture higher-order processes, points to a poor scaling of our method with respect to the
number of Floquet modes. This is because each additional mode enlarges the dimension
of the quasi-energy matrices by 2/N,, which in turns impacts the time required for their
diagonalisation (see near-quadratic scaling in Appendix . At the other end of the scale,
linear response calculations are much more efficient with the present Floquet formalism
than with the real-time approach. This is because the Floquet matrices are very small

(of dimension 3NV,) and convergence very fast (typically 2 self-consistent iterations are
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sufficient for linear response). However, first-order Floquet is still more expensive than the
usual frequency-domain response-based approach and the latter remains the best option in
the linear response regime, at least at the independent particle level.

One of the main contributions to the computational cost in our scheme is the diagonali-
sation of the quasi-energy matrices. For this particular task, we use the QR algorithm (i.e.,
‘full’ diagonalisation). There is room for improvement in this diagonalisation since the ma-
trices are of dimension Ny X (21)max+ 1) but only M eigenvectors are needed (i.e., the number
of occupied bands, which is a fraction of Np). In the cases considered here, M represents
between 5 and 10% of the dimension of the corresponding matrices. This opens the possi-
bility of exploring more efficient eigensolvers (e.g., those in the SLEPc library [142]) such
as Krylov subspace methods |143| or even variational approaches [125-127], which would
further improve the performance of our Floquet method. Moreover, this would reduce the
scaling of the computational cost with the number of Floquet modes.

Finally, we note that the scaling with the number of atoms is near cubic both for the real-
time and the Floquet approaches (the exponents are 3.1 and 2.8, respectively). However,
the pre-factor of this scaling resulted 17 times higher in the former. We therefore conclude
that the speed-up attained by the Floquet approach respect to the real-time will also be
present (in fact, greater) in systems with large number of atoms. These scaling tests are

presented in Appendix [B]

4.2.4 Limitations

The limitations of the Floquet approach proposed in this Chapter are mainly related to the
requirement of time-periodicity in the Hamiltonian. First and foremost, this framework can
only apply to continuous and monochromatic perturbations. Otherwise, the basic condi-
tions for the application of Floquet’s theorem would not be present. For instance, modelling
pump-and-probe experiments is beyond what one can do with the present formalism, and

falls within the broader capabilities of the real-time approach. Second, we use the adia-
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batic approximation in order to ensure the periodicity of the effective Hamiltonian of our
method, since the Berry-phase electron-field coupling operator depends self-consistently on
the solution of the quasi-energy eigenproblem. This limits the validity of the approach to
weak field intensities. We quantified this limit for the case of h-BN, in which signatures
of non-adiabaticity started to appear at intensities of 1 x 102 Wem™ (see Section [6.5)).
However, the intensity at which this transition occurs is likely system-dependent and care
should be taken when using our approach in this regime and beyond. In particular, we be-
lieve our method is not well-suited for the extreme nonlinear regime, where non-adiabaticity

is expected to play an important role.
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Chapter 5

Floquet approach to nonlinear optics

beyond IPA level

We extend the Floquet formalism of Chapter [4 beyond the IPA level by implementing the
Hartree potential and the screened-exchange self-energy into the quasi-energy eigenproblem.
Only a handful of results could be achieved at this level of theory, since the Floquet self-
consistent cycle presented instabilities and proved much harder to converge than in the IPA
case. Strategies for mitigating these divergencies such as the use of Kerker mixing schemes
and Padé approximants are discussed.

As explained in Section[2.3.2] one of the advantages of the real-time approach is its flexibility
for the inclusion of many-body effects, i.e., they can be easily taken into account by adding
the corresponding terms to the Hamiltonian in Eq. [2.61] Formally, our Floquet scheme
retains this advantage. One has to take the relevant operators, i.e., the Hartree potential
and the screened-exchange self-energy, find their matrix elements in FKS space and add
them to the quasi-energy operator to be diagonalised. However, in practice, these extra
terms bring instabilities into the self-consistent loop, affecting its convergence and leading
to divergencies in the response functions. We will describe the implementation of these
operators into the quasi-energy eigenproblem in Section alongside two strategies to
mitigate the instabilities found beyond the IPA level, i.e., Kerker preconditioning [144]

and Padé approximants [145]. In Section , we present some preliminary results that
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exemplify these convergence issues and assess the usefulness of said strategies.

5.1 Implementation

The effective Hamiltonian for the real-time approach to nonlinear optics with many-body

effects has the form in Eq. which we repeat here for clarity,

F[TPA0
HT = H"[po] + Aqe[oo] +V " [p] + £ [o] +W (€), (5.1)
]f[l\‘/I,B,O

where the added terms respect to Eq. m are the Hartree potential, V# [p], and the
screened-exchange self-energy iSEX[Q]. The time dependence of these magnitudes is given
by their functional dependence on the density, p, and density matrix, g, respectively. This
marks a difference respect to the IPA case, where W(E) was the only time-dependent
operator (as explained in Section HPAD g time-independent as it only depends on

ground-state quantities).

5.1.1 Hartree potential

The first step beyond the IPA level consists on including the Hartree potential in the Hamil-
tonian (see Eq. [p.1)). We refer to this level of theory as TDH in accordance with Section
and note it reduces to the RPA in the linear response limit |[43|. This contribution rep-
resents a local and time-dependent potential, which is simply the Coulomb potential arising
from the electron density at a given point in space and time. As such, it can be obtained
in G-space as a linear functional of the electron density derived from the Poisson equation
(see Eq. . This functional is local in space and time and will thus be time-periodic
provided the density also presents time-periodicity. The latter is ensured by the adiabatic
approximation introduced in Eq. (see below for details). It is worth mentioning that

the Hartree potential depends on the solution of the quasi-energy eigenproblem through
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the electron density and will thus require self-consistency (which was already the case at
the IPA level due to the electron-field coupling operator).

Ultimately, we need to find the matrix elements of the Hartree potential in FKS space,
Vlgj(n,v). Since some of the operations required for this will be performed in the time
domain, we will start by calculating the time-dependent KS states in phase space, vy, (X, t).

Projecting Eq. over (x|, one obtains,

'Ukn(Xt =€ ~int Z €7lnw0t denz ,ukz ) (52)

n=—00

In practice, the KS time-zero, zero-field states are available in a real-space grid from the
DFT calculation, i.e., uy;(xgr), where xg represents a point in such grid. Using the eigen-
vectors from a previous iteration, {Elvkni(n)}, we compute the sum over Floquet modes in

Eq. and arrive at a phase-space equivalent of Eq.

“+o0

Vn (Xg, ) = e~ Gnt dem(t) L (XR)- (5.3)

We evaluate this expression for a handful of sample times ¢, within one period and obtain
the time-dependent KS bands in a real-space grid at each time step, vy, (Xg, ts). With this,

we can evaluate the electron density at each time ¢, in the same real-space grid,

XR, ZZ |Ukn XR, s (54)

where the index n runs over the occupied bands only. The quasi-energy exponentials in Eq.
cancel out in Eq. leading to a time-periodic density, which in turns imply a time-
periodic Hartree potential and ultimately ensures that the Hamiltonian remains periodic
at the TDH level. This is the intended effect of the adiabatic approximation introduced in
Eq. 3 If Eq. contained a sum over time-dependent Floquet states as in Eq. it
would give rise to exponentials of the form e *¢e1%e2)t which would not be commensurate

with the frequency of the perturbation, wy, and therefore render the density non-periodic.
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Such a term in the Hamiltonian would make it impossible to eliminate the time variable
from the EOMs and prevent us from arriving at a time-independent eigenproblem as in Eq.
411l

As mentioned in Section [2.3.2] the time-zero Hartree potential is already included in
the exchange-correlation potential from the DFT ground state. This means the term Vo]
we add to Eq. in TDH should be the difference with respect to that DFT Hartree
potential. In order to do so, we subtract the reference density from the result of Eq.
5.4, The reference (ground-state) density is simply obtained with the time-zero, zero-field
KS wavefunctions, i.c., po(xr) = ) S0 |in(xr)|?. We can define the subtraction as
P> (xR, ts) = p(Xr,ts) — po(xr) and use it thereafter. This exploits the fact that the Hartree
potential is linear in the density.

Having the density p®(xg,t,) in real space, we can use a Fast Fourier Transform (FFT)
routine to transform it to G-space for each time t,, i.e., p2(G,t,). With this, we can

calculate the Hartree potential in G-space as (cf. [2.65)),

A7

H £ = A py
V (G7 S) p (G7 8) |G|2’

(5.5)

where the G = 0 term is omitted for the reasons presented in Section [2.2.1, Then, using
FFT routines we can obtain the Hartree potential in a real-space grid V¥ (xg,t;) at each
time t, and proceed to calculate the matrix elements in KS space,

grid

Vil (ts) = (V7 (t0) |11y Zﬂkz (xr) V(xr,ts) puj (XR)- (5.6)

Given that each matrix element Vklfj (ts) is individually a periodic function of time, we can

find the corresponding Floquet coefficients from,

+oo
Vil(ts) = ) e VIL(Q). (5.7)
(=—
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With this, we have available all the quantities required to calculate the matrix elements of

the Hartree potential in FKS space, Vi;(n,7). Analogously to Egs. and [4.15, we do

oo
Vili(n,~) = / e R N A (e (5.8)
(=—0
szy m, ’7 Z 5C77 B szg ) (59)
(=—
Vkljj(na v) = ‘715; (n—"). (5.10)

As a result of the Hartree potential being time dependent, its matrix elements in FKS basis
couple different Floquet modes with one another. Finally, the quasi-energy eigenproblem

for the TDH case would be obtained by simply adding this term to the IPA eigenproblem
(see Eq. , resulting in,

+oo 400

Yo > K 1) dieng(7) = Gn ducni(n), (5.11)

J y=—00

with
K (n,7) = (B = ywo — in (1= 650)) 85,00 + Wiai(n,7) + Viy(n,7). (5.12)

As anticipated, part of this procedure was performed in the time domain, which required to
transform the Floquet eigenvectors to time (Eq. and transform the Hartree potential
back to Floquet space (Eq. . We could have chosen to remain in Floquet space and
dispense with the time domain completely. Both alternatives were implemented in our
code and tested, showing a consistent computational advantage in favour of using the
time domain. Therefore, we used the time-domain route for the calculation of the Hartree

potential in FKS space.
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5.1.2 Mixing schemes and Kerker preconditioning

As will be shown in Section [5.2.1] the introduction of the Hartree potential alone is usually
enough to result in the above mentioned convergence issues. This is expected as small
changes in the density from one iteration to the next one are amplified into big variations
in the potential by long-wavelength (small G) terms in Eq. [5.5, which may be a source of
these instabilities. This problem shares some features with DFT schemes, i.e., both entail a
self-consistent eigenproblem where a term in the Hamiltonian has a functional dependence
on the density (our Floquet formulation is not variational, otherwise the similarity would
be greater). For this reason, a mixing scheme was proposed to improve the performance of

our code. We started with a linear mixing scheme for the density at each time step, t,,

P (2 1,) = B 0 (1) + (1= B) plP(x, 1), (5.13)

where pp, is the density used to construct the Hartree potential of the Hamiltonian at a
given iteration and poy is the density calculated with the wavefunctions obtained after
diagonalisation of the quasi-energy operator. However, our tests indicate that this mixing
scheme has limited impact in the stability of our code. We also tried mixing other quantities
like the Floquet eigenvectors or the Hartree potential, but without success. We note that
a linear mixing of the Hartree potential is equivalent to Eq. since V! is obtained
through a series of operations that are linear on the density (the same applies to mixing
p or p®). A double self-consistency loop was also considered, where the outer loop would
update the density every time the inner loop converged for a given Hartree potential. We
highlight that the first iteration of the outer loop represented an IPA-level calculation.
Nevertheless, this showed no improvement in the stability of the code.

We also implemented a Kerker preconditioning method [144]. This represents a G-
dependent mixing where the long-wavelength components of the Hartree potential are
heavily mixed (i.e., remain almost at their ground-state value) while highly localised con-

tributions are mixed to a lesser extent (i.e., they are free to change considerably from one
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iteration to the next one). This Kerker preconditioning implies solving [144],

)\2

v i i 4
virG, ) = (pA“)(G,tSHEVH“)(G,tS)) .

Tl (5.14)

which effectively introduces a screening length of 27“ In essence, this formulation defines
a sphere beyond which the effects of the Hartree potential are considered to be long-range
and therefore screened. Hence, only contributions within that sphere are taken into account
(i.e., local field effects). This is achieved by Eq. , which approximates Eq. in the

A < |G case,
4m

vHUY (G ) & (Gt)‘GP

(5.15)

In other words, for wavelengths shorter than the screening length (inside the sphere), the
corresponding high-|G| components of the Hartree potential are simply generated from
the output density of the previous iteration. This means that the information of these
components at a given iteration is not carried over to the next one, i.e., mixing is minimal
and the high-|G| contributions to the potential vary greatly throughout the iterations. At

variance, for wavelengths larger than the screening length (|G| < A), Eq. reduces to

47

g (it+1) (it)
vEUY (G ~ vEY (G + (Gt))\Q

(5.16)

As shown in Eq. [5.16] the long-range (small-|G|) contributions to the Hartree potential
are heavily mixed with their values from previous iterations, thus remaining close to their
ground-state value calculated at the DF'T level. While this strategy improves the stability
of the self-consistency cycle, one must carefully verify that all relevant local field effects are

captured and that what is left outside the sphere does not affect the response significantly.

5.1.3 Padé approximant

Our experience with the proposed Floquet approach indicates that, as a general trend,

increasing the broadening of a calculation brings stability into the Floquet self-consistent
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loop. However, beyond IPA, the broadening required to achieve convergence at resonant
frequencies is usually much too large. As explained in Section [£.1.5] the broadening in the
spectra we calculate is a result of introducing dissipation effects into the electronic problem
in a phenomenological way. Therefore, this parameter should be chosen on physical grounds
and cannot take any value. For instance, 1-4 eV would probably overestimate the effect of
the environment on the electrons, thus failing to reproduce the dynamics of open systems.
Usually, we choose broadening values below 0.2 eV in order to match experimental spectra
obtained at low temperatures. While a broadening in the region 0.25-0.5 eV would not be
unreasonable from a physical point of view, it normally results in very broad spectra where
features are difficult to pick apart.

The overall impact of the dissipation term (Eq. in the response function can
be understood as an imaginary contribution to the frequency, i.e., © = w + iv,. This is
common practice when dealing with the pole structure of perturbative expressions obtained
for response functions (e.g., . Mathematically, any response function y(w) is complex-
valued function R — C with poles at resonant frequencies w = w,s. Let us then consider the
introduction of broadening as an analytical continuation of this function into the complex
plane, y(@) : C — C. The imaginary part of the frequency would then shift the poles away
from the real axis and circumvent the associated singularities. In this context, one can
think of solving the Floquet eigenproblem with a large broadening and using an analytical
continuation procedure to shift the poles back to a desired value of broadening. This would
benefit from the stability gained by using a large broadening at the same time as turning
the resulting broad spectrum into a useful one.

We implemented this strategy making use of Padé approximants [145]. The latter
have been employed in several areas of electronic structure, e.g., they can be applied to
Green's functions [146], the screened Coulomb potential [147] or absorption spectra of

molecules [148]. In particular, we will use an N-point Padé approximant to obtain a

Padé ((:)TB ) B B

response function y , where the complex frequency, @™ = w + iv™, contains the

desired or target broadening (TB), e.g., vTB = 0.15 eV. We start with a collection of N
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points belonging to a spectrum calculated via the Floquet approach using a large broadening
(LB), x*B(0™B). The argument of this broadened response function is a complex number,
O"B = w 4 B, in which w represents the frequencies for which the Floquet approach

was solved and "B is the deliberately large broadening used to facilitate convergence, e.g.,

VB = 0.4 eV. With this data, we can construct the auxiliary functions [145],

go(2) = x"(2), (5.17)
gpfl(N;I;—Bl) — gp-1(2)
9p(2) EErTy p——t (5.18)

where z is any number in the complex plane and the index p runs over the N data points
of xB. Evaluating these functions at the frequencies of the broad spectrum we obtain the
a coefficients,

ap = gp(z = @"). (5.19)
With these coefficients, we construct a set of recursive formulas [145],

A At (2 — (D]I;B) ap1 Ap—1

By B B, + (2 — @;I;B) ap1 Bp1’

(5.20)

A_l = O, AQ = Qo, B_1 = 1, B() =1. (521)

We can then compute these recursive relations for any complex number, z, in order to
obtain the N**-order Padé approximant, g—x, evaluated at that point, z, in the complex
plane. In particular, we are interested in calculating the approximants at or close to the

real axis, e.g., at the complex frequencies with the target broadening we defined above,

N

N

Padé@TB) — B_N(Z — OB, (5.22)

X

thus obtaining an approximation to the response function with the desired broadening, e.g.,

v™8 =0.15 eV. In practice, we enforce some relations within our initial data set, x*B(0™8),
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in order to enhance the numerical accuracy of the method,
X(@) = x"(@), (5.23)

X(—w) = x*(@), (5.24)

where the LB superscript was omitted for simplicity. Eqs. and come from the pole
structure of the susceptibility and the Kramers-Kronig relations, respectively [10,/148]. As
we have quadrupled the number of initial data points, we will obtain a Padé approximant
of order 4N.

While this approach works well for first order response functions (see Section or
Ref. [148]), second order susceptibilities present some issues. In particular, second order
processes appear underdamped if the Padé approximant is calculated as described above,
even showing divergencies in some cases (see Section . In terms of Floquet crossings
(see Fig. , second order processes arise from couplings between zeroth and second
Floquet modes, therefore involving Floquet modes higher than n = 1. All these arguments
point to the dissipation term in Eq. [£.33] which does not show a proportionality with 7.

At variance, one could propose an 7-dependent dissipation term in analogy with Eq. [1.33]

i ngz.(n, ) = ivy |yl 600, (5.25)

which will dampen second order processes twice as much as first order processes. We
believe the dissipation term as defined in Chapter 4| (Eq. is correct for the Floquet
implementation proposed in this thesis. However, an n-dependent dissipation term may be
more appropriate for the purpose of an analytic continuation. In perturbative expressions

of second order response functions, one usually encounters the factor % L__ associated to

E—2w
second order processes. It is clear that an analytic continuation of this factor would result
in a damping term that goes as i2r, which is what we try to reproduce when introducing the

n-dependent dissipation term. If we want the second order susceptibility x“?) produced
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by our Floquet code to be an analytic continuation of a second order response function,
then surely processes associated with 2w should be damped twice as much as first order
processes.

After testing a few possibilities (see results in Section7 we arrived at the conclusion
that both dissipation terms were required when solving the Floquet approach to calculate
(LB)

x\"7), i.e., with the intention of analytically continuating the resulting response function.

This entails diagonalising the quasi-energy operator with two dissipation terms,

K™ (n,7) = (B — ywo — i (1= 6,.0) — ivyV]) 6536+ Wi (0, %)+ Vil (n, 7). (5.26)

In particular, we obtained the best Padé approximants when we associated v; with the
target broadening of the Padé approximant. This leaves the n-dependent broadening linked
to the part of the broadening that should vanish after the analytic continuation procedure.

This implies solving the Floquet approach with the conditions,

(5.27)

which can be understood as the poles being permanently shifted above the real axis to the
desired broadening. Then, the additional broadening introduced to help convergence of the
Floquet self-consistent loop will be effectively removed when analytically continuating from

vEB to 1B,

5.1.4 Screened-exchange self-energy

As discussed in Section [2.3.2, adding the screened-exchange self-energy (Eq. to the
Hamiltonian in the EOM of the real-time approach (Eq. allows for a description of
many-body effects at the H+-SEX level of theory. In the Floquet formalism, this implies
including the self-energy operator in the quasi-energy eigenproblem, for which we need

to obtain its matrix elements in FKS space, EE%X(U,W). Using a similar strategy as for
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the Hartree potential, part of this operation can be performed in the time domain. This
implies computing the density matrix at a handful of time steps within one period, o(ts),
and evaluating Eqs. [2.6842.69|to obtain the corresponding self-energy in KS space, ZIS“EJX( s)-
Once this quantity is known in the time domain, it can be then transformed back to Floquet

space by finding its Fourier coefficients,
Shi (ts) Z e~ 0l SREX(¢). (5.28)
(=—00

Next, we proceed in analogy with Eqgs. and obtain the matrix elements of the

self-energy in FKS space,

+o00
DX (n, ) = / dt etieont N " eieott grivort SN (), (5.29)
(=—o0
EEX Z 5(?7 Y lsczEJX )> (5-30)
(=—00
S (n,7) = o (n — 7). (5.31)

With this, we can finally formulate the Floquet quasi-energy eigenproblem at the H+SEX

level,
400 400 N _
DD KEE09) dini (1) = Een dieni(), (5.32)
Jj y=—o0

with

KatP% (n,7) = (B = qwo — iva (1= 840)) 630y + Waeij (0,7) + Vil (n,7) + 235 (0, 7).
(5.33)
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5.2 Results from current implementation

As anticipated, our Floquet implementation faces convergence issues in the self-consistency
cycle beyond the IPA level. Tests were carried out at the TDH and H+SEX levels of
theory on the same materials as in Chapter [, i.e., bulk AlAs, 2D h-BN and 2D MoS,.
Every calculation performed at the H+SEX level showed instabilities and divergencies in
the response function. These issues are less severe at the TDH level, as suggested by cases
where divergencies occurred only at particular features in the spectra, leaving some energy
ranges free from instabilities. While no general solution to these problems could be found
yet, there are nonetheless a handful of results where convergence has been achieved across
an entire spectrum at the TDH level, both for h-BN and MoSs;. These results are all

particular cases where the specifics of each calculation helped or allowed for convergence.

5.2.1 Time-dependent Hartree with Kerker preconditioning

As mentioned above, there is a general trend whereby a larger broadening increases the
stability of the calculations. However, the minimum broadening required to converge h-BN
at the TDH level was 0.4 eV, which is hardly a useful result on its own (see Section [5.2.2).
Moreover, for MoSs, some frequencies would still present instabilities at 1.0 eV. This means
that none of the cases studied at the IPA level (0.04 and 0.15 eV, labelled small and large
broadening in Chapter [4)) achieved convergence upon inclusion of the Hartree potential.

A possible strategy to help mitigate these divergencies consists on using the Kerker
preconditioning scheme, which was introduced in Section [5.1} The latter added stability
to the system and allowed us to obtain a handful of fully converged calculations. These
results were achieved with 0.15 eV in the case of h-BN while MoS, required an even greater
0.2 eV. Nomne of them would converge in the small broadening case (0.04 eV) despite
using the preconditioning. All calculations presented in this Chapter were performed on a
coarse 6x6x1 k-grid for simplicity, given that tests carried out on denser k-grids showed

no improvement in terms of their stability.
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Fig. |5.1] presents absorption and SHG spectra for h-BN with varying strengths of the
Kerker preconditioning. This shows how decreasing the screening length of the precondi-
tioning improved the stability of the Floquet self-consistency loop until all frequencies were
converged (see right panel in Fig. . Moreover, the converged result obtained with the
smallest screening length is indistinguishable from the real-time TDH solution at this scale.
Calculations on MoS, could also be converged with a sufficiently small screening length
for the preconditioning, as shown in Fig. |5.2l However, in this case, the Floquet solution

deviated from the spectrum obtained with the real-time approach.
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Figure 5.1: Absorption (top row) and SHG (bottom row) spectra of 2D h-BN (0.15 eV of
broadening) at the TDH level with decreasing screening lengths for the Kerker precondi-
tioning. Left: 2F = 3.5 A, 3.4 % divergent frequencies. Centre: & =26 A, 1.8 % divergent

frequencies. Right: 27” = 1.9 A, 0 % divergent frequencies. In the legend, RT and FL

indicate results were obtained via the real-time and Floquet approaches, respectively, while
IPA and TDH represent the levels of theory.

The reason why h-BN converged to the correct TDH spectrum while MoS, deviated from
it simply relates to the screening length used in each case, i.e., h-BN achieved convergence
with 1.9 A while MoS, required a much lower 0.8 A. In fact, we can recognise there is an

important trade-off between stability and accuracy when using the Kerker preconditioning.
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Figure 5.2: Absorption (top row) and SHG (bottom row) spectra of 2D MoS, (0.2 eV of
broadening) at the TDH level with decreasing screening lengths for the Kerker precondi-

2

tioning. Left: 5 = 3.0 A, 8% divergent frequencies. Centre: I—=17 A, 5 % divergent
frequencies. Right: 27“ = 0.8 A, 0 % divergent frequencies.

As the screening length of the preconditioning is decreased, the system gains stability but,
at the same time, a growing number of contributions to the Hartree potential are neglected
(contributions of decreasing wavelength). There are two milestones in this progression,
one consists on gaining enough stability so as to converge the self-consistent loop for every
frequency in the spectrum. The second milestone implies reaching the wavelength where
relevant local-field effects start being neglected, thus altering the resulting spectra. In other
words, since the Hartree potential is meant to represent the physics of local fields, screening
its long-range contributions should not affect the result. However, if the screening length
required to ensure stability is too small, then part of those local field effects are lost and the
result will naturally deviate from the correct real-time solution. If the stability milestone
happens before the second one is reached, one can successfully calculate spectra with the
Kerker preconditioning as in the case of h-BN (Fig. . At variance, MoS, (Fig. [5.2))

represents a case where the opposite happens and the Kerker preconditioning does not
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provide a satisfactory result when computing SHG with our Floquet method.
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Figure 5.3: Floquet-calculated SHG spectra of MoS, (0.2 eV of broadening) at TDH level
with various screening lengths showing the TDH-to-IPA transition. Both panels present
data from the same set of calculations, showing different energy regions and scales. The
dashed pink line is the Floquet result obtained with 27” =08 A (same as in bottom-
right panel of Fig. . Curves in different tones of green were obtained with smaller
screening lengths, thus tending to the IPA solution. Data in different tones of brown/beige
correspond to larger screening lengths. These spectra tend to the RT-TDH solution but
become unstable before reaching it (e.g., brown dots). The screening length of every curve
is shown in the key of the right panel.

In order to better illustrate this trade-off, we re-calculated the response of MoS, with a
greater range of screening lengths and focused on specific portions of the SHG spectrum,
i.e., those where the difference between IPA and TDH is large (see Fig. . As shown
with brown dots in Fig [5.3 the largest screening length is the closest result to the real-
time TDH spectrum, however it presents some divergent frequencies. As the screening
length is reduced, the spectrum starts to deviate from the TDH solution, which we show in
different tones of brown/beige. Further into this progression, convergence is achieved for
all frequencies in the spectrum. At this point, we obtain the dashed pink line (same result
as in Fig. , which already deviates from the TDH solution. If we keep on decreasing
the screening length, the solution continues to deviate from the correct result and tends to
the TPA solution (see different tones of green in Fig. |5.3)). Finally, the Floquet solution
becomes almost indistinguishable from the IPA spectrum for the smallest screening length

used. It is important to mention that Fig. focuses an energy range where the system
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presents fewer divergencies, i.e., while the second largest screening may seem to be the best

solution, it does present divergent frequencies elsewhere in the spectrum.
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Figure 5.4: Data extracted from SHG spectra of h-BN (left) and MoS, (right) computed
with a range of screening lengths. The green lines show the percentage of divergent fre-
quencies of each calculation (0% corresponds to a converged spectrum) and the blue lines
represent the deviation respect to the RT-TDH solution. The data is normalised by the so-
called maximum deviation, i.e., that of the IPA spectrum respect to the RT-TDH solution.
The magnitude of this maximum deviation is 558 (317) pm V! for h-BN (MoS,). In the
scale of the left-vertical axis, the label IPA indicates maximum deviation, while O represents
the RT-TDH spectrum. Upon reaching convergence, the deviation of the Floquet spectrum
(labelled FL) is of 34 (92) pm V™! for h-BN (MoSy).

We can quantify this trade-off by contrasting the proportion of divergent frequencies of a
given Floquet run with the deviation of its solution with respect to the RT-TDH spectrum.
This deviation was computed as the P-norm of a multi-dimensional vector containing dif-
ference between two spectra at each frequency. We performed this analysis for SHG spectra
of h-BN and MoS; calculated at various screening lengths (see Fig. [5.4]). The latter shows
that as the screening length is reduced, the percentage of divergent frequencies decreases
(green curve) and the deviation respect to the RT-TDH spectrum increases (blue curve).
When the former reaches 0%, the calculation becomes stable and converges at every fre-
quency. At this point, h-BN remains close to the RT-TDH solution while MoSy shows a
more significant deviation. This is in part a result of MoS, requiring a smaller screening
length to achieve stability, as mentioned above. Since one would not normally have access

to the RT-TDH solution when calculating a spectrum via Floquet, there is no reliable way
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of assessing whether a Floquet solution misses important local field effects or not. For this
reason, we can conclude that the Kerker preconditioning does not offer a robust and general
solution to the convergence issues faced by our Floquet formalism with local field effects.
In terms of performance, the instabilities originated by the inclusion of the Hartree
potential had an impact on the efficiency of our Floquet implementation. Despite having
mitigated the divergencies described above, converging the self-consistent loop at resonant
frequencies took several tens of iterations, which can compromise the computational ad-
vantage offered by our scheme. In the case of h-BN, around 40 iterations were required
at resonant frequencies, while non-resonant ones needed fewer than 10. In MoSs, some
resonant frequencies required almost 100 iterations to converge. The efficiency of these
calculations was still satisfactory, resulting over 50 and 10 times faster than their real-time
counterpart, respectively. However, we believe the number of iterations could be reduced
with a more robust approach to deal with divergencies and much greater speed-ups should

be reached with additional stability.

5.2.2 Time-dependent Hartree via Padé approximant

We calculated the same spectra as in Section by means of Padé approximants. As
explained in Section this implies solving the Floquet approach with a large broaden-
ing, v*Z, and performing an analytic continuation of the resulting response functions, y*?,
to the desired or target broadening, ¥*”. In this case, it is primarily this large broaden-
ing that brings stability into the Floquet self-consistent cycle and facilitates convergence
(rather than the Kerker preconditioning as in Section[5.2.1]). The main trend found in these
results indicates that keeping the difference v*# — 172 as low as possible is crucial for the
quality of the approximation and the resulting Padé response function, x4, Hence, the
procedure involved running several Floquet calculations with increasing broadening up to

the minimum value that ensured convergence at all frequencies. In order to limit v“® as

much as possible, the Kerker preconditioning was still used in these calculations but only to
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a minimal degree (one that would not guarantee convergence on its own). This means that
very large screening lengths were used (greater than 10 A) in order to ensure no important
contributions to the Hartree potential were missed (as explained in Section [5.2.1)).

As anticipated in Section [5.1.3] first order response functions were straightforward to
obtain with Padé approximants. First, no n-dependent dissipation terms were required,
i.e., the dissipation term as introduced in Eq. with v; = 18 allowed for a satisfactory
Padé spectrum at v7B. Moreover, relatively high values of v — 75 were well handled by
the method, e.g., 0.85 and 0.5 eV for h-BN and MoS,, respectively. As we will show in the
rest of this Section, the situation with changed considerably when trying to approximate
second order susceptibilities, i.e., much smaller values of v8 — T8 were required and the -
dependent dissipation term (Eq. was needed alongside the relations in Eq. . This
is related to the nature of the processes involved in the second order response. Moreover,

numerical issues may also be at play since the first order response is orders of magnitude

larger than the second order susceptibility, which implies a better numerical stability for

the former.
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Figure 5.5: Absorption (left) and SHG (right) spectra of 2D h-BN at the TDH level with
Padé approximants (labelled PD in the legend). Dissipation parameters: v, = v78 = 0.15
eV, vi+v, = v8 = 0.25 eV. The best SHG spectrum achieved with Kerker preconditioning
(bottom right panel in Fig. and the real-time solution are also shown.
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Fig. [5.5 presents the results for h-BN at v, = v78 = 0.15 eV, both in terms of optical
absorption and SHG. The green curve represents the broad spectrum obtained wvia the
Floquet approach with vy + v, = v*% = 0.25 eV, i.e., an additional broadening of only
v, = 0.1 eV was enough to achieve convergence in this case. The orange dashed line shows
the Padé approximant at v™8 = 0.15 eV, which represents a very good approximation to
the absorption spectrum as it is indistinguishable from the real-time result at this scale (see
left panel in Fig. . While the approximation to the SHG spectrum is also satisfactory
(see right panel in Fig. , some issues appear around 5 and 6.5 eV, i.e., when describing
second order processes. The best result achieved with the Kerker preconditioning (i.e.,
bottom right panel in Fig. |5.1)) is also shown in the right panel of Fig. m with a pink
dashed line for comparison. The minor shortcomings found in the Padé approximant to the

SHG spectrum make the use of Kerker preconditioning preferable in this particular case.
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Figure 5.6: Absorption (left) and SHG (right) spectra of 2D MoS, at the TDH level with
Padé approximants (labelled PD in the legend). Dissipation parameters: vy, = v78 = 0.2
eV, v1+v, = v = 0.4 eV. The best SHG spectrum achieved with Kerker preconditioning
(bottom right panel in Fig. and the real-time solution are also shown.

The results for MoS, at v; = v"# = 0.2 are shown in Fig. [5.6] in which case an
additional broadening of v, = 0.2 eV was required to avoid divergencies in the Floquet

approach at all frequencies in the spectrum. The latter then produced broad spectra at

124



vEB = 0.4 eV (green curves). Again, the Padé approximation to the absorption spectrum
is very good in comparison with the correct real-time result (see left panel in Fig. [5.6)).
Moreover, the Padé approximant to the SHG spectrum does not present issues reproducing
second order processes (see right panel in Fig. . However, it does show some limitations
when reproducing fine features such as the sharp valley around 4 eV.

Overall, the main shortcoming of this Padé approximant scheme is the reliance on a
small additional broadening, v*Z — vTB | particularly when calculating SHG spectra. Fig.

5.7 shows how the quality of the Padé SHG spectra deteriorates in the case of MoS; when
increasing v*? (or v,) while keeping v, fixed. Even an increase of 0.05 eV in v, respect
to the solution presented in Fig. [5.6] results in noticeable discrepancies between the Padé
spectrum and the real-time solution, particularly around second order processes (see left
panel of Fig. . As shown in the centre and right panels of Fig. , subsequent increases
in v, cause further deviations. The effect of increasing v# in the case of h-BN (not shown

here) is less severe.
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Figure 5.7: SHG spectra of 2D MoSs at the TDH level via Padé approximants at 0.2 eV
calculated with increasing v,. The real-time solution at 0.2 eV is also shown. All plots have,
vy = 1P = 0.2 eV (orange dashed lines show Padé spectra at 0.2 eV). Left: v, = 0.25
eV and v*? = 0.45 eV (green line shows broad spectra at 0.45 eV). Centre: v, = 0.55 eV
and v'P = 0.75 eV (green line shows broad spectra at 0.75 eV). Right: v, = 0.8 eV and
vEB =1 eV (green line shows broad spectra at 1 eV).

In addition, we present how the Padé spectra depend on the type of dissipation intro-

duced in the Floquet calculation. The results in Figs. [5.5 were obtained with a mixture
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Figure 5.8: SHG spectra of 2D h-BN at the TDH level via Padé approximants at 0.15 eV
calculated with different types of dissipation terms, i.e., only ') (left) or only I'™ (right).
Both graphs were calculated with 75 = 0.15 eV and v'? = 0.25 eV. The plot on the left
considers v, = 0.25 eV (and v,, = 0 eV). The plot on the left considers v, = 0.25 eV (and

vV = 0 GV)
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Figure 5.9: SHG spectra of 2D MoSs at the TDH level via Padé approximants at 0.2 eV
calculated with different types of dissipation terms, i.e., only ') (left) or only I'™ (right).
Both graphs were calculated with v = 0.2 eV and v'® = 0.4 eV. The plot on the left

considers v; = 0.4 eV (and v,, = 0 eV). The plot on the left considers v, = 0.4 eV (and

v = 0 eV)
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of regular dissipation, '™ (Eq. , and n-dependent dissipation, I'™ (Eq. , accord-
ing to the conditions in Eq. [5.27 Fig. [5.§ shows the Padé spectra obtained for h-BN in
the cases where only I'™ (left panel) or only I'™ (right panel) are considered. In essence,
second order processes appear underdamped with only I'V and overdamped with only I'™.
The spectra are more complex for MoSs but the general trends are the same (see Fig. [5.9).
These results validate the use of the conditions in Eq. [5.27

In terms of performance, we mention that this Padé procedure is inexpensive and adds
negligible computational cost. Moreover, a Floquet calculation with large broadening is
easier to converge than one with smaller broadening, thus requiring fewer iterations. As
a result, the former will generally be faster than the latter. While this difference was not
noticeable in the case of h-BN, the MoS, calculation with vFB = 0.4 eV was over two times

faster than the best result using Kerker preconditioning at 0.2 eV (see Section [5.2.1]).

5.2.3 Hartree plus screened-exchange self-energy

Let us briefly discuss what we obtained at the Hartree + SEX level (or real-time BSE)
with our Floquet formalism. Convergence issues are much more severe in this case than at
the TDH level, as we found while calculating the linear response of 2D h-BN wia Floquet
(6x6x1 k-grid, 0.15 eV and only two bands). All frequencies below the position of the first
exciton (5.43 eV according to an equivalent real-time calculation) were converged to roughly
the right result (see Fig. . It is important to note that the response at this frequency
would be zero at the IPA and TDH levels. Hence, the fact that our code is able to find
this bound exciton somewhat validates our implementation of the self-energy. Convergence
could not be achieved at any frequency beyond this first exciton, showing divergencies
throughout the spectrum. The behaviour at the exciton energy is rather curious, as can be
seen in the inset in Fig. [5.10] The response at that frequency seems to oscillate through
the iterations around the correct value, but never converge to it. On the contrary, the

amplitude of these oscillations increases with the number of iterations.
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Figure 5.10: Absorption spectra of 2D h-BN (0.15 eV of broadening) at the H+-SEX level.
The Floquet-calculated spectrum (dashed pink line) present divergencies and does not
compare well with the real-time solution (black line with grey filling) beyond the frequency
of the first exciton, wew.. The inset shows the response calculated via Floquet at wexe
throughout the iterations. The correct result at wey., calculated with the real-time approach,
is shown as a blue dot in the main figure and a blue dashed line in the inset.

Finally, we mention that the use of Padé approximants was not possible at this level
of theory. The convergence issues introduced by the self-energy are so severe that around
4-5 eV of broadening were required to mitigate instabilities. With such a high additional

broadening, the Padé approximant was unable to reproduce the real-time spectrum even in

qualitative terms.
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Chapter 6

Floquet analysis of real-time solution

We present a Floquet analysis tool capable of calculating Floquet eigenvectors provided
that the time-dependent states, i.e., the solutions of the real-time approach, are known.
This allows us to further characterise the instabilities affecting the self-consistent loop of
our Floquet approach beyond the IPA level (see Chapter@). We discuss the potential origin
of said instabilities and gain insights into possible remedies for this problem.

As shown in Chapter [3], the proposed Floquet approach presents instabilities in the self-
consistent cycle at any level of theory beyond IPA, which results in divergent response
functions. A key quantity in this loop are the eigenvectors of the quasi-energy eigenproblem
(e.g., Eq. p.32). Once these Floquet eigenvectors are known, the time-dependent states can
be recovered via Eq. [£.6] as we do, e.g., to calculate the dynamical polarisation. In principle,
one could think of reversing this problem and obtaining the Floquet eigenvectors provided
the time-dependent states are known. Therefore, besides our implementation of the Floquet
approach (Chapters , we developed a python module with several tools to post-process
the time-dependent quantities calculated by the real-time scheme in Yambo [42,|43]. The
main objective is to take the correct solution of the EOMs in Eq. as input and extract
the Floquet eigenvectors from it. The latter are precisely the solutions we should arrive at
by solving the Floquet eigenproblem (e.g., Eq. . This is useful in situations where our

method struggles converge, as it allows us to understand what is wrong with the eigenvectors
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it is producing. We describe this strategy and its implementation in Section [6.1], while the
comparison between the Floquet states produced by either method is presented in Section
6.2, Further analysis of the convergence problems in our Floquet approach and the origin of
these instabilities is provided in Section together with an outlook on possible strategies
for solving these issues. Finally, the validity of the adiabatic approximation invoked in

Chapters [4] and [f] is assessed for a particular case based on the corresponding real-time

result (see Section [6.5)).

6.1 Floquet analysis tool

As explained in Section [2.3.2] the real-time approach integrates Eq. in KS space
and calculates the time-dependent Bloch states in this basis, i.e., (uxi|vk,). For periodi-
cally driven systems and under the adiabatic approximation introduced in Eq. [.3] this

magnitude is equal to the projection of Eq. over the KS basis,

(i |Vxen) = Z e~ ient dinj(t) 6;; = e~ knt dyni(t), (6.1)

J

where the coefficients dy,;(t) retain the periodicity of the perturbation,
Ayni(t) = dyni(t +T). (6.2)

The idea is to take the output of a real-time calculation, (p;|vk,), solve Eq. for dy(t)
and Fourier transform the latter via Eq. to obtain the Floquet eigenvectors, givkni(n).
This procedure would be trivial if the quasi-energy, &, was known. However, the latter is
not computed by the real-time approach. In principle, one could take a pair of real-time

results separated in time by one period, divide Eq. [6.1]by itself and apply Eq. [6.2]to obtain,

ilvwen) (b +T) iy
(fhilvien) (ts) ’ (6.3)
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where one could easily solve for &,. However, this would require the time step to be com-
mensurate with the period, which imposes some practical limitations. A response function
obtained in this way would have been computed with a different time step at each frequency
in the spectrum. This would only be correct if the time step was very well converged, so as
to ensure that slight variations would not affect the numerical integration. Moreover, if one
decided to just run a single frequency and adjust the time step accordingly, this would re-
quire to have computed the spectra beforehand in order to choose this frequency of interest
(e.g., at an excitonic peak). On the other hand, using an arbitrary time step that ignores
the requirement of being commensurate with the period would mean that the computed
quasi-energy would only be an approximation. However, a far simpler approximation to
&k 18 be given by the KS energies, which are already known from the DFT ground state.

Instead, we preferred to formulate a procedure for computing quasi-energies that is
independent of how the dynamical data was obtained. Moreover, the method is fairly
inexpensive and uses information that is, in any case, required for the calculation of Floquet
states. What we know is that if the #rue quasi-energy was used to solve Eq. for dyni(t),
then the result would be periodic, i.e., it would fulfil Eq. 6.2 Therefore, we propose an
iterative solution to this problem where we essentially verify this condition for an assumed
value of the quasi-energy that changes through the iterations.

In order to carry out this procedure we need the real-time results, (pu;|vkn)(t), at two
different sets of time steps. The first one is the sampling set and should contain a handful
of time steps, {ts}, within one period. The second set is used to verify the periodicity
condition at a later time steps, {t,}, outside the sampling period. The latter can be, e.g.,
three periods after a given time step in the first set, ¢, = t,+37T. We take all these real-time
results, at {t;} and {t,}, and use the assumed quasi-energy to solve Eq. for diL.(t) at
each time step (we use the RT superscript to indicate how this quantity was obtained). We
then take the first set of these results, dil (,), which are contained within one period, and
perform a Fourier transform to compute the corresponding Floquet coefficients, dvkni(n).

We will obtain an expansion with Floquet modes up to nya.x provided that the sampling
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set had 2ny., + 1 time steps. With these coefficients, we can evaluate the Fourier series in

Eq. at any time, in particular, for those time steps in the verifying set,

+7Mmax

dntCt) = D e digu(n), (6.4)

T=—"max

where we used the superscript to distinguish between this calculated value and those ex-

tracted from the real-time result, di. (¢,). We now consider a series of equalities,
dl(cjﬁiLc(tv =t,+37T) = dlccj:szC( ) = dkm( s) = dkm(tv =t,+37), (6.5)

the first of which holds because dEf;\iLC is a Fourier series, while the second equality is true

by construction of dSALC. The third equality is only satisfied if the quasi-energy assumed

is indeed correct, as it would imply the fulfilment of the periodicity condition, Eq. [6.2]

Therefore, this procedure aims at finding a quasi-energy such that ,
digns (1) = diin; (1), (6.6)

for all time steps in the verifying set, which allows us to define the error in our method as,

erticy = Y |dign ™ () — digy;(t)] - (6.7)

t’U?

This deviation can be calculated for any time-dependent state obtained wia the real-time
approach, identified by its band index n and k-point. For each state, kn, the summation
in Eq. runs over the states ¢ in the KS space and the time steps in the verifying set,
t, (this set could well have only one element). Ultimately, we can solve this problem by
minimising erry, as a function of the assumed quasi-energy, &x,,.

As an example, Fig. shows the execution of this method for h-BN considering two-
bands and assuming three different values for the quasi-energy. In this case, we intend

to find the quasi-energy of the Floquet valence state at a given k-point, &,. While the ¢
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index in Eq. would run over both bands, Fig. focuses on the projection over the
conduction band only, dy,.(t), to exemplify the method. The first 9 points of each plot

represent the sampling set, where d{AC(t,) and diL (t,) are the same by construction. The

remaining 3 points constitute the verifying set, where the agreement between dSALC(t,) and

diT (t,) is guaranteed only for the correct quasi-energy. Any other value of the quasi-energy
(except those shifted by wg) will not satisfy the periodicity condition in Eq. and result
in discrepancies between dSALC(t,) and dRE (t,), thus adding to erry, (see uppermost and
middle panels of Fig. . At variance, the quasi-energy in the lowermost panel of Fig.
is close to the correct value and no deviation between dPALC(t,) and dRL(t,) can be
distinguished at this scale.

In general, the error function in Eq. depends on the number of time steps used for
verification and how distant from the sampling set they are, providing a knob to tune the
precision of this method. In order to automate the iterative procedure, we implemented
a Newton-Raphson routine in our python module to perform this minimisation, where the
derivative of the erry, function is evaluated numerically via finite differences. According

to our tests, this method allows us to reduce the erry, function to values around 10~ and

calculate quasi-energies with an accuracy in the order of 10710 eV.

6.2 Floquet eigenvectors from real-time solution

We used the Floquet analysis tool introduced in Section to post-process the time-
dependent solution produced by the real-time approach and extract the corresponding
Floquet states. The latter were then compared with the Floquet eigenvectors produced via
the Floquet approach in order to further characterise the convergence issues described in
Section [5.2] We chose a small system to simplify this analysis, i.e., 2D h-BN with a 6x6x 1
k-grid and two bands. All 36 transitions in the BZ were studied before reporting on the

most relevant k-points. Regarding levels of theory, we considered TDH with a broadening

of 0.04 eV and H+SEX with 0.15 eV (see Sections [6.2.1] and [6.2.2] respectively). Both
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function. The lowermost quasi-energy is close to the correct value.

cases are far from convergence when calculated via the Floquet approach and show severe
discrepancies in the resulting eigenvectors respect to those obtained by post-processing the
real-time solution. We verified that these discrepancies are not present when convergence of
the Floquet self-consistent loop is achieved, e.g., 2D h-BN at TDH level with a broadening

of 0.15 eV and Kerker preconditioning, which is the case shown in Fig. |5.1
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6.2.1 Time-dependent Hartree

The analysis at the TDH level focuses on the third peak of the absorption spectrum of
h-BN, where our Floquet code normally presents divergencies (see Fig. . Moreover, the
small broadening used here leads to more severe instabilities than those shown in Fig. [5.1}
which could not be mitigated by the Kerker preconditioning. The results of this analysis
are shown in Figs. and [6.3] where all data corresponds to the frequency of the peak,
wres = 9.8236 eV, and to a particular k-point, which showed the greatest response at that
frequency.

First, we look at the Floquet eigenvector extracted from the real-time solution (top half
of Fig. . This eigenvector, which corresponds to the Floquet state of the time-dependent
valence band (solution of the real-time problem), is indicative of a Floquet crossing between
the zeroth mode of the valence band and the first mode of the conduction band (cf. Fig.
. For this reason, the central component (kav(o)’ or (v,0) for short) decreases slightly
from unity while the second-to-highest amplitude corresponds to the first mode of the
conduction band, i.e., the so-called coupling component (diy(+1), or (¢, +1)). We verified
the latter peaks at the same frequency as the response function, reaching an absolute value
of 2.9%1073 at wyes (this will be revisited in Section .

We now turn to the eigenvectors calculated by the proposed Floquet formalism, shown
in the bottom half of Fig. 6.2l From the data at iterations 2 and 6, we observe the Floquet
solution progresses in the right direction and shows great similarity with the eigenvector
extracted from the real-time solution. However, the code did not converge at that point
and subsequent iterations started to diverge from the intended solution. This is better
appreciated in the left panel of Fig. 6.3 where the value of individual components of the
Floquet-calculated eigenvector are tracked throughout the iterations and the dashed lines
represent the real-time solution for each component. From iteration 7 onwards, several
components of the eigenvector start to grow out of control, overtaking their real-time coun-

terpart by orders of magnitude. This leads to a situation where the coupling component
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Figure 6.2: Colour-coded representation of Floquet eigenvectors at TDH level, as introduced
in Fig. The data corresponds to a selected k-point of real-time and Floquet calculations
of two-band h-BN at w,.s = 9.8236 eV. Top: Correct eigenvector as extracted from the
real-time solution. Bottom: KEigenvectors calculated by the Floquet approach at different
iterations. The Floquet code fails to converge in this case as a broadening of 0.04 eV was
used.
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Figure 6.3: Selected components of the eigenvectors presented in Fig. [6.2{ (TDH level). The
left panel shows several components in logarithmic scale. The lines with points represent
data calculated via the Floquet approach while the horizontal dashed lines correspond to the
real-time solution. The right panel only shows two Floquet-calculated amplitudes in linear
scale, namely the central and coupling components (dy,,(0) and dy,.(+1), respectively).

(¢, 4+1) reaches the same order of magnitude as the central component (v, 0), which decreases

accordingly (see right panel of Fig. where both values tend to \/Li) This eigenvector
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implies a population inversion that greatly exceeds both what was found by post-processing
the real-time result and what is expected with the weak fields used throughout this work.
We are confident a population inversion of this magnitude is wrong and should not be

produced by our Floquet code.

6.2.2 Hartree plus screened-exchange self-energy

The analysis at the H4-SEX level focuses on the first exciton of h-BN, where the linear
response calculated via Floquet did not achieve convergence (see Fig. [5.10). The results
of this analysis are shown in Figs. and [6.5] where all data corresponds to the exciton
energy, Wexe = 9.4332 eV. We start by looking at the Floquet eigenvectors extracted from
the real-time solution at two particular k-points (top half of Fig. |6.4]). The first one (of
index number 7, i.e., k7) shows the largest response among all the transitions studied in
terms of its coupling component (c,+1), which reaches a maximum of 1 X 1073 at weyc.
At variance, ks; represents one of the many transitions showing a much more moderate
coupling component of only 1 x 107°.

In terms of the eigenvectors calculated via Floquet (bottom half of Fig. , the one
corresponding to k; at iteration 7 looks reasonably close to the real-time result. However,
some amplitudes of this eigenvector grow out of control in subsequent iterations, in partic-
ular, the +2 components both of the valence and conduction band, and the zeroth mode
of the conduction band (see left panel of Fig. [6.5). They surpass the real-time solution
(indicated with dashed lines) by several orders of magnitude but do not reach values closer
to the central component (v,0), which remains at 0.99996. At variance, the eigenvector
at ks; does show a (¢, +2) component that reaches the order of magnitude of the central
component (see right panel of Fig. . Once again, this implies a population inversion
far greater than expected or found in the real-time solution (see Fig. . As in the TDH
case, we believe this population inversion is not correct and should not be predicted by this

Floquet formalism.
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Figure 6.4: Colour-coded representation of Floquet eigenvectors at H+SEX level, as in-
troduced in Fig. The data corresponds to selected k-points of real-time and Floquet
calculations of two-band h-BN at we,. = 5.4332 eV. Top: Correct eigenvectors as extracted
from the real-time solution. Bottom: Eigenvectors calculated by the Floquet approach at
different iterations. The Floquet code fails to converge in this case.

6.3 Discussion and outlook

In Section 5.2}, the divergencies in the spectra calculated by the proposed Floquet method
were described, while Section [6.2] presented the big population inversions that our code
wrongly predicts for these cases. In this Section, we will argue there is a causal link

between the two and explore ways to limit the population inversion.

6.3.1 Population inversion

Let us first say that, in our experience of having programmed and debugged this code, every
time the response function presented divergencies, there was an eigenvector showing a big
population inversion such that the central amplitude (v,0) and some coupling component,
e.g., (¢, +1) were of the same order of magnitude. For example, 0.92 and 0.4, respectively.

Second, the real-time results in Section [6.2] indicate that, even at the peak of the response
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Figure 6.5: Selected components of the eigenvectors presented in Fig. [6.2] (H+SEX level).
The left panel shows several components in logarithmic scale. The lines with points repre-
sent data calculated via the Floquet approach while the horizontal dashed lines correspond
to the real-time solution. The right panel only shows two Floquet-calculated amplitudes
in linear scale, namely the central and coupling components (di,,(0) and dy,.(+2), respec-
tively).

function, the coupling amplitude should be in the order of 1072. While the latter does
show an inverse proportionality with the broadening, even the 0.04 eV calculations resulted
in moderate coupling components. Finally, Fig. shows that the absorption follows
the magnitude of the coupling amplitude of the eigenvector corresponding to the k-point
that drives that response (the eigenvectors in these two cases have been obtained by post-
processing the real-time result). In light of this discussion, we can confidently say that if
the coupling amplitude happens to be much too high, so will the response function.

Based on the correct Floquet states as obtained by post-processing the real-time result,

it is apparent that we should now explore ways to limit the high population inversions

wrongly produced by our Floquet code at the TDH and H+SEX levels (see Figs. and

6.4). As discussed in Section [2.3.2] the dephasing term of Eq. that prevents high

population inversions in the real-time approach by demoting electrons back to the valence
band. Moreover, it was already mentioned in Section [£.1.5that the addition of a FKS-space

formulation of this dephasing operator to the quasi-energy eigenproblem was not successful,
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Figure 6.6: Comparison between the linear response function (black lines, left axis) and
the maximum magnitude of the coupling component among all eigenvectors (blue dashed
lines,right axis) at resonant or excitonic frequencies. The data corresponds to real-time
calculations on two-band h-BN, both at the TDH (left panel) and H+SEX (right panel)
levels.

i.e., it introduced convergence issues at the IPA level and it did not improve the stability
of the TDH case.

It is interesting to note that this problem can also be found the IPA level in the absence of
any dissipation mechanisms. This follows the logic of the two-state model presented in Fig.
[4.1, where even the smallest of couplings would result in high populations inversions if not
damped with an imaginary contribution to the diagonal of the quasi-energy operator. By a
similar token, the population inversions at the IPA level were remedied by the introduction
of the phenomenological damping term of Eq. However, the results of Chapters
indicate that this operator is not enough to avoid high population inversions when local
fields or many-body effects are included. It is possible that a more advance framework for

the introduction of dissipation effects could result in a damping operator robust enough to

stabilise these calculations, the form of which has not been found yet.

6.3.2 Floquet near-degeneracies

Another way of dealing with high population inversions consists on working in the (near) de-

generate sub-space implied by the presence of a Floquet crossing. As explained in Fig. [4.1]
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when a Floquet crossing occurs, two eigenstates of the quasi-energy operator will have (near)
degenerate eigenvalues. The corresponding eigenvectors will then be ‘complementary’; in
the sense that if one has amplitudes of 0.92 and 0.4 for (v,0) and (¢, +1), respectively, then
the other eigenvector will have those amplitudes inverted, i.e., 0.4 and 0.92 for (v,0) and
(¢, +1), respectively. Any linear combination in this degenerate sub-space will be a valid
eigenvector with the same eigenvalue. In fact, there will be a linear combination that has
precisely the correct population inversion and thus gives just the right response function.
The problem would then be finding a correct framework to define said linear combination.

In this regard, the average energy formalism presents itself as providing such framework
[125126]. The authors argue that the current method of obtaining Floquet states (see Eq.
is incomplete and unstable, and that the quasi-energy should not be interpreted as the
energy of the system. Instead, they propose an average energy operator whose eigenvalues
are the analogous of a static energy. The average energy would then lift degeneracies in
the quasi-energy spectrum and define a Floquet ground state, thus acting as an additional

quantum number. This average energy operator is built in the degenerate sub-space as,

M= [ o0lien(o). (65)

where the labels I and J correspond to degenerate Floquet eigenvectors having the same
quasi-energy. Diagonalising this operator and choosing the lowest eigenvalue would provide
the appropriate linear combination within the degenerate subspace to define a Floquet
ground state [125.|126].

We implemented the average energy formalism into our Floquet code and tested it with
two-band h-BN at the IPA level (see Fig. . Away from any near-degeneracy, the code
proceeds as described in Chapter [4, However, if a near-degeneracy is found in the quasi-
energy spectrum, the average energy operator is built with the states of the degenerate
sub-space and then diagonalised. The lowest average energy eigenvalue is chosen and the

corresponding linear combination of degenerate eigenvectors is computed to continue with

141



RT-IPA
FL-IPA-avE ——
4
= | =t
o
rr Vi
=
w
E>
O T : T
8.0 9.0 10.0
Energy (eV)

Figure 6.7: Absorption spectrum obtained with the average energy formalism (labelled
avE in the legend) as implemented in our Floquet code. The data corresponds to a two-
band calculation of h-BN at the IPA level with 0.04 eV of broadening. The inset shows a
representation of a Floquet crossing and the resulting near-degeneracy in the quasi-energy
(see horizontal dashed lines). The latter determines a range of frequencies for which the
code executes the average energy subroutine (see vertical dashed lines). The vertical dashed
lines overlap into the main figure to show an example of a frequency range where a near-
degeneracy was found in the calculation.

the calculation. Whether the code finds a near-degeneracy or not depends on a user-defined
threshold, which defaults to twice the broadening parameter.

As expected, the algorithm finds near-degeneracies at the positions of the peaks in the
spectra, as represented by the dashed lines in the inset overlapping with the main plot in
Fig. 6.7, However, the use of this formalism results in suppressing the absorption to nearly
zero. After carefully considering the analytical example provided in Ref. [125], we concluded
that, indeed, the Floquet ground state as calculated via this formalism implies recovering
the valence state. This could indicate that the states we are looking for when calculating
optical spectra are not Floquet ground states. Moreover, as suggested by the examples in
Ref. [125], it is possible that the average energy formalism has been developed for electric

fields with higher intensities than the ones used in our work. Nevertheless, we consider the

use of some linear combination within the degenerate subspace to be a promising route for
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addressing the instabilities found in the proposed Floquet method. Work should be done

towards developing a formalism capable of uniquely defining such linear combination.

6.4 Application example

We briefly digress from the main narrative of the thesis to showcase how the Floquet analysis
tool presented here can be used on its own right, providing further insights into a real-time
calculation. In this example, we will analyse the SHG spectrum of 2D h-BN at the H+SEX
level, as obtained wvia the real-time approach [43]. In order to simplify the analysis, only
two bands will be included in the model, however we highlight that the procedure presented
here is not limited to any particular number of states.

A criticism that could be made of the real-time approach concerns its inability to identify
the individual contributions of each KS state or e-h transition to a given feature in the
spectrum. This is because all the electronic degrees of freedom are integrated out in the
calculation of the dynamical polarisation, before the latter is processed to extract the
susceptibilities. Therefore, it is difficult to assess which states drive the response function
at given frequency. At variance, this information is likely more accessible in formalisms
based on response theory. For instance, in the BSE framework for linear response, the
eigenvectors of the excitonic Hamiltonian provide the contributions (weights) of different
transitions in e-h space to a given excitonic wavefunction. It would be desirable to perform
an analysis of this kind over a real-time calculation, which can also describe nonlinear
optical processes. In this section, we will demonstrate how a Floquet processing of the
time-dependent states, solutions of the real-time approach, can facilitate said analysis.

As shown above, the Floquet analysis tool allows us to extract Floquet states from the
time-dependent wavefunctions corresponding to each occupied band at every k-point. As
show in Fig. [6.8 we do this at two different frequencies in the SHG spectrum of h-BN,
i.e. off resonance and at resonance, in order to compare the resulting Floquet eigenvectors.

Our findings highlight the role of the (¢, +2) components of the eigenvectors, as they grow
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Figure 6.8: Left: Monolayer h-BN SHG spectra on a 24 x 24 x 1 k-grid with a broadening
of 0.15eV, calculated by the real-time (RT) approach at the H+SEX level. The intensity
of the electric field is 1x10® W em™2. The two frequencies at which the Floquet analysis is
performed are highlighted with pink dots. Right: Colour-coded representation of Floquet
eigenvectors, as introduced in Fig. [4.1] The data corresponds to selected k-points of the
real-time calculation, both off-resonance (A) and at a resonant frequency (B), w = 2.96

eV. The numbers on the right hand side indicate the magnitude of di,.(n = 2) on each
eigenvector.

considerably more than any other amplitude when going from off-resonance to resonance.
For instance, Fig. shows that, at the high-symmetry K point of the BZ, kac(n = 2)
increases over 33 times from frequencies ‘A’ to ‘B’ in the spectrum (while, e.g., Elvkvc(n =1)
less than doubles). This is consistent with the idea of a Floquet crossing between the (v, 0)
and (¢, +2) Floquet modes (cf. Fig[4.1), occurring at a frequency close to half the energy
of a related feature in the absorption spectrum (see below).

Moreover, these (¢, +2) components show great disparities among different k-points in
the BZ, as exemplified with the I" and K high-symmetry points in Fig. [6.8f Since we
can perform this Floquet analysis over the time-dependent states at any k-point, we can
then map the magnitude of ka(n = 2) into the BZ, as shown in the right hand side of
Fig. This reveals that the first peak in the SHG spectrum of h-BN (peak ‘B’ in Fig.
originates from transitions at and around the optical gap (see K k-point in the band
structure of Fig. . In reciprocal space, these contributions reach their highest values at

the high-symmetry K k-points and extend along the K — M boundaries of the BZ.
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Figure 6.9: Left: band structure of monolayer h-BN. Right: absolute value of kac(n = 2)
at different k-points in the BZ. These values were calculated with the Floquet analysis tool
presented here, while the plot has been produced with tools available within Yambopy .
The scale in the colour map is linear.

In the absence of the information provided by the present Floquet analysis, the inter-
pretation of this SHG peak would have been limited to an argument around frequencies,
which remains valid nonetheless. The latter focuses on the fact that this feature occurs at
2.96 eV, which is half the frequency of the first exciton of h-BN (weze = 5.92 eV according
to our calculations). Therefore, two-photon resonances with said exciton are thought to be
involved. Having access to the contributions of the various e-h pairs to the SHG spectrum
puts this interpretation on firmer footing, since this SHG peak and the first exciton of h-BN
show a similar distribution of weights in the BZ (see Fig. 5 of Ref. for a representation
of this exciton in reciprocal space).

A limitation of this approach relates to the excitonic wavefunctions, which are not

accessible via this Floquet analysis. As a result, this procedure overlooks the fact that the

first exciton of h-BN is doubly degenerate, which would arise immediately from the BSE

eigenvectors [141].
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6.5 Signatures of non-adiabaticity

The Floquet approach presented in Chapters [] and [5] requires the validity of the adiabatic
approximation introduced in Eq. [£.3] Without this approximation, the time periodicity
of the Hamiltonian in Eq. cannot be guaranteed, thus failing to meet one of the
conditions for the application of Floquet’s theorem. At the IPA level, this reflects the
fact that the Berry-phase electron-field coupling operator depends on the solution of the
quasi-energy eigenproblem, as explained in Section [£.1.3] The inclusion of local-field and
many-body effects requires this approximation to ensure the periodicity of the density and
the density matrix, which in turn determines the periodicity of the Hartree potential and
the self-energy (see Section .

In this section, we intend to numerically assess the validity of the adiabatic approxima-
tion for a particular case. We chose the system in Section [6.2.2] i.e., 2D h-BN driven by an
electric field at the frequency of its first excitonic resonance, wexe = 5.4332 eV. In order to
do this, we performed a real-time calculation at the H+SEX level and extracted the matrix
elements of the Hamiltonian in Eq. as a function of time. This Hamiltonian included
the electron-field coupling operator, the Hartree potential and the self-energy, according to
the chosen level of theory. We then selected the matrix element that showed the greatest
time dependence, i.e., oscillated with the largest amplitude. As expected, this was the
off-diagonal matrix element between the valence and conduction bands at the same k-point
considered for Fig. m (k7). Finally, we studied the time periodicity of this matrix element.
We conducted this same test for a range of electric-field intensities in order to quantify the
limits of validity of the adiabatic approximation with regards to this parameter.

In order to study the time periodicity of this matrix element, we performed a FFT.
Numerical issues related to spectral leakage were solved by using the Kaiser window func-
tion (with a large § = 42), which showed very good side-lobe behaviour. This required
hundreds of fs worth of dynamical data, i.e., hundreds of thousands of data points. Fig.

6.10| presents the results at two different field intensities. The uppermost plot shows that
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Figure 6.10: Fourier transform of a Hamiltonian matrix element extracted from a real-time
calculation at H+SEX level as a function of time. The data corresponds to a selected
k-points of two-band h-BN at wex. = 5.4332 eV. Top (bottom): electric field intensity of
1x10' (1x10'?) W em™2. The data obtained from the Fourier transform (FT) is normalised
to a maximum value of 1.

the Fourier transform of the matrix element in question at 1x10'® W em~2 only has non-
zero contributions at frequencies commensurate with the frequency of the excitation, weyc.
Therefore, this quantity is a periodic function of time, which validates the adiabatic ap-
proximation at this field intensity. However, at 1x10' W cm™2, the Fourier transform of
the Hamiltonian matrix element presents side-bands to the main peaks (see lowermost plot
in Fig. [6.10). This result is in line with the findings of a similar study of the exchange-

correlation functional in the context of TD-DFT [121]. The presence of side-bands is a
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signature of non-adiabaticity since it indicates the presence of Rabi oscillations. While it
could be argued that this feature is small (six orders of magnitude smaller than the main
peak), it is clear that the adiabatic approximation should not be assumed valid at intensities
beyond 1x10'2 W em™2. Nevertheless, the result reported in Fig. at 1x10'° Wem™2
puts the validity of the adiabatic approximation at the intensities explored in Chapters

and [5[ on firmer footing.
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Chapter 7

Conclusions and future work

Computational materials science opens the possibility of accelerating the discovery of novel
and functional materials by offering a technology capable of testing tens of thousands of
compounds in a quick and relatively inexpensive way compared to experimental studies.
This relies on its ability to make ab-initio predictions of properties in quantitative agreement
with experiments. At the core of computational materials science we find the numerical
methods used to compute these properties, which determine what is (or is not) possible
within given computational resources. They represent the result of a decades-long cross-
community effort that ranges from the formulation of the relevant theoretical frameworks, to
the development of efficient algorithms and their computational implementation. Improving
these methods in order to boost the capabilities of computational materials science is the
overarching objective of this thesis.

While the calculation of ground-state properties finds an extremely efficient framework
in DFT, the numerical methods available for the description of excited states within MBPT
are more computationally demanding, often reaching the limits of today’s supercomputers.
This certainly applies to the calculation of optical properties, in which the description of
excitons and phenomena beyond the linear regime are often met with computational barri-
ers. Removing these limitations could enhance the contribution of computational materials

science to the fields of optoelectronics and photonics. Crucially, these research areas stand
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out for the hugely transformative technologies they have enabled and their remarkable
potential for future applications. This conjunction of challenges and opportunities gives
grounds for focusing our efforts in developing methods for optical properties in particular.

The first development we proposed concerns the calculation of optical absorption spectra
in extended systems based on linear response theory, to which Chapter [3| was devoted.
The state-of-the-art framework for the prediction of this property is given by the Bethe-
Salpeter equation, which allows for an appropriate description of excitons. The latter
requires very dense k-point grids, thus imposing a computational burden that often renders
these calculations prohibitively costly. This is certainly a main limiting factor in the BSE
scheme, both in terms of computational cost and memory footprint. We addressed this
challenge by proposing a double-grid approach to k-sampling in the BSE. Our method
is based on combining a coarse k-grid where both KS eigenvalues and eigenvectors are
known with a fine k-grid where only KS energies are required, which eases memory and
disk storage requirements. This results in having access to the oscillator strengths and BSE
kernel matrix elements only in the coarse grid, and implies necessary approximations for
both magnitudes in the fine grid.

As stated in Section [I.3] a key question relates to whether this approximated scheme
can correctly describe excitonic effects, which we addressed by critically analysing its as-
sumptions, as well as performing tests on a number of well-known materials. We concluded
that the diagonal extension of the BSE kernel proposed here remains a good approximation
for systems with excitons that are loosely bound and/or delocalised over many unit cells, as
confirmed by satisfactory results on bulk Si, bulk GaAs and, to a lesser extent, monolayer
MoS,. This approximation fails in materials with spatially localised and strongly bound
excitons, e.g., bulk h-BN, which are nonetheless usually well described by a relatively coarse
k-grids. Finally, systems with rapidly varying oscillator strengths within the BZ also fall
outside the limits of validity of our approach, e.g., BP. In any case, this can be verified with
a procedure based on inexpensive IPA-level calculations.

An evaluation of the computational gains attained by the proposed double-grid ap-
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proach constitutes another key question identified in Section [I.3] We verified that, within
this strategy, the coarse k-grid drives the computational cost while the fine k grid requires
minimal extra computation and memory. Therefore, based on its simplicity, the proposed
method provides an approximated fine-grid result at roughly the cost of a coarse-grid cal-
culation. Moreover, our approach is compatible with the most efficient BSE solver, i.e., the
Lanczos-based Haydock scheme, thus maximising the size and range of materials for which
this method could be useful.

In Chapters [4] and [5], we proposed a Floquet reformulation of the real-time approach
to nonlinear optics in extended systems [42,43]. In response to Section , our successful
implementation of this framework indicates that, indeed, Floquet theory can be used to
reformulate this time-dependent problem into a time-independent self-consistent eigenvalue
problem. Due to the time-periodicity required of the Hamiltonian by Floquet’s theorem, this
reformulation applies to systems driven by a continuous monochromatic perturbation, which
is useful to compute nonlinear susceptibilities. Particular attention was devoted to the
electron-field coupling operator, which is based on the dynamical Berry-phase polarisation
[97] and makes our approach valid for extended systems. This operator introduced the need
for a self-consistent solution of the quasi-energy eigenproblem and required the use of the
adiabatic approximation [121] in order to remain time-periodic. As a result, our Floquet
approach is valid for weak electric fields, thus excluding the extreme nonlinear regime where
the adiabatic approximation is likely to break down.

Whether this Floquet formulation retains the main advantages of the real-time approach
is also a central issue, as stated in Section [[.3] We can confirm that our method main-
tains the non-perturbative nature of the real-time scheme, allowing for the simultaneous
extraction of susceptibilities to different orders in the electric field and for treating several
nonlinear phenomena within the same formalism. The flexibility for the inclusion of corre-
lation effects is also retained. Formally, many-body effects can be considered by adding the
relevant terms to the effective one-particle Hamiltonian, as it is done within the real-time

approach. However, the formulation beyond the IPA level introduced instabilities into the
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Floquet self-consistent loop, which could not yet be fully mitigated.

An extensive benchmark of the proposed Floquet approach was conducted at the IPA
level, which demonstrated the validity and effectiveness of our scheme. We calculated SHG
spectra of bulk AlAs, monolayer h-BN and monolayer MoS,, plus THG spectra of bulk
Si. In all cases, the Floquet method produced spectra in agreement with the real-time
approach. Moreover, the proposed scheme showed a consistent computational advantage
in comparison to the real-time formalism, resulting up to two orders of magnitude faster.
Therefore, we were able to tackle the often prohibitive computational cost associated with
real-time calculations, which originates from the expensive numerical integration of the
EOMs (entirely avoided in our time-independent formalism).

A final point relates to the convergence issues appearing in the Floquet approach be-
yond the IPA level. Only a handful of results could be converged at the TDH level, assisted
by the Kerker preconditioning scheme [144] or via Padé approximants. These calculations
showed spectra in agreement with the real-time approach and still presented a sizeable
computational advantage. However, considerable work has to be done in order to find a
robust and general solution to these instabilities. In order to further characterise these
shortcomings, a suite of post-processing tools capable of extracting Floquet states from
the time-dependent solution of the real-time approach was developed in Chapter [l The
insights provided by these tools indicate that these divergencies are linked to high pop-
ulation inversions encountered throughout the Floquet self-consistent loop. Indeed, the
correct Floquet states derived from the real-time result show small population of excited
states regardless of the level of theory employed, in accordance to the weak electric fields
considered in this work.

In light of the promising results achieved by the double-grid and Floquet approaches
presented in this thesis, we believe our contribution can accelerate the ab-initio calcula-
tion of linear and nonlinear optical properties, reaching complex materials that are too
demanding for currently available methods and, overall, boosting the capabilities within

computational materials science.
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Future work

The findings in this thesis can serve as motivation for prospective studies and future devel-
opments, both in terms of addressing the shortcomings of the methods presented here and
building up on what has been achieved.

Let us start with the double-grid approach to k-sampling presented in Chapter [3] A
straightforward way to improve this method implies removing the approximation to the
dipole matrix elements in the fine k-grid (see Eq. . Instead of considering these matrix
elements as being equal to their closest coarse-grid counterpart, we could calculate them for
every k-point in the fine grid, thus expanding the applicability of our method to systems
where this approximation breaks down. However, computing these quantities would require
access to the fine-grid wavefunctions, severely increasing the memory requirements of the
scheme. Since our intention was to propose a method based on simplicity and with minimal
computational overhead respect to a coarse-grid calculation, we opted against this idea in
Chapter 3| Alternatively, one could think of formulating this approximation in the velocity
gauge, rather than the length gauge (see Eq. , and evaluate its performance.

The other approximation used in our double-grid method concerns the treatment of the
fine-grid matrix elements of the BSE kernel as an extension of coarse-grid analogues. As
it was earlier pointed out, more complex schemes for double-grid k-sampling within the
BSE scheme already exist [66,(79-82]. In fact, the DKE approximation proposed here is
intended as a simplification of these other methods, in order to dispense with the fine-grid
wavefunctions. Moreover, we believe it would not be sensible to try and simplify it even
further. Therefore, any future development on improving the efficiency of BSE calculations
would likely focus on some other aspect of their implementation. Since the size of the
BSE kernel matrix determines the computational cost of a given BSE calculation, we could
consider re-thinking the e-h basis and proposing an alternative one. For example, we could
opt for the so-called optimal basis (OB) [149] and its extension to an optimal product
basis (OPB) [150]. This idea has been successfully implemented in the SIMPLE code [150].
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However, the latter only exploits the OPB for the calculation and storage of the excitonic
Hamiltonian, reverting to e-h space for the solution of the eigenproblem. At variance, one
could think of reformulating the Haydock solution of the BSE in the OPB, thus completely
dispensing with the e-h basis. This could be attempted based on a similar example found in
the theoretical chemistry literature for finite systems [151], where the Haydock algorithm
was re-written in terms of a product basis of localised functions (linear combinations of
atomic orbitals). At variance, any such proposal of our own would focus on extended
systems. Moreover, a further element of novelty would lie on including the RPA screening,
rather than model screening functions as previously done [150].

Regarding the Floquet approach to nonlinear optics presented in Chapters [] and [5
prospective studies would likely focus on addressing the shortcomings found beyond the
IPA level in terms of instabilities within the Floquet self-consistent loop. An interesting
avenue to explore is the idea of a linear combination of Floquet eigenvectors within the
degenerate subspace formed at Floquet crossings, as has been proposed in Section [6.3.2
This procedure would limit the population of excited states, thus dealing with the high
population inversions encountered during self-consistency. However, this would require
the development of a theoretical framework capable of defining such linear combination in
order to avoid any ad-hoc formulations. The average energy formalism, or variations of
it, certainly constitute a promising alternative. Moreover, we believe that the broadening
parameter should play a role in the definition of this linear combination, as it is clear
from the correlation between the population inversion and the magnitude of the response
functions.

Besides approaches based on the degenerate sub-space, the phenomenological dissipation
operator should be another clear target of any future efforts, as suggested in Section [6.3.1}
The fact that the damping term as introduced in Chapter [d works at the IPA level but
struggles to mitigate divergencies beyond it suggests that a better, more general or more
robust operator coupling the system to the environment could be the missing ingredient in

Chapter [5l In this regard, ideas could be drawn from the literature around non-Hermitian
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Floquet theory and multiphoton ionisation processes of atoms in intense laser fields [109,
114}/117,/119].

Further developments and improvements can also be considered, either for the current
implementation at the IPA level or after eventually tackling the shortcomings found upon
the inclusion of many-body effects. As mentioned in Section [4.2.3 one of such opportuni-
ties is the use of more efficient eigensolvers for the quasi-energy eigenproblem, like those
based on Krylov subspaces [143] or variational approaches [125H127]. This would improve
the efficiency of our Floquet method, resulting in higher computational gains respect to the
real-time approach. Another interesting idea concerns the calculation of Floquet bandstruc-
tures based on the Floquet states and quasi-energies computed when solving the Floquet
approach. While this implementation is currently in progress, some important questions
remain open, e.g., how to define the occupation of Floquet states. Nevertheless, this de-
velopment holds promise of paving the way towards an ab-initio framework for Floquet
engineering of materials, a topic that is typically addressed at the level of model Hamilto-
nians (e.g., |[152]).

An interesting application of the Floquet method presented in this thesis would be given
by a high-throughput study oriented towards two-dimensional antiferromagnetism. As
mentioned in Section [I.1.2) MOKE microscopy allowed for the detection of ferromagnetism
in the monolayer limit, where regular magnetometric techniques fail due to the small sample
volumes [27]. However, there is no Kerr rotation in systems with zero net magnetisation,
which include interlayer antiferromagnets like bilayer Crlz [27] and monolayer systems with
intralayer antiferromagnetic ordering , e.g., MnPS; [153]. Therefore, MOKE microscopy
cannot detect magnetic ordering in these cases. Nevertheless, if the antiferromagnetic
ordering breaks the inversion symmetry of an otherwise centrosymmetric material, then
this phase transition could be detected using SHG as a symmetry-dependent probe.

One could then conceive a high-throughput computational study based on this princi-
ple, scanning a database of two-dimensional materials in search of compounds that have an

energetically-favoured antiferromagnetic phase in which time-reversal plus inversion remains
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a good symmetry. Then, one could select these materials and compute their SHG spectra, in
order to determine frequencies with high-intensity second order response. This information
could then assist the experimental validation of these potential two-dimensional antiferro-
magnets. Both bilayer Crl3 and monolayer MnPS; fall within this category of materials, as
do many other members of the family of transition-metal phosphorus tri-chalcogenides [154].
In fact, SHG has already been used experimentally to detect antiferromagnetism in bilayer
Crls |22] and few-layer MnPSs [24].

Finally, the suite of tools for Floquet analysis of time-dependent states presented in
Chapter [6] can be considered a development on its own, beyond its application to charac-
terise the shortcomings of our Floquet approach. It can be used to determine the degree
to which different transitions (bands and k-points) contribute to a given peak in a SHG
spectra. This can be thought of in analogy with the eigenvectors of a BSE Hamiltonian,
which can be used to measure the contribution (weight) of each transition in e-h space to a
given excitonic wavefunction. Moreover, this tool can be generalised to be agnostic of the
code that produced the time-dependent states, and just return Floquet states in the same

basis as the former were given.
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Appendix A

Supplemental material for

double-grid approach

The present Appendix provides supplemental material relative to the double-grid approach
introduced in Chapter [3] This entails a visual representation of the main equations involved
in the method and further discussions regarding the comparison between different strategies
for the extension of the BSE kernel to the fine grid. We also present some supplementary
figures referenced within Chapter [3] Finally, we include a statement regarding code and

data availability.

A.1 Kernel matrix in the double-grid method

As discussed in Chapter[3] we explored two possible approaches for the extension of the BSE
kernel from the coarse grid to the fine grid, namely, DKE and FKE. The DKE approach
was chosen for the double grid Haydock implementation in the Yambo code as it has shown
to consistently produce better results than the FKE method. In this Section, we will give
a visual representation of the equations defining both approaches. Further arguments in
favour of DKE are also presented here, apart from the q-dependence of the kernel matrix

elements (already explored in Section [3.2.3)).
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A.1.1 Coarse grid

As an example, let us assume we have a system with two bands (¢ and v) and two k-points
(k1 and k). This system would then have two transitions (7} and 75). In this example,

the e-h basis would have two components and the BSE kernel would be a 2-by-2 matrix,

(11

(A.1)

[1]

The readily implemented Haydock algorithm requires matrix vector multiplications of

the kind

(1l

11 12 Cuck, Tvcky

- (A.2)

22 Cvckg Ty cko

(1]

21

where ¢y, = (vck;|V) are the components of the Haydock vector |V') to be multiplied by

the BSE kernel and r,., are, analogously, the coefficients of the resulting vector.

A.1.2 Double grid

We now add a fine k-grid to our calculation. For the sake of argument, let us say that
K; has one fine grid k-point associated to it (k1,), while Ks has two (Ko, and Kka,) — we
remind the reader that K; and k;, are the same k-point. In this case, our e-h basis will

grow from having 2 transitions, to 5 in total. This will lead to the BSE matrix

—_
—

= — = =
—i11 —112 —12 —129 —123

—_ —_ —_ —_ —_

S1o1  Slgly D192 D192 S92

21 =21, B 5222 5223 : (A-3)

—_ —_ —_ —_ —_

T201  S2919 292 292, 2524

—_— —_— —_— —_ —_—

| =231 =231y =232 5232, 2323 |
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Only the matrix elements in the coarse grid are explicitly calculated (those highlighted in
bold), e.g., E31. The matrix elements involving at least one transition in the fine grid,
will be approximated to either zero or the corresponding matrix element in the coarse grid.

This will depend on the element in question and the approach taken (DKE or FKE).

A.1.3 Diagonal Kernel Extension (DKE)

In this approximation, we set to zero some of the matrix elements according to Eq. [3.1]
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This implies, for instance, =11, = =;,1 = 0 while Z1,;, = E1;. This approximation leads to
a matrix of the form
Zu S, Zi S, S| |[Bu 0 B 0 0|
Sl Sy S12 S1p2, S1.2; 0 Ein 0 Ei2 0
Eo1 Zo1, B2 S, o | 7 [B2r 0 Ea2 0 0 (A.4)
ool Zoply S22 T2, S22 0 Ha1 0 Eap 0
Hosl Zog1, D2s2 Z242, 52323_ i 0 0 0 0 522_
The matrix-vector multiplication then leads to
-Ell 0 E12 0 0 ] [ Coycky ] [ Tvcky ]
0 E11 0 E12 0 Cvclq2 Tvck12
E21 0 E22 O O cvckg ~ rvckg (A5)
0 E21 0 Ea2 0 Cucky, Tvcka,
| 0 0 E22 _Cvck23_ _rvckgs_



The output vector would then be composed as

-Tvckl ] Ell * Cyck, + E12 * Cycks
rvck12 E11 : Cvck12 + E12 : Cvck22
7dvckg ~ 521 : Cvck1 + E'22 : Cvckg (A6)
Tvck22 E21 : Cvck12 + E22 : c’uck22
_Tvck23_ L E22 : Cvck23 |

Note that, in general (i.e., except in the very first Haydock iteration), cyu, 7# Cuck,, due to
the energy shifts coming from the diagonal part of the excitonic Hamiltonian.
This approximation then results in a very simple implementation, as it can be reformu-

lated as

[1]

11 12 Cocky Cvck12 0 Tveky Tvck12 0

- . (A7)

22 Cvckg Cvck22 Cvck23 Tvckg Tvck22 Tvckg?’

(11

21

This allows us to always work with the same BSE kernel matrix as in the coarse grid.
Moreover, the structure of the Haydock subroutine can be somewhat maintained, as these
double-grid extended Haydock vectors can be folded into “Haydock matrices”. Then, what
is a matrix-vector multiplication in single-grid Haydock, becomes a matrix-matrix multipli-
cation in double-grid Haydock. The number 0 marked in red in Eq. has to be imposed
in the code, i.e. preventing that matrix element from being calculated as the result would
not be zero.

A noteworthy aspect of the DKE approximation is that the fine-grid index, e.g., i = 2,
will not necessarily mean the same for I = 1 and I' = 2. In other words, the fine-grid point
K1, will not necessarily be at the same relative position from ky as ko, is from ko (although
the opposite will be true if I = I’ because they are essentially the same k-points). Hence,
the decision to couple k1, with ko, (instead of ky,) is ultimately an arbitrary choice, but
one maintains the approximated BSE kernel also sharply peaked at q = 0. Let us analyse

the case I =T, in which the corresponding matrix elements belong to the diagonal (e.g.,
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Eas). If we were to couple fine-grid indexes i = 2 with ¢ = 3, we would have a q # 0, off-
diagonal matrix element (Zg,2,) with the same value as the corresponding diagonal q = 0
matrix element (Eaz), which would introduce artefacts in the optical response. This issue
is more subtle when it comes to the I # I’ matrix elements, which are off-diagonal (e.g.,
Z12). In this case, there would be no obvious choice as to whether i = 2 should be coupled
with ¢ = 2 or ¢ = 3. Any attempt to decide this based on the relative positions of those
k-points would make the method heavily dependent on the shape of the k-grids used as
input, and probably less robust. Ultimately, our double-grid method relies on these off
diagonal elements being small compared to diagonal ones, as we are only interested in the
latter. This is another way to see the limitations this method faces when the BSE kernel
is not sharply peaked at q = 0. Moreover, this is in line with the fact that this method
cannot work for systems with strongly bound excitons, as these usually imply important

contributions from q # 0 matrix elements.

A.1.4 Full Kernel Extension (FKE)

In this approximation, we consider that all matrix elements involving transitions in the fine
grid will be equal to the corresponding ones in the coarse grid, according to Eq. [3.5] This

approximation leads to a matrix of the form,

(2., S, B Su, Ew |  |Bu Eu B2 Eiz B
Elzl Elglg E122 51222 E1223 E11 E|'11 E12 E12 E12
—2] E212 E22 5222 3223 — 521 E‘Zl 822 :22 —22 (A8)
E221 E2212 E222 52222 E2223 E21 E21 EZ2 E22 522
| Zo51 S0, S252 So2g0, S22 |Z21 Bo1 Hap Epp Eap
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Consequently, the matrix vector multiplication would be

-Eu i B2 Ei2 512- | Cuck, | | Tvcky ]

Hi1 Enn Ei2 Ep2 Sq2 Cycka, T'vek,

Eo1 Z21 H22 oz Haz| " | Cucks | T | Twcks | - (A.9)
Ho1 Ho1 H22 Ha2 EHa2 Cucka, Tveka,

_521 Ho1 Ho2 Ho22 E22_ | Cucka, | | Tvcka, |

Tvckl =11 " (Cvckl + Cvck12> + =12 (Cvckg + Cvck22 + Cvck23)

Tvck12 =11 (Cvckl + Cvck12) + =12 (Cvckg + Cvck22 + Cvck23)

T'veko ~ =21 * (Cvckl + C'uck12> + Zag - (Cvckg + Cvck22 + Cvck23) . (AlO)
vcka —21 vckq vk —22 vcko vcka veko

Tweka, =21 (Cocy T Cucky, ) + E22 * (Cocky T Cucka, + Cucks,)

_Tvckgs_ _':‘21 : (Cvckl + Cvck12) + =22 (Cvckg + Cvck22 + Cvck23 )_

It is important to note that ryqu, = Tuck, and 7y, = Tuck, = Tvcka,- Despite the computa-
tional advantage of not having to calculate all output vectors, this is essentially a drawback
of the FKE approach (see below). Also, note that, unlike the DKE approach, FKE requires
the kernel to be scaled down by a factor relative to the number of coarse-grid and fine-grid

k-points.

A.1.5 Further analysis of kernel extension to the fine grid

In order to further explain the better performance of DKE over FKE, let us now consider
a system with several k-points and only one pair of bands. In this case, the e-h space is
composed directly by one vertical transition at each K- or k-point, and the sharply peaked
matrix elements correspond to those in the diagonal (q = 0), while the rest of the matrix
is considerably sparse. Nonetheless, this does not necessarily mean that the BSE kernel

matrix meets the criteria for being strictly diagonally dominant (i.e., a matrix where all
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elements A; ; satisfy |A;,| > >, ; [A; ;] for all 4). In fact, this is not the case. Even in the
simple example of monolayer MoSy with only one pair of bands, the off-diagonal elements of
the BSE kernel, albeit very small, add up to a value that is higher than the diagonal element
in many rows of the matrix. Admittedly, the situation changes if one considers the two-
particle Hamiltonian, where the energies are added to the diagonal. Indeed, the two-particle
Hamiltonian is strictly diagonal dominant in the case of this two-band monolayer MoS,
example. Alternatively, we can consider only a given block of the BSE kernel, determined
by two fragments of the e-h basis set. We will consider the blocks in the diagonal, which
are square by construction and contain the q = 0 matrix elements we are discussing.
Each of this blocks also satisfies the condition for being strictly diagonal dominant. The
determination of the fragments is somewhat arbitrary and only relevant to Yambo, but it
nonetheless helps us visualise the problem at hand. For instance, Fig. displays the real
part of one block of the BSE kernel for two-band monolayer MoS,. Fig. shows the
coarse grid BSE kernel block (i.e., our starting point in the double grid approach) while Fig.
and C display the fine grid BSE kernels approximated by DKE and FKE, respectively.
Finally, Fig. illustrates the full BSE kernel as calculated with a 12x12x 1 k-grid. The
term full here refers to the BSE kernel that is obtained if the k-grid that normally acts as a
fine (double) grid, is actually used as the single k-grid in a BSE calculation with no double
grid approach. In other words, Fig. is the matrix we are trying to approximate (which
can be calculated in full in this case as only a 12 x 12 x 1 k-grid is being used). Importantly,
we see that both blocks in panels A and D are nearly diagonal. Now, it becomes apparent
from panel B that the DKE approach respects the diagonally-dominant nature of the block
in panel A, and thus represents a better approximation to the full block in panel D. At
variance, the FKE approach prevents, by construction, any matrix from being diagonally
dominant. Indeed, the FKE kernel approaches a block-diagonal matrix, which represents a
greater deviation from the full block in panel D, and hence, a worse approximation to it.
We now consider a more realistic scenario where we include various conduction and

valence bands in the BSE calculation in order to achieve convergence. In this case, the two-
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Figure A.1: Comparison of the BSE kernel matrices obtained via diagonal kernel extension
(DKE) and full kernel extension (FKE). The data plotted here is the real part of one block
of the BSE kernel in MoS, with only one pair of bands.

particle Hamiltonian is not diagonally dominant any more. This is because the e-h space
grows considerably and so does the sum of non-diagonal elements in a given row, which
ends up overtaking the value of the diagonal element. In other words, adding the transition
energies to the diagonal of the BSE kernel is no longer enough to ensure the diagonally
dominant character of the two-particle Hamiltonian when many bands are considered, unlike
the two-band system described above. Nonetheless, we can still use arguments of this nature

to address the comparison between DKE and FKE. Let us define the diagonal dominance

2
>y |Hij|
2
|HT)

all the bands required for convergence. As in Fig. [A] DKE and FKE represent the

per row ¢ as dd; = Fig. |A.2[ shows dd; of all rows for the case of MoS; with

matrices calculated by extending a 6 X 6 x 1 coarse K-grid Hamiltonian into a 12 x 12 x 1
double k-grid one, while the fine grid data points correspond to the matrix we are trying
to approximate, i.e, the Hamiltonian obtained with one single grid of 12 x 12 x 1 k-points.
We can immediately confirm that none of these two-particle Hamiltonians are diagonally

dominant any more, as they have rows with dd; > 1. In addition, an average dd; over
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all rows for each case is shown with flat lines in Fig. [A.2] It becomes apparent that the
DKE and fine grid matrices have very similar average dd;, while that of the FKE matrix
is an order of magnitude higher. In other words, the DKE method is better than FKE
at extending the coarse grid two-particle Hamiltonian into a matrix that closely resembles

that of the fine grid Hamiltonian from the viewpoint of diagonal dominance.

102 4 —— FKE
] — fine grid
m—— DKE
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o
)
O
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Figure A.2: Diagonal dominance of the two-particle Hamiltonian matrices obtained via
diagonal kernel extension (DKE) and full kernel extension (FKE), compared with the case
of . The data plotted here corresponds to MoS, with all the bands required for convergence.
The DKE and FKE matrices are obtained from a 6 x 6 x 1 coarse K-grid and a 12 x 12 x
1 double k-grid. The fine grid data is simply the matrix that DKE and FKE try to
approximate, i.e., the two-particle Hamiltonian obtained with one single grid of 12 x 12 x 1
k-points.

Finally, there is an algebraic argument against the FKE approach that can be derived

from Egs. (or Eq. 3.6)), in comparison with their DKE analogues, Egs. A6
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(or Eq. . First, it should be considered that these equations are embedded in a loop
of Haydock iterations. As part of this loop, the Haydock vectors are multiplied by the
two-particle Hamiltonian H?P, which entails the multiplications in Eqs. or plus
a shift due to the diagonal matrix of transition energies. Associated to this multiplication,
there is a subtle point about the way in which the DKE or FKE approaches handle the
benefits that the double grid brings. The impact of the double grid in the final spectrum
depends crucially on the diagonal matrix of transition energies E,,x 0nn/Omm Oxir- In other
words, given that the kernel in the fine grid is approximated as equal to that of the coarse
grid, the shift £,k 6nnOmm Ok 18 what makes transitions inside a given domain Dom(Kj)
different among themselves. Hence, this differential shift is why the double grid method
gives a different spectrum than the coarse grid alone. As mentioned before, in the very first
Haydock iteration, the components of the Haydock vector in the coarse and fine grid are
the same, as they are equally initialised (see Eq. . However, in the second iteration and
beyond, this vector will have picked up a shift coming from the diagonal matrix of transition
energies, which will differ among components in the coarse and fine grid. This is the impact
of the double grid in the Haydock method (since the fine grid kernel is approximated by
the coarse grid). However, this impact is somewhat lost or averaged out in the FKE vector-
matrix multiplication (Eq. or . This effect is exemplified in Eq. , where

Tucky = Twecky, a0 Tycky = Tucka, = Tweks,- 11 essence, Eq. 3.6] (or D tells us that 7,

will be equal Vi € Dom(Kj), no matter how different Cntmlyy , TAY be across different
values of I’ and ¢'. Importantly, this difference among values of Cn'miny is a result of the
differential shift gained in the previous Haydock iteration, so Eq. (or effectively
causes a reset of the Haydock vector that enters the loop at each iteration. Of course, these
output components 7y, (equal among themselves) are different from (‘better’ than) the
ones that would have been obtained if the input components Cn'miny had not been different
at all. But overall, the FKE hinders the ability of the double grid to have an impact in
the Haydock output vectors via the diagonal matrix of transition energies in the excitonic

Hamiltonian. This detrimental ‘homogenisation’ of the output vectors is not present in the
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DKE approach, which lets the benefits of the double grid (the differential shifts) accumulate
over successive iterations, leading to a greater impact of the fine grid overall, and a better

final spectrum.

A.2 Impact of the coarse grid as a starting point

Fig. shows absorption spectra of monolayer MoS, with various coarse grids and a
24x24x1 fine grid. This also corresponds to some of the data points included in the

computational cost comparison (see Fig. [3.7)).

Ny =32- N, = 24?
40 | Ny =62 - N, = 24 -
Ny =122 - N, =24 —
Ny = 242
T30 ¢ 7
o
i
=2
220 | :
£ |
M
0 =T T T T T T
2.0 2.5 3.0 3.5 4.0 4.5
Energy (eV)

Figure A.3: Optical absorption spectra of monolayer MoS, at the BSE level via the double-
grid approach using different coarse grids and a 24x24x1 fine grid.

A.3 Shifted grids

While Gamma-centred grids have been used throughout the study, our method can also be
used with shifted grids, both with regular and random shifts. Taking the case of GaAs as
an example, we present the results obtained with regular shifted grids in Fig. [A.4] The
20 x 20 x 20 shifted fine grid entails 36000 k-points, while the 10 x 10 x 10 shifted grid, only

4000. Despite this difference, the two calculations in Fig. took essentially the same
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time (relative difference less than 1%). This proves that the numerical advantages of the

double-grid method are also present in the case of shifted grids.

Exp. —
501 Ny = 10° shifted I
N, = 20° shifted —
40 |- 1
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7 30
z
w
€
— 20
10
0 T T T T
2.0 3.0 4.0 5.0
Energy (eV)

Figure A.4: Example of optical spectrum of bulk GaAs using shifted k-grids.

Regarding the result itself, Fig. [A.4]shows that shifted grids converge faster, as reported
elsewhere in the literature (see, e.g., Ref. [64]). In particular, the 10 x 10 x 10 shifted grid
result in Fig. [A.4] looks better converged than the Gamma-centred one in Fig. [3.3] The
same applies to the 20 x 20 x 20 results. However, this is partly due to the fact that
shifted grids represent many more non-equivalent k-points than Gamma-centred ones. For
instance, Gamma-centred grids of the same dimensions contain 1000 and 4000 k-points,
respectively. Moreover, there is a subtlety about what high symmetry k-points are included
when using Gamma-centred or shifted grids, which has implications as to how well a given
grid represents the physics of the material at hand. For example, the direct gap in GaAs
(and Si) occurs at the Gamma point, which makes Gamma-centred grids a wise choice in
this case.

Finally, the use of random shifted grids on their own right (rather than via a double grid

approach) is a well-known method of improving k-points convergence. This usually offers
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faster convergence than an equally dense Gamma-centred grid, while keeping the size of the
BSE kernel unchanged. Despite this advantage, the number of k-points in the Irreducible
Brillouin Zone increases, and so does the memory required to load the corresponding KS
orbitals. These increased memory and disk storage requirements could become prohibitively
large in materials for which very dense k-grids are needed. The random shift method
does not address these problems, which are precisely what we intend to target with our
method (as the fine-grid KS orbitals are not needed). Furthermore, k-grids with random
shifts usually do not have the symmetries of the system, with the potential for breaking

degeneracies and turning dark excitons into bright ones.

A.4 Code and data availability

A.4.1 Code availability

The double-grid method developed in this work for calculating optical absorption spectra
via the Haydock solution of the BSE will be available in a future release of the Yambo
code. A tutorial will be made available in due course through the tutorials section (http://
www . yambo-code.org/wiki/index.php?title=Tutorials) of the official Yambo website

(http://www.yambo-code.org/).

A.4.2 Data availability

Input and output files of the calculations presented in this study can be found in a GitHub

repository (https://github.com/aim137/double_grid_data_repository.git)
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Appendix B

Supplemental material for Floquet

approach

The present Appendix provides supplemental material relative to the Floquet approach in-
troduced in Chapter |4} This includes convergence tests and the full set of spectra computed
with various k-grids, broadening values and electric-field intensities. We also present some
supplementary figures relative to scaling tests and computational cost. Finally, we provide

a statement regarding code and data availability.

B.1 Computational cost

In this section, we present the actual computational cost of each run, rather than the RT-
to-FL ratio shown in Figs. and [4.9] The format of these figures is the same as Fig. 7

and 8 for comparability.

B.2 Scaling with number of atoms

We present the scaling of the real-time and Floquet approaches with respect to the number

of atoms. Tests were done for h-BN SHG spectra on a 6x6x1 k-grid. Various super-
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Figure B.1: Computational cost of SHG calculations in CPU time multiplied by the number

of cores.
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Figure B.2: Computational cost of THG calculations in CPU time multiplied by the number

of cores.

cells (2x2x1 to 5x5x1) were used to obtain systems with large number of atoms and the

number of bands included in each calculation was adjusted accordingly.
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B.3 Scaling with number of Floquet modes

We present the scaling of the calculation time of our approach with respect to the number of
Floquet modes. Bulk AlAs with a 20x20x20 k-grid was taken as an example. The data is
produced via a first-order Floquet calculation with 7., = 1—6, i.e., with 0—5 extra Floquet

modes. The data is presented as CPU time per iteration per frequency, so it is representative
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Figure B.3: Scaling with the number of atoms - CPU time per iteration per frequency.
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Figure B.4: Scaling with the number of atoms in the real-time method - CPU time per
iteration per frequency. The abbreviations Ham., Int. and Pol. correspond to the tasks of
building the Hamiltonian matrix, performing the numerical time integration and calculating
the Berry-phase polarisation, respectively.

of calculating the Hamiltonian matrix, diagonalising it, calculating the polarisation and
extracting the Fourier coefficients. The near-quadratic scaling reflects the diagonalisation
time, since the size of the Hamiltonian at a given k-point is Npgnas X (2 Mmax + 1). This

operation is performed using the QR-algorithm, i.e., what is usually referred to as full

diagonalisation.
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The abbreviation Diag. corresponds to the task of diagonalising the various quasi-energy
matrices.
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Figure B.6: Scaling with Floquet modes - CPU time per iteration per frequency.
B.4 Computational details
The DFT calculations were performed with Quantum Espresso (QE) 6.7. The real-time

(RT) and Floquet calculations were done with a developer branch of Yambo 5.1 where we

173



AlAs h-BN MoS,
Calculated spectra LR, SHG LR, SHG LR, SHG
k-grids (scf) 10x10x10 12x12x1 12x12x1
k-grids (nscf) 8X 8%, 6x6x1, 6x6x1,
10x10x10, 12x12x1 12x12x1,
20x20x20, 24x24x1 24x24x1,
30x30x30 36x36x1
48x48x1
Bands (full-empty) 3-6 4-4 5-5
Band-gap correction [eV] 0.9 3.3 0.72
Broadening [eV] (sb;lb) 0.04; 0.15 0.04; 0.15 0.04; 0.15
Total time [fs] (sb;lb) 118; 48 235; 83 230; 85
Time step [as] 10 (2.5) 2.5 10
Intensity [W cm™2] 1 x 10° 1 x 108 1 x 10°
Floquet modes nyax 2 2 2

Table B.1: Computational details of the SHG data set. The acronyms sb and lb stand for
small and large broadening, respectively.

incorporated our formalism. The details for these calculations are as show in Tables
and B.2

See next section for the determination of the real-time convergence parameters.

B.5 Convergence real-time

The real-time convergence parameters reported in the previous section were chosen on
the basis of the following convergence tests. They are all performed on the coarse grid
for each material. SHG convergence tests for the dephasing time are done with 0.04eV
(small broadening) and 0.15eV (large broadening). SHG convergence tests for the time
step are done only at small broadening. THG convergence tests are done only at large
broadening, and also at two different intensities, namely 1 x 10° (low intensity) and 1 x 10*°
(high intensity) W em™2. These convergence tests allow us to determine the time step and

dephasing time required for each calculation, as shown in Tables and [B.2]
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Table B.2: Computational details of the THG data set. The acronyms 1I and hl stand for

Si

Calculated spectra THG
k-grids (scf) 8x8x8
k-grids (nscf) 8x8x8

24x24x24

32x32x32
Bands (full-empty) 4-3
Band-gap correction [eV] 0.6
Broadening [eV] 0.15
Total time [fs] 74

10

Time step [as]

Intensity [W cm™2] (1T;hI)

1 x 10%; 1 x 10%°

Floquet modes 7.y (11;hI)

3; 9

low and high intensity, respectively.

X2 2] (pmIV)

B.6 Convergence Floquet

Convergence of our Floquet approach with respect to the number of Floquet modes is
reported in this section. We present tests for AlAs, h-BN and MoS,; with regards to their
SHG spectra, which were all performed on the coarse grid for each material (convergence
for THG spectra in bulk Si is covered in Section . We present data for ., = 2 (FLg),
Nmax = 3 (FL3) and nyax = 4 (FLy). In addition to the electric-field intensity used to study
SHG in Section (i.e. 1 x 10° Wem™2, labelled low intensity), we report convergence

tests at a higher intensity, where higher-order contributions to the second order response
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Figure B.7: Bulk AlAs - dephasing time - large broadening
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Figure B.13: MoS; 2D - dephasing time - large broadening
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Figure B.15: MoSs 2D - time step - small broadening

are expected to be important. This higher intensity is 1 x 10 W em =2 for AlAs and h-BN,
and 1 x 10®* Wem™2 for MoS, since convergence issues appeared above this value. We did
all our low intensity tests with a low broadening of 0.04eV, however we had to raise it
for some of the high intensity cases to improve convergence (mentioned in caption where
applicable).

The results show that convergence with respect to the number of Floquet modes in the
calculation of SHG spectra is very fast. Even at high intensities, higher-order contributions

to SHG do not seem to have a big effect in the response and 1. = 2 appears to be enough.
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Figure B.17: Si bulk THG - time step - low intensity

B.7 Results
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Code and data availability

B.8.1 Code availability

The Floquet approach developed in this work for calculating non-linear optical properties
will be available in a future release of the Yambo code. A tutorial will be made available in

due course through the tutorials section (http://www.yambo-code.org/wiki/index.php?

Energy (eV)

title=Tutorials) of the official Yambo website (http://www.yambo-code.org/).
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Figure B.22: h-BN 2D - Floquet modes - low intensity - 0.04 eV
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Figure B.25: MoS; 2D - Floquet modes - high intensity - 0.15eV
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Figure B.26: Bulk AlAs - 8x8x8 - large broadening
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Figure B.27: Bulk AlAs - 8x8x8 - small broadening
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Figure B.28: Bulk AlAs - 10x10x10 - large broadening

B.8.2 Data availability

Input and output files of the calculations presented in this study can be found in a GitHub

repository (https://github.com/aim137/Floquet_IPA-data_repository.git).
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Figure B.29: Bulk AlAs - 10x10x10 - small broadening
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Figure B.30: Bulk AlAs - 20x20x20 - large broadening
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Figure B.31: Bulk AlAs - 20x20x20 - small broadening
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Figure B.34: h-BN 2D - 6x6x1 - large broadening
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Figure B.35: h-BN 2D - 6x6x1 - small broadening
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Figure B.36: h-BN 2D - 12x12x1 - large broadening
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Figure B.37: h-BN 2D - 12x12x1 - small broadening
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Figure B.39: h-BN 2D - 24x24x1 - small broadening
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Figure B.40: h-BN 2D - 36x36x1 - large broadening
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Figure B.42: h-BN 2D - 48x48x1 - large broadening
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Figure B.43: h-BN 2D - 48x48x1 - small broadening
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Figure B.49: MoS; 2D - 24x24x1 - small broadening
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Figure B.52: Bulk Si THG - 32x32x32 - large broadening
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Figure B.50: Bulk Si THG - 8x8x8 - large broadening
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Appendix C

Research output

Four publications were produced during the course of this PhD, namely:

e Cantos-Prieto, F. et al. Layer-Dependent Mechanical Properties and Enhanced Plas-
ticity in the Van der Waals Chromium Trihalide Magnets. Nano Lett. 21, 3379-3385
(2021).

e Alliati, I. M., Evans, R. F. L., Novoselov, K. S. & Santos, E. J. G. Relativistic domain-
wall dynamics in van der Waals antiferromagnet MnPS3. npj Comput. Mater. 8, 1-9

(2022).

e Alliati, I. M., Sangalli, D. & Griining, M. Double k-Grid Method for Solving the

Bethe-Salpeter Equation via Lanczos Approaches. Front. Chem. 9, 1-11 (2022).

e Alliati, I. M. & Griining, M. Floquet formulation of the dynamical Berry-phase ap-

proach to nonlinear optics in extended systems. Electron. Struct. 5, (2023).

The first two publications represent work done during this PhD under a different line of

research and are not part of the present thesis.
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